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Preface 


Intermediate Algebra is the second part of a two-part course in Algebra. Written in 
a clear and concise manner, it carefully builds on the basics learned in Elementary 
Algebra and introduces the more advanced topics required for further study of 
applications found in most disciplines. Used as a standalone textbook, it offers 
plenty of review as well as something new to engage the student in each chapter. 
Written as a blend of the traditional and graphical approaches to the subject, this 
textbook introduces functions early and stresses the geometry behind the algebra. 
While CAS independent, a standard scientific calculator will be required and further 
research using technology is encouraged. 


Intermediate Algebra clearly lays out the steps required to build the skills needed to 
solve a variety of equations and interpret the results. With robust and diverse 
exercise sets, students have the opportunity to solve plenty of practice problems. In 
addition to embedded video examples and other online learning resources, the 
importance of practice with pencil and paper is stressed. This text respects the 
traditional approaches to algebra pedagogy while enhancing it with the technology 
available today. In addition, Intermediate Algebra was written from the ground up 
in an open and modular format, allowing the instructor to modify it and leverage 
their individual expertise as a means to maximize the student experience and 
success. 


The importance of Algebra cannot be overstated; it is the basis for all mathematical 
modeling used in all disciplines. After completing a course sequence based on 
Elementary and Intermediate Algebra, students will be on firm footing for success 
in higher-level studies at the college level. 


Chapter 1 


Algebra Fundamentals 


Chapter 1 Algebra Fundamentals 


1.1 Review of Real Numbers and Absolute Value 


LEARNING OBJECTIVES 


1. Review the set of real numbers. 
2. Review the real number line and notation. 
3. Define the geometric and algebraic definition of absolute value. 


Real Numbers 


Algebra is often described as the generalization of arithmetic. The systematic use of 
variables’, letters used to represent numbers, allows us to communicate and solve 
a wide variety of real-world problems. For this reason, we begin by reviewing real 
numbers and their operations. 


A set’ is a collection of objects, typically grouped within braces {}, where each 
object is called an element®. When studying mathematics, we focus on special sets 


of numbers. 
V={1, 2, 9,4,5, me Natural Numbers 
W={0, 1,2, 3,4,5, ses Whole Numbers 
Z={...,—3, —2, -1,0, 1, 2,3, ... Integers 
1. Letters used to represent 
numbers. 
2. Any collection of objects. The three periods (...) are called an ellipsis and indicate that the numbers continue 
bakes aah without bound. A subset’, denoted C, is a set consisting of elements that belong to 
3. An object within a set. “ é 
a given set. Notice that the sets of natural’ and whole numbers’ are both subsets 
4. A set consisting of elements of the set of integers and we can write: 


that belong to a given set. 


on 


. The set of counting numbers: 
{1, 2, 3, 4,5, wf. 


ON 


. The set of natural numbers NCZandWcZ 
combined with zero: {0, 1, 2, 3, ~ aa 


4, 5, se 


7. A subset with no elements, 
denoted @ or {}. A set with no elements is called the empty set’ and has its own special notation: 
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{ }=@ Empty Set 


Rational numbers’, denoted , are defined as any number of the form ; where a 
and b are integers and b is nonzero. We can describe this set using set notation’: 


Q= {3 a. EZ, b# o} Rational Numbers 


The vertical line | inside the braces reads, “such that” and the symbol € indicates set 
membership and reads, “is an element of.” The notation above in its entirety reads, 
“the set of all numbers + such that a and b are elements of the set of integers and b is not 
equal to zero.” Decimals that terminate or repeat are rational. For example, 


5 = 2 
0.05 = 5 and 0.6 = 0.6666... = = 


The set of integers is a subset of the set of rational numbers, Z C Q, because every 
integer can be expressed as a ratio of the integer and 1. In other words, any integer 
can be written over 1 and can be considered a rational number. For example, 


et 


8. Numbers of the form ro where 
aand bare integers and b is 
nonzero. 


so 


Notation used to describe a set | Irrational numbers” are defined as any numbers that cannot be written as a ratio 
using mathematical symbols. of two integers. Nonterminating decimals that do not repeat are irrational. For 


10. Numbers that cannot be example, 


written as a ratio of two 
integers. 
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m= 3.14159 ..2 and 4/2.= 1.41421... 


Finally, the set of real numbers"’, denoted R, is defined as the set of all rational 
numbers combined with the set of all irrational numbers. Therefore, all the 
numbers defined so far are subsets of the set of real numbers. In summary, 


Real Numbers 


: 5 = F 
Rational 3 «9.63 «0.012 | IJrrational 


Integers ¢...,-2,-1,0, 1,2, ...} V3 0,10010001... 


Whole {0, 1, 2,3, ...} 


Natural «1, 2,3. ...} 


The set of even integers” is the set of all integers that are evenly divisible by 2. We 
can obtain the set of even integers by multiplying each integer by 2. 


tsi —6, —4, —2, 0, 2, 4, 6, ey Even Integers 


The set of odd integers” is the set of all nonzero integers that are not evenly 
divisible by 2. 


{stag —3,-1, 1, 3,5, ... }Odd Integers 


i 


ray 


. The set of all rational and 
irrational numbers. A prime number” is an integer greater than 1 that is divisible only by 1 and itself. 


12, Integers that are divisible by 2, | The smallest prime number is 2 and the rest are necessarily odd. 


i) 


1 


Go 


. Nonzero integers that are not 
divisible by 2. 


14, Integer greater than 1 that is 


divisible only by 1 and itself. {2, 3, Dy 7, dl, 13,17, 19, 23, ...} Prime Numbers 
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1 


on 


. Integers greater than 1 that are 
not prime. 


16. Any combination of factors, 
multiplied together, resulting 
in the product. 


1 


N 


. Any of the numbers that form a 
product. 


1 


oe) 


. The unique factorization of a 
natural number written as a 
product of primes. 


1.1 Review of Real Numbers and Absolute Value 


Any integer greater than 1 that is not prime is called a composite number” and 
can be uniquely written as a product of primes. When a composite number, such as 
42, is written as a product, 42 = 2 - 21, we say that 2 - 21 isa factorization" of 42 
and that 2 and 21 are factors’’. Note that factors divide the number evenly. We can 
continue to write composite factors as products until only a product of primes 
remains. 


Therefore, the prime factorization” of 42 is 2 - 3 - 7. 


Example 1 
Determine the prime factorization of 210. 
Solution: 


Begin by writing 210 as a product with 10 as a factor. Then continue factoring 
until only a product of primes remains. 


210=10- 21 
=72.5.3.7 


Since the prime factorization is unique, it does not matter how we choose to 
initially factor the number; the end result will be the same. 


Answer:2:-3-5-7 


Chapter 1 Algebra Fundamentals 


19. A rational number written as a 
A A a 
quotient of two integers: — 


b? 
where b # 0. 


20. The number above the fraction 
bar. 


. The number below the fraction 
bar. 


2 


rary 


2 


dS 


. Two equal fractions expressed 
using different numerators and 
denominators. 


2 


Go 


. A factor that is shared by more 
than one real number. 


24. The process of dividing out 
common factors in the 
numerator and the 
denominator. 


25. The process of finding 
equivalent fractions by 
dividing the numerator and the 
denominator by common 
factors. 
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A fraction”’ is a rational number written as a quotient, or ratio, of two integers a 


and b where b 0. 


Numerator —> @ 
Denominator —» 5 


The integer above the fraction bar is called the numerator” and the integer below 
is called the denominator”’. Two equal ratios expressed using different numerators 
and denominators are called equivalent fractions”. For example, 


Consider the following factorizations of 50 and 100: 


50=2 +25 
100=4 - 25 


The numbers 50 and 100 share the factor 25. A shared factor is called a common 
factor’’. Making use of the fact that — = 1, we have 


50 2:2 2 
100 4. 9 4 


2 
Ma = 
4 


Dividing = and replacing this factor with a 1 is called cancelling”. Together, these 
basic steps for finding equivalent fractions define the process of reducing”. Since 
factors divide their product evenly, we achieve the same result by dividing both the 
numerator and denominator by 25 as follows: 
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26. Numbers that have no common 
factor other than 1. 


27. Finding equivalent fractions 
where the numerator and the 
denominator share no common 
integer factor other than 1. 


28. The largest shared factor of 
any number of integers. 
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50 + 25 _ 2 
100+25 4 


Finding equivalent fractions where the numerator and denominator are relatively 
prime”®, or have no common factor other than 1, is called reducing to lowest 
terms”’. This can be done by dividing the numerator and denominator by the 
greatest common factor (GCF).”* The GCF is the largest number that divides a set 
of numbers evenly. One way to find the GCF of 50 and 100 is to list all the factors of 
each and identify the largest number that appears in both lists. Remember, each 
number is also a factor of itself. 


{1, 2,5, 10, 25, 50} Factors of 50 
{1, 2, 4,5, 10, 20, 25, 50, 100} Factors of 100 


Common factors are listed in bold, and we see that the greatest common factor is 
50. We use the following notation to indicate the GCF of two numbers: GCF(50, 100) = 
50. After determining the GCF, reduce by dividing both the numerator and the 
denominator as follows: 


50 ~ 50 _ 1 
100+50 2 


10 
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Example 2 


108 


Reduce to lowest terms: a 


Solution: 


A quick way to find the GCF of the numerator and denominator requires us to 
first write each as a product of primes. The GCF will be the product of all the 
common prime factors. 


WO Se 2 335 


GCE IOS 72) — 232-3) > — 36 
72 2 2 2s 8 


In this case, the product of the common prime factors is 36. 


108 108+36 3 
[ope 


We can convert the improper fraction *to a mixed number | ~ however, it is 
important to note that converting to a mixed number is not part of the 
reducing process. We consider improper fractions, such as - to be reduced to 


lowest terms. In algebra it is often preferable to work with improper fractions, 
although in some applications, mixed numbers are more appropriate. 


Answer: ~ 


Recall the relationship between multiplication and division: 
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2 


\o 


. Anumber to be divided by 
another number. 


30. The number that is divided 
into the dividend. 


31. The result of division. 


faire 


. A quotient such as 3 is left 


without meaning and is not 
assigned an interpretation. 


3 


iS) 


dividend 12 
oa “ oe ae 2 << quotientbecause 6-2 = 12 
divisor > 6 


In this case, the dividend”? 12 is evenly divided by the divisor® 6 to obtain the 
quotient*’ 2. It is true in general that if we multiply the divisor by the quotient we 
obtain the dividend. Now consider the case where the dividend is zero and the 
divisor is nonzero: 


= = Osince 6-0 = 0 


This demonstrates that zero divided by any nonzero real number must be zero. Now 
consider a nonzero number divided by zero: 


12 
—=?or 0-?=12 
0 or 


Zero times anything is zero and we conclude that there is no real number such that 
0- ? = 12. Thus, the quotient 12 + 0 is undefined™. Try it on a calculator, what 
does it say? For our purposes, we will simply write “undefined.” To summarize, 
given any real number a # O, then 


0 
0 +a=—=0 zeroanda+0= 7 undef ined 
a 


We are left to consider the case where the dividend and divisor are both zero. 
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3 


3 


3 


3 


3 
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Go 


4. 


on 


ON 


N 


. A quotient such as 


. isa 
0 
quantity that is uncertain or 


ambiguous. 


A line that allows us to visually 
represent real numbers by 
associating them with points 
on the line. 


. The real number associated 


with a point on a number line. 


. A point on the number line 


associated with a coordinate. 


. The point on the number line 


that represents zero. 


= ?or 0: ?=0 


Here, any real number seems to work. For example, 0 - 5 = Oandalso,0- 3 = 0. 
Therefore, the quotient is uncertain or indeterminate”’. 


0+0= indeterminate 


In this course, we state that 0 + 0 is undefined. 
The Number Line and Notation 


Areal number line™, or simply number line, allows us to visually display real 
numbers by associating them with unique points on a line. The real number 
associated with a point is called a coordinate’’. A point on the real number line 
that is associated with a coordinate is called its graph*®. To construct a number 
line, draw a horizontal line with arrows on both ends to indicate that it continues 
without bound. Next, choose any point to represent the number zero; this point is 
called the origin’’. 


—_———— 
0 


Positive real numbers lie to the right of the origin and negative real numbers lie to 
the left. The number zero (0) is neither positive nor negative. Typically, each tick 
represents one unit. 


=§ 5 3] 1 2 3 4 5 6 


As illustrated below, the scale need not always be one unit. In the first number line, 
each tick mark represents two units. In the second, each tick mark represents — 


-14 -12 -8 -6 -4 -2 0 2 4 6 8 12 14 
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38. Real numbers whose graphs 
are on opposite sides of the 
origin with the same distance 
to the origin. 


39. The opposite of a negative 
number is positive: -(-a) = a. 


The graph of each real number is shown as a dot at the appropriate point on the 
number line. A partial graph of the set of integers Z, follows: 


S65 1 2 3 4 5 6 


Example 3 


One. 


Graph the following set of real numbers: 4 — - ; 


Solution: 


Graph the numbers on a number line with a scale where each tick mark 
represents < unit. 


Answer: 


The opposite*® of any real number a is -a. Opposite real numbers are the same 
distance from the origin on a number line, but their graphs lie on opposite sides of 
the origin and the numbers have opposite signs. 


Given the integer -7, the integer the same distance from the origin and with the 
opposite sign is +7, or just 7. 


7 units 7 units 


Therefore, we say that the opposite of -7 is -(-7) = 7. This idea leads to what is often 
referred to as the double-negative property’’. For any real number a, 
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—(-a)=a 


Example 4 


Calculate: — (- (- 


co}u 


)). 
Solution: 


Here we apply the double-negative within the innermost parentheses first. 


Answer: — 7 


In general, an odd number of sequential negative signs results in a negative value 
and an even number of sequential negative signs results in a positive value. 


When comparing real numbers on a number line, the larger number will always lie 
to the right of the smaller one. It is clear that 15 is greater than 5, but it may not be 
so clear to see that -1 is greater than -5 until we graph each number on a number 
line. 


Smaller Larger 
<Quam = 


a To ts eA) 0 1 2 3 4 5 6 


We use symbols to help us efficiently communicate relationships between numbers 
on the number line. 
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Equality Relationships Order Relationships 

= "is equal to" <  "isless than" 

# "isnot equal to" > "is greater than" 

= "is approximately equal to" < "is less than or equal to" 


> "is greater than or equal to" 


The relationship between the integers” in the previous illustration can be 
expressed two ways as follows: 


—-5<-1 "Negative five is less than negative one." 
or 


—1 >-—-5 "Negative one is greater than negative five." 


The symbols < and > are used to denote strict inequalities*’, and the symbols < and 
> are used to denote inclusive inequalities*’. In some situations, more than one 
symbol can be correctly applied. For example, the following two statements are 
both true: 


-10<Oand -10<0 


40. The set of positive and In addition, the “or equal to” component of an inclusive inequality allows us to 


one ee eee - correctly write the following: 


-1, 0, 1, 2, 3,...}. 


4 


eure 


. Express ordering relationships 
using the symbol < for “less 
than” and > for “greater than.” -~10 < —10 


4 


i) 


. Use the symbol < to express 
quantities that are “less than 
or equal to” and > for 
quantities that are “greater 
than or equal to” each other. 
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The logical use of the word “or” requires that only one of the conditions need be 
true: the “less than” or the “equal to.” 


Example 5 
Fill in the blank with <, =, or >: -—2___—_—- —_:12. 
Solution: 


Use > because the graph of -2 is to the right of the graph of -12 on a number 
line. Therefore, -2 > -12, which reads, “negative two is greater than negative 
twelve.” 


StF Se 1 SS Ey a 


Answer: -2 > -12 


An algebraic inequality*’, such as x > 2, is read, “x is greater than or equal to 2.” 
Here the letter x is a variable, which can represent any real number. However, the 
statement x > 2 imposes a condition on the variable. Solutions” are the values for 
x that satisfy the condition. This inequality has infinitely many solutions for x, some 
of which are 2, 3, 4.1, 5, 20, and 20.001. Since it is impossible to list all of the 
solutions, a system is needed that allows a clear communication of this infinite set. 
Common ways of expressing solutions to an inequality are by graphing them ona 
number line, using interval notation, or using set notation. 


To express the solution graphically, draw a number line and shade in all the values 

that are solutions to the inequality. This is called the graph of the solution set”. 

Interval and set notation follow: 

43. Algebraic expressions related 
with the symbols <, <, >, and 


=, 


44. Values that can be used in 
place of the variable to satisfy 
the given condition. 


45. Solutions to an algebraic 
expression expressed on a 5 ; 0 1 —_——_—_—_——_> 3 4 5 6 


number line. 


"x is greater than or equal to 2'x > 2 
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46. The symbol indicates the 
interval is unbounded to the 
right. 


47. The symbol -» indicates the 
interval is unbounded to the 
left. 
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Interval notation : [2, 20) 


Setnotation: {x € R\x > 2} 


In this example, there is an inclusive inequality, which means that the lower-bound 
2 is included in the solution set. Denote this with a closed dot on the number line 
and a square bracket in interval notation. The symbol ~ is read as “infinity*®” and 
indicates that the set is unbounded to the right on a number line. If using a 
standard keyboard, use (inf) as a shortened form to denote infinity. Now compare 
the notation in the previous example to that of the strict, or noninclusive, 
inequality that follows: 


"xis lessthan3" x <3 


Interval notation : (—2, 3) 


Setnotation: {x € R\x < 3} 


Strict inequalities imply that solutions may get very close to the boundary point, in 
this case 3, but not actually include it. Denote this idea with an open dot on the 
number line and a round parenthesis in interval notation. The symbol -~ is read as 
“negative infinity*”” and indicates that the set is unbounded to the left ona 
number line. Infinity is a bound to the real numbers, but is not itself a real number: 
it cannot be included in the solution set and thus is always enclosed with a 
parenthesis. 


Interval notation is textual and is determined after graphing the solution set on a 
number line. The numbers in interval notation should be written in the same order 
as they appear on the number line, with smaller numbers in the set appearing first. 
Set notation, sometimes called set-builder notation, allows us to describe the set 
using familiar mathematical notation. For example, 
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48. Two or more inequalities in 
one statement joined by the 
word “and” or by the word 


“ ” 


or. 


49. The set formed by joining the 
individual solution sets 
indicated by the logical use of 
the word “or” and denoted 
with the symbol U. 


{x € Rix > 2} 


Here, x € R describes the type of number. This implies that the variable x 
represents a real number. The statement x > 2 is the condition that describes the 
set using mathematical notation. At this point in our study of algebra, it is assumed 
that all variables represent real numbers. For this reason, you can omit the “E R”, 
and write 


{xlx > 2} 


Example 6 


Graph the solution set and give the interval and set notation equivalents: 
x < —20. 


Solution: 


Use an open dot at -20, because of the strict inequality <, and shade all real 
numbers to the left. 


7 =50) 540) 305520) 109 10) 110) 20) 30! 640) 50) 160) 


Answer: Interval notation: (—20, —20); set notation: {x|x < —20} 


A compound inequality® is actually two or more inequalities in one statement 
joined by the word “and” or by the word “or”. Compound inequalities with the 
logical “or” require that either condition must be satisfied. Therefore, the solution 
set of this type of compound inequality consists of all the elements of the solution 
sets of each inequality. When we join these individual solution sets it is called the 
union”’, denoted U. For example, 
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x<3 orx>6 


= 0 1 2 3 4 a 6 fi 8 r 


Interval notation : (—20, 3) U [6, 20) 


Set notation : {x| x<3o0rx> 6} 


An inequality such as, 


-l<x<3 


reads, “negative one is less than or equal to x and x is less than three.” This is actually a 
compound inequality because it can be decomposed as follows: 


—-l <x and x <3 


The logical “and” requires that both conditions must be true. Both inequalities will 
be satisfied by all the elements in the intersection”, denoted , of the solution 
sets of each. 


50. The set formed by the shared 
values of the individual 
solution sets that is indicated 
by the logical use of the word 
“and,” denoted with the 
symbol N. 
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Example 7 
Graph and give the interval notation equivalent: —1 < x < 3. 
Solution: 


Determine the intersection, or overlap, of the two solution sets to x < 3 and 

x > —1. The solutions to each inequality are sketched above the number line 
as a means to determine the intersection, which is graphed on the number line 
below. 


x<3 and x>-1 


Sy =) = si Sk SI tS 


Here, 3 is not a solution because it solves only one of the inequalities. 
Alternatively, we may interpret —1 < x < 3 asall possible values for x 
between, or bounded by, -1 and 3 where -1 is included in the solution set. 


Answer: Interval notation: [-1, 3); set notation: {x| — 1 < x < 3} 


In this text, we will often point out the equivalent notation used to express 
mathematical quantities electronically using the standard symbols available on a 
keyboard. 


x " * " > 
" / " < " <= " 
# 


Many calculators, computer algebra systems, and programming languages use the 
notation presented above, in quotes. 
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Absolute Value 


The absolute value”! of a real number a, denoted lal, is defined as the distance 
between zero (the origin) and the graph of that real number on the number line. 
Since it is a distance, it is always positive. For example, 


I-41= 4 and /41=4 


Both 4 and -4 are four units from the origin, as illustrated below: 


4 units 4 units 


-6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 


Also, it is worth noting that, 


lol = 0 


The algebraic definition of the absolute value of a real number a follows: 


a ifa>0 
—a ifa<0O 


This is called a piecewise definition”. The result depends on the quantity a. If a is 
nonnegative, as indicated by the inequality a > O, then the absolute value will be 
51. The absolute value of a number ; : 4s . : 
that number a. If ais negative, as indicated by the inequality a < 0, then the 
represents the distance from ; ; 
the graph of the number to absolute value will be the opposite of that number, -a. The results will be the same 
zero on a number line. as the geometric definition. For example, to determine |—4| we make note that the 
of Ardeliaitionthatchanzes value is negative and use the second part of the definition. The absolute value will 


depending on the value of the be the opposite of -4. 
variable. 
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|-4l=— (—4) 
=4 


At this point, we can determine what real numbers have certain absolute values. 


Example 8 
Determine the values represented by x: | x | ey 
Solution: 


Think of a real number whose distance to the origin is 6 units. There are two 
solutions: the distance to the right of the origin and the distance to the left of 
the origin, namely {+6} . The symbol + is read “plus or minus” and indicates 
that there are two answers, one positive and one negative. 


|-6| = 6 and |6| = 6 


Answer: x = +6 
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Example 9 
Determine the values represented by x: | % | = —6. 
Solution: 


Here we wish to find a value where the distance to the origin is negative. Since 
negative distance is not defined, this equation has no solution. Use the empty 
set @ to denote this. 


Answer: @ 
The absolute value can be expressed textually using the notation abs(a). We often 
encounter negative absolute values, such as — |3] or -abs(3). Notice that the 


negative sign is in front of the absolute value symbol. In this case, work the absolute 
value first and then find the opposite of the result. 


Try not to confuse this with the double negative property, which states that 
-(-3) = +3. 
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Example 10 
Simplify: — (- |-50}) : 
Solution: 


First, find the absolute value of -50 and then apply the double-negative 
property. 


~ (1-501) == (~50) 
—50) 


Answer: 50 


KEY TAKEAWAYS 


* Algebra is often described as the generalization of arithmetic. The 
systematic use of variables, used to represent real numbers, allows us to 
communicate and solve a wide variety of real-world problems. 
Therefore, it is important to review the subsets of real numbers and 
their properties. 

* The number line allows us to visually display real numbers by 
associating them with unique points on a line. 

* Special notation is used to communicate equality and order 
relationships between numbers on a number line. 

* The absolute value of a real number is defined geometrically as the 
distance between zero and the graph of that number on a number line. 
Alternatively, the absolute value of a real number is defined 
algebraically in a piecewise manner. If a real number a is nonnegative, 
then the absolute value will be that number a. If a is negative, then the 
absolute value will be the opposite of that number, -a. 
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Use set notation to list the described elements. 
1. Every other positive odd number up to 21. 
2. Every other positive even number up to 22. 
3. The even prime numbers. 
4, Rational numbers that are also irrational. 
5. The set of negative integers. 
6. The set of negative even integers. 
7. Three consecutive odd integers starting with 13. 


8. Three consecutive even integers starting with 22. 


Determine the prime factorization of the given composite number. 


2), Os 


14, 350 


Reduce to lowest terms. 


15}, = 
16, 105 
We — 
13, 315 
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1, © 
xo, 
Dil — 
De a 
. & 
24. oS 


PART B: NUMBER LINE AND NOTATION 


Graph the following sets of numbers. 
2520 1-5) 5,10), 15} 


26. {-4,-2, 0, 2, 4} 
3 1 
Die {- 7°73 


me 


29. {-5,-4,-3,-1, 1} 


BS ies) 
IS 


30. {-40, -30, -20, 10, 30} 


Simplify. 
31. -(-10) 
3 
x2. — (5) 
33. -(-(-12)) 


» -(-(-$)) 
# =(-(-(-4))) 
se = (=(-( 


Fill in the blank with <, =, or >. 
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Se 10) =15) 
Shoo SAN -100 
Beh S88) 0 

40. 0 =5i0) 


AN, SEE) -(-3) 
ey ee 

6 PS 
oe ey) es eae), 


True or False. 
ey, (Ne (0) 
AG DSS 
47. 1.032 is irrational. 
48. 0 is a nonnegative number. 
49, Any integer is a rational number. 


50. The constant 7 is rational. 


Graph the solution set and give the interval notation equivalent. 
Sil, Je <S ll 
bh, de Ss 3 
Eby Js 22 6) 
BAX 6 
ce, Sl So 
GG, Be IES 7 
57. -40 <x <0 
58. -12<x< —4 


59, 4 <5 and x= 0 
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60. 


61. 


62. 


OS, 


64, 


65. 


66. 


67. 


68. 


69. 


70. 


vale 


72. 


3a 


Fs 


80. 


x <-10 and x > —40 
= 7 and a <0 
ie ands = 3 
<2 0h CS) 
x= 0 orx24 
X<60.0r 2 


x= 0 of % = 5 


Write an equivalent inequality. 


All real numbers less than -15. 

All real numbers greater than or equal to -7. 

All real numbers less than 6 and greater than zero. 

All real numbers less than zero and greater than -5. 

All real numbers less than or equal to 5 or greater than 10. 


All real numbers between -2 and 2. 


Determine the inequality given the answers expressed in interval 
notation. 


(—, 12) 


1.1 Review of Real Numbers and Absolute Value 


29 


Chapter 1 Algebra Fundamentals 


PART C: ABSOLUTE VALUE 


Simplify. 
85. |—9| 
86. |141 
87. —|—Al 
88. — |8l 
go. —|- 2 
0. — (—[5)) 
91. —|—(-7) 
92, —|—(-10)| 
93. —(—|—2]) 
94, —(—I-10l) 


\o 
Oo 


oe lita) 


71) 


Determine the values represented by a. 


7 al — lO 
9g, lal=7 
alt 
99. lal = 5 
Se! 
100m al 7 
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161 al 0 


102. lal = —1 


PART D: DISCUSSION BOARD 


103. Research and discuss the origins and evolution of algebra. 
104. Research and discuss reasons why algebra is a required subject today. 


105. Solution sets to inequalities can be expressed using a graph, interval notation, 
or set notation. Discuss the merits and drawbacks of each method. Which do 
you prefer? 


106. Research and discuss the Fundamental Theorem of Algebra. Illustrate its idea 
with an example and share your results. 
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ANSWERS 


deb no. 13517, 25 
Ws 

5. {...,-3, -2, -1} 

7. (13; 15; 17} 

So lS 
ti? 3 Se l 
12 2 5 3S) 
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49. 


Sil, 


3, 


55), 


Sis 


52), 


61. 


63. 


65. 


67. 


69. 


vale 


Tan 


75. 


WA 


TD), 


81. 


83. 


85. 


=a Os 
[-10, 4); 


-6 -4 


-14 -12 -10 -8 -6 -4 -2 0 2 4 6 8 10 
CAD 


ts ht tt it > 
SN) Se S21) Sat) =) Sit) IK) AD st AN) St ta 
[0. 5); 


x= 15 

UW) << 

GS oor = 10) 
Nee 

ot) 
-6<x< 14 

3) Sap 2) 
Le Ore 8 
a2 Ober 1) 
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1.2 Operations with Real Numbers 


5 


5 


5 


5 


5 


Go 


4, 


Oo 


lon 


N 


. The result of adding. 


. Given any real number a, 


. Given any real number a, 


a+ (-—a) = (-a)+a=0. 


. Given real numbers a, b and c, 


(a+b) +c=a+t (bt+c). 


The result of subtracting. 


a+0=0+a=a. 


LEARNING OBJECTIVES 


1. Review the properties of real numbers. 
2. Simplify expressions involving grouping symbols and exponents. 
3. Simplify using the correct order of operations. 


Working with Real Numbers 


In this section, we continue to review the properties of real numbers and their 
operations. The result of adding real numbers is called the sum®™ and the result of 
subtracting is called the difference”. Given any real numbers a, b, and c, we have 
the following properties of addition: 


55 


56 


57 


Additive Identity Property:|a+0=O+a=a 


Additive Inverse Property: |ad + (—da) = (—a)+a=0 


Associative Property: (a ar b) +c=at (b Tr c) 


Commutative Property:|a +b=b+a 
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58. Given real numbers a and b, 


a+b=b+a. 


58 


It is important to note that addition is commutative and subtraction is not. In other 
words, the order in which we add does not matter and will yield the same result. 
However, this is not true of subtraction. 


5+ 10=10+5 5-10 #4 10-5 
15=15 —-5 # 5 


We use these properties, along with the double-negative property for real numbers, 
to perform more involved sequential operations. To simplify things, make it a 
general rule to first replace all sequential operations with either addition or 
subtraction and then perform each operation in order from left to right. 
Example 1 
Simplify: -10 — (—10) + (-5). 


Solution: 


Replace the sequential operations and then perform them from left to right. 


—10 — (-10) + (—5)=-10 + 10 —5 Replace — (—) with addition (+). 
Replace + (—) with subtraction (—). 


Answer: -5 
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Adding or subtracting fractions requires a common denominator’’. Assume the 
common denominator c is a nonzero integer and we have 


59. A denominator that is shared 
by more than one fraction. 
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Example 2 

: 6 2 1 8 
Simplitys 5!) 4e0 ct ga 
Solution: 


First determine the least common multiple (LCM) of 9, 15, and 45. The least 
common multiple of all the denominators is called the least common 
denominator®™ (LCD). We begin by listing the multiples of each given 
denominator: 


{9, 18, 27, 36, 45, 54, 63, 72, 81, 90, ... \Multiples of 9 
{15, 30, 45, 60, 75, 90, ...} Multiples of 15 
{45, 90, 135.2} Multiples of 45 


Here we see that the LCM(9, 15, 45) = 45. Multiply the numerator and the 
denominator of each fraction by values that result in equivalent fractions with 
the determined common denominator. 


D 1 Suman anes) 1 8 
S (6° 8yo 5 i 3° 4 
lO 8  & 
~ 45 45° 45 


Once we have equivalent fractions, with a common denominator, we can 
perform the operations on the numerators and write the result over the 
common denominator. 


60. The least common multiple of a 
set of denominators. 


1.2 Operations with Real Numbers 


38 


Chapter 1 Algebra Fundamentals 


M348 

AS 

_ 15 

w45 

And then reduce if necessary, 

mse 
~ 45 = 15 
Bel 
3 


Answer: + 


Finding the LCM using lists of multiples, as described in the previous example, is 
often very cumbersome. For example, try making a list of multiples for 12 and 81. 
We can streamline the process of finding the LCM by using prime factors. 


12=27 <3 
81=34 


The least common multiple is the product of each prime factor raised to the highest 
power. In this case, 


LCM(12, 81) = 27 - 3+ = 324 
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Often we will find the need to translate English sentences involving addition and 
subtraction to mathematical statements. Below are some common translations. 


n+ 2The sum of anumber and 2. 
2 — nThe dif f erence of 2 and anumber. 


n — 2Here 2 is subtracted from a number. 
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61. The result of multiplying. 


62. The result of dividing. 


Example 3 


What is 8 subtracted from the sum of 3 and 2 


Solution: 


We know that subtraction is not commutative; therefore, we must take care to 
subtract in the correct order. First, add 3 and +and then subtract 8 as follows: 


"the sum of 


n 
3 and > "subtract 8 
from the sum" 


(3+ 3) = 8 


Perform the indicated operations. 


1 ae oe) | 
ey | eae | ey Se ee 
(be 5}=02la- 525] 
6+ 1 
= ee) =. 
Cy 
7/8 2 
ale! 
_ 7-16 
Se 
eae 
=e 


Answer: — 7 


The result of multiplying real numbers is called the product and the result of 
dividing is called the quotient. Given any real numbers a, b, and c, we have the 
following properties of multiplication: 
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Zero Factor Property: 


Multiplicative Identity Property: 


Associative Property: 


Commutative Property: 


63 
64 
65 


66 


It is important to note that multiplication is commutative and division is not. In 
other words, the order in which we multiply does not matter and will yield the 
same result. However, this is not true of division. 


5-10=10-5 5+10410+5 
63. Given any real number a, 50=50 0.542 
a:-0=0-a=0. a 
64. Given any real number a, 
allege =a. 
. We will use these properties to perform sequential operations involving 
oe ae any real numbers a, b multiplication and division. Recall that the product of a positive number and a 
and c, ; ‘ ; 5 : oe 
negative number is negative. Also, the product of two negative numbers is positive. 
(arb) c= a: (b-c). 


66. Given any real numbers a and 
ba:-b=b-a. 
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Example 4 
Multiply: 5 (—3) (—2) (-4). 
Solution: 


Multiply two numbers at a time as follows: 


Answer: -120 


Because multiplication is commutative, the order in which we multiply does not 
affect the final answer. However, when sequential operations involve multiplication 
and division, order does matter; hence we must work the operations from left to 
right to obtain a correct result. 
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1.2 Operations with Real Numbers 


Example 5 
Simplify: 10+ (—2) (-5). 
Solution: 


Perform the division first; otherwise the result will be incorrect. 


Correct! Incorrect! 
10+(-2)(-5)= 10+(-2) (-5) 10 +( 2)/( 5) 10 + ( 2)/( 5) 
division first multiplication 
first 

= ACE) =10+10 

= 2 ai & 


Notice that the order in which we multiply and divide does affect the result. 
Therefore, it is important to perform the operations of multiplication and 
division as they appear from left to right. 


Answer: 25 


The product of two fractions is the fraction formed by the product of the 
numerators and the product of the denominators. In other words, to multiply 
fractions, multiply the numerators and multiply the denominators: 
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67. Two real numbers whose 
product is 1. 


Example 6 

ale eae eee! 
Moltiply: == =, - 
Solution: 


Multiply the numerators and multiply the denominators. Reduce by dividing 
out any common factors. 


AOS AOS 
WAS er sea 
1 5 
4 
FEE 
1 3 
5 
3 


Answer: — = 


Two real numbers whose product is 1 are called reciprocals”. Therefore, “and Z 
Pp Pp b a 


are reciprocals because = . - = “ = |For example, 
2, Be 1 
Be 6S 


Because their product is 1, >and sare reciprocals. Some other reciprocals are 
listed below: 
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1 
7 and = 
and = 


(n| oo 


and 


Col Nn 


This definition is important because dividing fractions requires that you multiply 


the dividend by the reciprocal of the divisor. 


a a _d 
aq c_ &% oot e @ 
b od a 7 1 be 
In general, 
a.¢ @<a. «ad 
bab & - be 
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Solution: 


Perform the multiplication and division from left to right. 


In algebra, it is often preferable to work with improper fractions. In this case, 
we leave the answer expressed as an improper fraction. 


25 
Answer: oa 


Try this! Simplify: _ . - = J. : 


Answer: 3 


(click to see video) 
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68. Parentheses, brackets, braces, 
and the fraction bar are the 
common symbols used to 
group expressions and 
mathematical operations 
within a computation. 


Grouping Symbols and Exponents 


In a computation where more than one operation is involved, grouping symbols 
help tell us which operations to perform first. The grouping symbols® commonly 
used in algebra are: 


( ) Parentheses 
[ | Brackets 
{ 


} Braces 


— Fraction bar 


All of the above grouping symbols, as well as absolute value, have the same order of 
precedence. Perform operations inside the innermost grouping symbol or absolute 
value first. 
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1.2 Operations with Real Numbers 


Example 8 
Simplify: 2 — (2 = =) : 
Solution: 


Perform the operations within the parentheses first. 


4 2 An 
De ae | ee 
(5 5) € 3 
one?) 
a ay (pera le 
(z 15 
1 
-2- (2) 
1 
ee” 
= <3 3 
6-2 
a) 
4 
3 


Answer: - 
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Example 9 


5-4-C3)I 


Simplify: I3=(5-7) * 


Solution: 


The fraction bar groups the numerator and denominator. Hence, they should be 
simplified separately. 


Di AGS) Ac 
I-31- (5-7) I-3l- (2) 


Answer: — = 


If a number is repeated as a factor numerous times, then we can write the product 
in a more compact form using exponential notation”. For example, 
69. The compact notation a’ used 


when a factor a is repeated n 
times. 


70. The factor a in the exponential 5-5-5-5=54 
notation a’. 


71. The positive integer n in the 
exponential notation @”’ that 
indicates the number of times The base” is the factor and the positive integer exponent” indicates the number of 


the base is used as a factor. times the base is repeated as a factor. In the above example, the base is 5 and the 


1.2 Operations with Real Numbers 50 


Chapter 1 Algebra Fundamentals 


72. The result when the exponent 
of any real number is 2. 


73. The result when the exponent 
of any real number is 3. 


exponent is 4. Exponents are sometimes indicated with the caret (“) symbol found 
on the keyboard, 544 = 5*5*5*5, In general, if a is the base that is repeated as a 
factor n times, then 


a"=a-a-a-...:a 


 ———“~- 
n factors of a 


When the exponent is 2 we call the result a square”’, and when the exponent is 3 
we call the result a cube”’. For example, 


wi) 
N 
Il 


J° S25 “5 squared” 
5*3*5 = 125 *S cubed” 


53 


If the exponent is greater than 3, then the notation a’ is read, “a raised to the nth 
power.” The base can be any real number, 


(2.5) =(2.5) (2.5) = 6.25 


-3)=(-3) (2) 3)--4 


(—2)' =(—2) (—2) (—2) (-2) = 16 
a] 6 4 9 eS IG 


Notice that the result of a negative base with an even exponent is positive. The 
result of a negative base with an odd exponent is negative. These facts are often 
confused when negative numbers are involved. Study the following four examples 
carefully: 
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The base is (-3). The base is 3. 


(-3)* =(—3) (—3) (—3) (3) = +81] - 
(-3)° =(-3) (-3) (-3) = -27 


The parentheses indicate that the negative number is to be used as the base. 


1.2 Operations with Real Numbers 52 


Chapter 1 Algebra Fundamentals 


1.2 Operations with Real Numbers 


Example 10 


Calculate: 


Solution: 


Here — +is the base for both problems. 


a. Use the base as a factor three times. 


Answers: 
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Try this! Simplify: 


Sng maak 
b. (-2)' 


Answers: 


a. -16 
b. 16 


(click to see video) 


Order of Operations 


When several operations are to be applied within a calculation, we must follow a 
specific order to ensure a single correct result. 


1. Perform all calculations within the innermost parentheses or 
grouping symbol first. 

2. Evaluate all exponents. 

3. Apply multiplication and division from left to right. 

4. Perform all remaining addition and subtraction operations last from 
left to right. 


Note that multiplication and division should be worked from left to right. Because of 
this, it is often reasonable to perform division before multiplication. 
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1.2 Operations with Real Numbers 


Example 11 
Simplify: 5’ — 24+6- + +2. 
Solution: 


First, evaluate 5° and then perform multiplication and division as they appear 
from left to right. 


1 1 
Se ee Ot 


=125-24+6-5 +2 


1 
=125-4.5+2 
= 5 2 
=123+2 

= 125 


Multiplying first would have led to an incorrect result. 


53-242 6 ape as 204s Fe +2 
2, 2 


ay 
Incorrect 


=125- 24+3 +2 
Reni) 
= 125-8 +2 
i 
=117+2 
ess, 


=119 «* 


Answer: 125 
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Example 12 
Simplity 10.5 -- (3). 
Solution: 


Take care to correctly identify the base when squaring. 


S05 3) = 10 = 
=-35+81 
=46 


Answer: 46 


We are less likely to make a mistake if we work one operation at a time. Some 


problems may involve an absolute value, in which case we assign it the same order 


of precedence as parentheses. 
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1.2 Operations with Real Numbers 


Example 13 
Simplify: 7 — 5|-2* + (-3). 
Solution: 


Begin by performing the operations within the absolute value first. 


7 — 5|-2? + (-3|=7 - 5|-4 + 9 


=7—5|5| 
=7-5-5 
=7—25 
==18 


Subtracting 7 — 5 first will lead to incorrect results. 


7-3|-2 +(-3)||- 7 - 5|-2*+(-3) 


Incorrect 


i | 


=2|-4+9| 
=2(5| 
=10 * 


Answer: -18 


Try this! Simplify: 6’ — |—15 — (—2)'] — (-2)*. 


Answer: -45 


(click to see video) 
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KEY TAKEAWAYS 


* Addition is commutative and subtraction is not. Furthermore, 
multiplication is commutative and division is not. 

* Adding or subtracting fractions requires a common denominator; 
multiplying or dividing fractions does not. 

* Grouping symbols indicate which operations to perform first. We usually 
group mathematical operations with parentheses, brackets, braces, and 
the fraction bar. We also group operations within absolute values. All 
groupings have the same order of precedence: the operations within the 
innermost grouping are performed first. 

* When using exponential notation a”, the base a is used as a factor n 
times. Parentheses indicate that a negative number is to be used as the 


base. For example, (-5) : is positive and Peas negative. 

* To ensure a single correct result when applying operations within a 
calculation, follow the order of operations. First, perform operations in 
the innermost parentheses or groupings. Next, simplify all exponents. 
Perform multiplication and division operations from left to right. 
Finally, perform addition and subtraction operations from left to right. 
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TOPIC EXERCISES 


PART A: WORKING WITH REAL NUMBERS 


1.2 Operations with Real Numbers 


. Subtract — “ from 


Perform the operations. Reduce all fractions to lowest terms. 


33 — (-15) + (-8) 
-10-9+ (-6) 
—23 + (-7) — (10) 
-1- (-l)-1 


. Subtract 3 from 10. 


. Subtract -2 from 16. 


. Subtract — 7 from 4. 


a 
a 


. Calculate the sum of -10 and 25. 


Calculate the sum of -30 and -20. 


. Find the difference of 10 and 5. 


. Find the difference of -17 and -3. 


Chapter 1 Algebra Fundamentals 


The formula d = |b — algives the distance between any two points on 
a number line. Determine the distance between the given numbers on a 
number line. 


19. 10 and 15 
20. 6and 22 
ZO andel2 
22. -8and0 
23. -5 and -25 


24, -12 and -3 


Determine the reciprocal of the following. 


1 
295 3 
z 
26. 5 
3) 
BY 4 
28. -12 


29. awherea # O 


30. dL. 
a 

31. + where a =i) 
1 

o2e AB 


Perform the operations. 
33, —4(-5) +2 
34. (—15) (—3) + (-9) 
35, —22 + (11) (-2) 
36. 50+ (—25) (-4) 
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38. 


39), 


40. 


Al. 


42. 


43. 


44, 


45. 


46. 


47. 


48. 


49. 


50. 


Bul, 


52. 


S35 


54, 


B50 
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a —2):% 

5 3 2S) 

(-3) (3) +8 
yD} 2; 16 

io oleh 

a» 4 Ali) 

eee ie eet 

16 Sa 


Find the product of 12 and 7. 
Find the product of — . and 12. 
Find the quotient of -36 and 12. 
Find the quotient of — - and 9. 


Subtract 10 from the sum of 8 and -5. 
Subtract -2 from the sum of -5 and -3. 


Joe earns $18.00 per hour and “time and a half” for every hour he works over 
40 hours. What is his pay for 45 hours of work this week? 


Billy purchased 12 bottles of water at $0.75 per bottle, 5 pounds of assorted 
candy at $4.50 per pound, and 15 packages of microwave popcorn costing $0.50 
each for his party. What was his total bill? 


James and Mary carpooled home from college for the Thanksgiving holiday. 
They shared the driving, but Mary drove twice as far as James. If Mary drove 
for 210 miles, then how many miles was the entire trip? 


A6 - foot plank is to be cut into 3 pieces of equal length. What will be the 
length of each piece? 


A student earned 72, 78, 84, and 90 points on her first four algebra exams. 
What was her average test score? (Recall that the average is calculated by 
adding all the values in a set and dividing that result by the number of 
elements in the set.) 
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56. The coldest temperature on Earth, -129° F, was recorded in 1983 at Vostok 
Station, Antarctica. The hottest temperature on Earth, 136° F, was recorded in 
1922 at Al’ Aziziyah, Libya. Calculate the temperature range on Earth. 


PART B: GROUPING SYMBOLS AND EXPONENTS 


Perform the operations. 
57. 7— {3— |[-6—- (10)|} 
58. —(9 — 12) — [6—- (-8 - 3)| 
+ {5- (10-3)} 
60. ~ {-6+ (6-9)} 


oa. 5 {2 [3 (4- 3)]} 


at CoE(4-9))} 


52), 


a 

eee 

o Ae 

ee. lle =6 54) 
=I=21+(—8-(—10)) 

Perform the operations. 

pr ee 

68. (—12)? 

ee le 

70. —(—12)? 

io 

eh, 3) 


nm (4) 
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Tee 


soe = 100 


PART C: ORDER OF OPERATIONS 


Simplify. 
83, 5 — 3 (4-37) 
84, 8 — 5 (3-37) 
s (5) 23(2=2) 
86. 6-2 (-57 +4-7) 
87. 5 — 3 [3 (2-37) + (-3)’| 
88. M=s|(0=s) 4) 
89, Ee 3°] — [2- (5+(-4)’)| 


ioe) 


9. -7? — [2-7) -(-8)*] 
91 ri Gp tae 
02, 6 (3) - (4) |] #2” 
93 Bae er 
zg aa) 
(3+(-2)") 4-3 
. a5) 
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OB 


96. 


Os 
98. 


Oe), 
100. 
101. 
102. 
103. 
104. 
105. 


NOG, = 


107. 


108. 


109. 


110. 


—5?+(-3)?-2-3 
8°+6(—10) 

(-4)° +(-3)° 
—9?—(—12+27)*10 
=57 = 75 
—2* + 6|2* — 5°| 
- (4-7? -8") 
—3 (5 — 2|-6]) 


(—3)?—|-2 + (-3)*| - 47 
—5? — 2|3° — 2*| — (-2)° 
5+ |-5|-(2- I-71)° 
10? +2 (|-5) - 6°) 


Calculate the sum of the squares of the first three consecutive positive odd 
integers. 


Calculate the sum of the squares of the first three consecutive positive even 
integers. 


What is 6 subtracted from the sum of the squares of 5 and 8? 


What is 5 subtracted from the sum of the cubes of 2 and 3? 


PART D: DISCUSSION BOARD 


Lill, 


1s 


uII1S}, 


114. 
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What is PEMDAS and what is it missing? 
Does 0 have a reciprocal? Explain. 


Explain why we need a common denominator in order to add or subtract 
fractions. 


Explain why (—10)* is positive and —10* is negative. 
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ANSWERS 


1. 40 


3, =o) 


= 
clr BlwW wr 


= 
= 
N 


N 
Alo 


a 
On 
— 
On 


Wa 3 

19. 5 units 
21. 12 units 
23. 20 units 


Men 3 


iS) 
N 
| 
wl 


(ox) 
(ox) 
5S alt ale 


oo 
a 
\ 
nN 
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47. -3 
A), =7/ 
51. $855 


53. 315 miles 


55. 81 points 


57. -12 
59. -1 
Gil, WS 
63. -3 
65. 0 
67. 144 
69. -144 
71. -625 

1 
WB 8 

9 
Wd. i6 
Wil AN 
79. -1 
81. -100 
83. 20 
85. -17 
87. 41 
89. 35 

9 
91. 7 
3 

93. 5 

5 
95 5) 
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1.3 Square and Cube Roots of Real Numbers 


7 


7 


7 


7 


4, 


oO 


ON 


N 


That number that when 
multiplied by itself yields the 
original number. 


. The symbol J used to denote 


a square root. 


. The non-negative square root. 


. The number within a radical. 


LEARNING OBJECTIVES 


1. Calculate the exact and approximate value of the square root of a real 
number. 

2. Calculate the exact and approximate value of the cube root of a real 
number. 

3. Simplify the square and cube root of a real number. 

4. Apply the Pythagorean theorem. 


The Definition of Square and Cube Roots 


A square root” of a number is a number that when multiplied by itself yields the 
original number. For example, 4 is a square root of 16, because 4? = 16. Since 
(-4Y = 16, we can say that -4 is a square root of 16 as well. Every positive real 
number has two square roots, one positive and one negative. For this reason, we use 


the radical sign” vA to denote the principal (nonnegative) square root’® and a 
negative sign in front of the radical — vA to denote the negative square root. 


V16=4 Positive square root of 16 
—\/16=-4 Negative square root of 16 


Zero is the only real number with exactly one square root. 


0 =0 


If the radicand”’, the number inside the radical sign, is nonzero and can be factored 
as the square of another nonzero number, then the square root of the number is 
apparent. In this case, we have the following property: 


68 


Chapter 1 Algebra Fundamentals 


Va =a, if a>O 


It is important to point out that a is required to be nonnegative. Note that 
V/(—3)” # —3 because the radical denotes the principal square root. Instead, 


/(-3" = 9 =3 


This distinction will be carefully considered later in the course. 


Example 1 


Find the square root: 


Solution: 
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Example 2 


Find the negative square root: 


a. —/64 
b, -vV1 


Solution: 


a. — 1/64 =—-V/8* = -8 


been t= = 


The radicand may not always be a perfect square. If a positive integer is not a 


perfect square, then its square root will be irrational. Consider 5 , we can obtain 
an approximation by bounding it using the perfect squares 4 and 9 as follows: 


Vi < y5< v9 


2<+/5<3 


With this we conclude that 1/5 is somewhere between 2 and 3. This number is 


better approximated on most calculators using the square root button, : 


1/5 & 2.236because2.236 % 2 & 5 


Next, consider the square root of a negative number. To determine the square root 
of -9, you must find a number that when squared results in -9, 
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78. The number that when 
multiplied by itself three times 
yields the original number, 


denoted by Vv : 


79. The positive integer n in the 


notation / that is used to 
indicate an nth root. 


However, any real number squared always results in a positive number, 


GY =9 and (-37 =9 


The square root of a negative number is currently left undefined. Try calculating 


V —9 on your calculator; what does it say? For now, we will state that 1/—9 is not a 
real number. The square root of a negative number is defined later in the course. 


A cube root” of a number is a number that when multiplied by itself three times 
yields the original number. Furthermore, we denote a cube root using the symbol 
vA , where 3 is called the index”. For example, 


V8 = 2, because 2? = 8 


The product of three equal factors will be positive if the factor is positive, and 
negative if the factor is negative. For this reason, any real number will have only 
one real cube root. Hence the technicalities associated with the principal root do 
not apply. For example, 


x/—8 = —2, because (-2Y = —8 


In general, given any real number a, we have the following property: 
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Va =a 


When simplifying cube roots, look for factors that are perfect cubes. 


Example 3 


Find the cube root: 


a. 4/125 
b. Vo 
3/_8 
©. i 
Solution: 
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Example 4 


Find the cube root: 


vay aoe 
bee 
Solution: 
a A =O] = V3) = 3 
b. W-l= V(-lP =-1 


It may be the case that the radicand is not a perfect cube. If this is the case, then its 
cube root will be irrational. For example, V2 is an irrational number, which can be 
approximated on most calculators using the root button . Depending on the 


calculator, we typically type in the index prior to pushing the button and then the 
radicand as follows: 


3 [WF] 2 [] 


Therefore, we have 


V2 ~ 1.260, because 1.260% 3 x 2 


We will extend these ideas using any integer as an index later in this course. It is 
important to point out that a square root has index 2; therefore, the following are 
equivalent: 
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80. Given real numbers WA and 
vB 
/A-B = V/A - X/B. 


81. Given real numbers WA and 


fe nfa — WA 
VB. BO WR: 


82. A radical where the radicand 
does not consist of any factors 
that can be written as perfect 
powers of the index. 


1.3 Square and Cube Roots of Real Numbers 


a= yi 


In other words, if no index is given, it is assumed to be the square root. 
Simplifying Square and Cube Roots 


It will not always be the case that the radicand is a perfect square. If not, we use the 
following two properties to simplify the expression. Given real numbers 1/A and 
V/B where B + 0, 


Product Rule for Radicals: 


Quotient Rule for Radicals: 


80 


81 


A simplified radical®’ is one where the radicand does not consist of any factors 
that can be written as perfect powers of the index. Given a square root, the idea is 
to identify the largest square factor of the radicand and then apply the property 


shown above. As an example, to simplify 1/12, notice that 12 is not a perfect 
square. However, 12 does have a perfect square factor, 12 = 4 - 3. Apply the 
property as follows: 


V12=1/4-3 Apply the product rule f or radicals. 
- /4 . V3 Simplify. 
=2-/3 
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The number 2/3 is a simplified irrational number. You are often asked to find an 
approximate answer rounded off to a certain decimal place. In that case, use a 
calculator to find the decimal approximation using either the original problem or 
the simplified equivalent. 


V/12 = 2/3 & 3.46 


As a check, calculate 1/12 and 21/3 on a calculator and verify that the results are 
both approximately 3.46. 
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Example 5 
Simplify: +/ 135. 
Solution: 


Begin by finding the largest perfect square factor of 135. 


135=3° -5 
23.355 
=9-15 


Therefore, 


V/135=+/9- 15 Apply the product rule f or radicals. 


= /9- VJ15 Simplify. 
=3- 4/15 


Answer: 34/15 
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Example 6 


Simplify: ae : 


Solution: 


We begin by finding the prime factorizations of both 108 and 169. This will 
enable us to easily determine the largest perfect square factors. 


08H 23 =) 33 
169=137 


Therefore, 


= 4/ ————_ Apply the product and quotient rule for radicals. 


= ——————___ Simplify. 


61/3 
Answer: ys 
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Example 7 
Simplify: —5+/ 162. 


Solution: 


—54/162=—5 - 1/81 -2 
== /81 - /2 
ee 2 
=—45 . 4/2 
=—45,/2 


Answer: —45 V2 


Try this! Simplify: 4+/ 150. 


Answer: 20 6 


(click to see video) 


A cube root is simplified if it does not contain any factors that can be written as 
perfect cubes. The idea is to identify the largest cube factor of the radicand and 
then apply the product or quotient rule for radicals. As an example, to simplify 


4/ 80, notice that 80 is not a perfect cube. However, 80 = 8 - 10 and we can write, 
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4/80= /8 - 10 Apply the product rule f or radicals. 
=4/8-/10 Simplify. 
=2- 3/10 


Example 8 


Simplify: +/ 162. 
Solution: 


Begin by finding the largest perfect cube factor of 162. 


162=3' .2 
=o oD 
=27-6 


Therefore, 


4/162=+/27 - 6 Apply the product rule f or radicals. 


= 4/27. V6 Simplify. 


Answer: 3 V6 
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Example 9 
Simplify: .7/— ate 
Solution: 
Hale /-1-8-2 
343, /eB 
V-1- 8-2 
= WF 
1-2-2 
7 7 
A) 
ae 
Tee 
Answer: aie 


Try this! Simplify: —2 \/—256. 


Answer: 8 W/4 


(click to see video) 


Consider the following two calculations, 
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8 


Go 


. A triangle with an angle that 
measures 90°. 


84. The longest side of a right 
triangle; it will always be the 
side opposite the right angle. 


8 


On 


. The sides of a right triangle 
that are not the hypotenuse. 


8 


ON 


. The hypotenuse of any right 
triangle is equal to the square 
root of the sum of the squares 
of the lengths of the triangle’s 
legs. 


Notice that it does not matter if we apply the exponent first or the square root first. 
This is true for any positive real number. We have the following, 


V@ = (a) =a, ifa>0 


Example 10 


2; 
Simplify: (v 10) : 
Solution: 


2 
Apply the fact that (/a) = aif ais nonnegative. 


Pythagorean Theorem 


A right triangle®? is a triangle where one of the angles measures 90°. The side 
opposite the right angle is the longest side, called the hypotenuse™, and the other 
two sides are called legs®’. Numerous real-world applications involve this geometric 
figure. The Pythagorean theorem® states that given any right triangle with legs 
measuring a and b units, the square of the measure of the hypotenuse c is equal to 
the sum of the squares of the measures of the legs, @ +b = c?.In other words, 
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the hypotenuse of any right triangle is equal to the square root of the sum of the 
squares of its legs. 


at+h=c 


or 


c=Va +b? 
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Example 11 
Calculate the diagonal of a square with sides measuring 5 units. 


Solution: 


The diagonal of a square will form an isosceles right triangle where the two 
equal legs measure 5 units each. 


We can use the Pythagorean theorem to determine the length of the 
hypotenuse. 


Ee 
=/F4F 
= (5405 
4/50 

_ 52 
1/25 - 
a 


II 
N] wn 
ml ml oO 


S 


Il 
nn 


Answer: 5/2 units 


The Pythagorean theorem actually states that having side lengths satisfying the 
property a + b” = c? isanecessary and sufficient condition of right triangles. In 
other words, if we can show that the sum of the squares of the lengths of the legs of 
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the triangle is equal to the square of the hypotenuse, then it must be a right 
triangle. 


Example 12 


Determine whether or not a triangle with legs a = 1cmandb = 2 cmand 
hypotenuse b = /5 cm is a right triangle. 


Solution: 


If the legs satisfy the condition a + b” = c? then the Pythagorean theorem 
guarantees that the triangle is a right triangle. 


P4+P = 2 
P y} 

a +r =(75) 

eas 5 
5 aay 


Answer: Yes, the described triangle is a right triangle. 
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KEY TAKEAWAYS 


* The square root of a number is a number that when squared results in 
the original number. The principal square root of a positive real number 
is the positive square root. The square root of a negative number is 
currently left undefined. 

* When simplifying the square root of a number, look for perfect square 
factors of the radicand. Apply the product or quotient rule for radicals 
and then simplify. 

* The cube root of a number is a number that when cubed results in the 
original number. Every real number has only one real cube root. 

* When simplifying cube roots, look for perfect cube factors of the 
radicand. Apply the product or quotient rule for radicals and then 
simplify. 

* The Pythagorean theorem gives us a necessary and sufficient condition 
of right triangles: a+b? = cifand only if a, b and c represent the 
lengths of the sides of a right triangle. 
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Simplify. 
1 (a 
ED 
Lig 


«. —/i00 
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17. —10./4 
ig 8y) 25) 
19. 1/64 
20. W125 
oe Soe 
20. 4/=1 
23. V0 

24, 9/ 0.008 
25. + 0.064 
ee, = ae 


27. —/1000 


34. 5 343 
oe cl 
6 SNE 
a7, 5 4/-64 
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38. 8 v/ aS 
Use a calculator to approximate to the nearest hundredth. 
ee 
ee 
aS 
a) 
43, 3 / q 
a / 3 
5. 
mG 
o. JB 
a a 
49, 4 v/ 10 
Oh = 3 v/ 2) 
51. Determine the set consisting of the squares of the first twelve positive integers. 


52. Determine the set consisting of the cubes of the first twelve positive integers. 


PART B: SIMPLIFYING SQUARE ROOTS AND CUBE ROOTS 


Simplify. 
53, 18 
54, 4/50 
eer 
56. 1/40 
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52), 


60. 


61. 


62. 


635 


64. 


65. 


66. 


67. 


68. 


74, 


50 


76. 


44/72 
34/27 
~5 4/80 
~6/128 
34/-40 
5+/-160 
V16 
4/54 
4/81 
4/24 


. 7x/500 
. 25 1/686 
SS 


5 y/-96 
(ver) 
(v25) 
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57. 81 
54 

58. 5 
,/ 48 

69. 125 
[135 

70. Ta 
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PART C: PYTHAGOREAN THEOREM 


We), 


80. 


81. 


82. 


83. 


84. 


85. 


86. 


87. 


88. 


89. 


90. 


Oil, 


If the two legs of a right triangle measure 3 units and 4 units, then find the 
length of the hypotenuse. 


If the two legs of a right triangle measure 6 units and 8 units, then find the 
length of the hypotenuse. 


If the two equal legs of an isosceles right triangle measure 7 units, then find 
the length of the hypotenuse. 


If the two equal legs of an isosceles right triangle measure 10 units, then find 
the length of the hypotenuse. 


Calculate the diagonal of a square with sides measuring 3 centimeters. 


Calculate the diagonal of a square with sides measuring 10 centimeters. 
Calculate the diagonal of a square with sides measuring / 6 centimeters. 


Calculate the diagonal of a square with sides measuring sf 10 centimeters. 


Calculate the length of the diagonal of a rectangle with dimensions 4 
centimeters by 8 centimeters. 


Calculate the length of the diagonal of a rectangle with dimensions 8 meters by 


10 meters. 


Calculate the length of the diagonal of a rectangle with dimensions / 3 
meters by 2 meters. 


Calculate the length of the diagonal of a rectangle with dimensions / 6 
meters by sf 10 meters. 


To ensure that a newly built gate is square, the measured diagonal must match 
the distance calculated using the Pythagorean theorem. If the gate measures 4 


feet by 4 feet, what must the diagonal measure in inches? (Round off to the 
nearest tenth of an inch.) 
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92. Ifa doorframe measures 3.5 feet by 6.6 feet, what must the diagonal measure to 
ensure that the frame is a perfect rectangle? 


Determine whether or not the given triangle with legs a and b and 
hypotenuse c is a right triangle or not. 


ond — op — anda — 0) 
Ol i a lar NP eral — 13) 
05 00 — al eandic —ally/ 
66, 0 — 1b — 24,andc — 30 


97. ad = 3,b = 2-and¢ = V13 


98. = /7,b=4,ande = V11 


<) 


oO, SA = 1/3, and c = 19 


= 6b = 1/15, andc = 21 


PART D: DISCUSSION BOARD 


101. What does your calculator say after taking the square root of a negative 
number? Share your results on the discussion board and explain why it says 
that. 


100. 


Q 


102. Research and discuss the history of the Pythagorean theorem. 
103. Research and discuss the history of the square root. 


104. Discuss the importance of the principal square root. Why is it that the same 
issue does not come up with cube roots? Provide some examples with your 
explanation. 
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ANSWERS 


i, 9) 


S, = 


\) ed heal 


9. Notareal number. 
11. 0.6 
ig, 5 


Gy, 1G 


AS}, (odd 
45. 1.44 


47. 3.04 
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49. 


Sil, 


53. 


B50 


8), 


61. 


63. 


65. 


67. 


vale 


Wak 


1D: 


Vides 


WS) 


81. 


83. 


85. 


87. 


89. 


Oil, 


OB 


8.62 


{1, 4, 9, 16, 25, 36, 49, 64, 81, 100, 121, 144} 


5/2 
575 9 
24/2 
075 
Not a real number. 
24/2 
34/3 
24/6. 
69. = 


35 \/4 
6/6 
64 

2 


5 units 

ti / 2 vents 

3 s/ D aonemncias 
2 s/ 2 apie 
4 / 5 somtimes 
/ 7 meters 


The diagonal must measure approximately 67.9 inches. 


Not a right triangle. 
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955 


Wo 


Of), 


101. 


103. 


Right triangle. 
Right triangle. 
Right triangle. 
Answer may vary 


Answer may vary 
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1.4 Algebraic Expressions and Formulas 


8 


N 


8 


oo 


8 


Ne} 


90. 


9 


rare 


92. 


. Combinations of variables and 


numbers along with 
mathematical operations used 
to generalize specific 
arithmetic operations. 


. Components of an algebraic 


expression separated by 
addition operators. 


. Components of a term 


separated by multiplication 
operators. 


The numerical factor of a term. 


. All the variable factors with 


their exponents. 


Aterm written without a 
variable factor. 


LEARNING OBJECTIVES 


Identify the parts of an algebraic expression. 
Apply the distributive property. 

Evaluate algebraic expressions. 

Use formulas that model common applications. 


BP WH Ff 


Algebraic Expressions and the Distributive Property 


In algebra, letters called variables are used to represent numbers. Combinations of 
variables and numbers along with mathematical operations form algebraic 
expressions’, or just expressions. The following are some examples of expressions 
with one variable, x: 


Terms” in an algebraic expression are separated by addition operators and 
factors’ are separated by multiplication operators. The numerical factor of a term 
is called the coefficient”. For example, the algebraic expression x”y* + 6xy — 3 
can be thought of as x*y? + 6xy + (—3) and has three terms. The first term, 
xy, represents the quantity 1x?y* = 1-x-x-y-y where 1 is the coefficient 
and x and y are the variables. All of the variable factors with their exponents form 
the variable part of a term”’. If a term is written without a variable factor, then it 
is called a constant term”. Consider the components of x7y? + 6xy — 3, 
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Terms | Coefficient | Variable Part 


The third term in this expression, -3, is called a constant term because it is written 
without a variable factor. While a variable represents an unknown quantity and 
may change, the constant term does not change. 
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Example 1 
List all coefficients and variable parts of each term: 10a” — Sab — b’. 


Solution: 


We want to think of the third term in this example —b” as — 1b’. 


Terms | Coefficient | Variable Part 


10a 


Answer: Coefficients: {—5, — 1, 10}; variable parts: {@, ab, pb} 


In our study of algebra, we will encounter a wide variety of algebraic expressions. 
Typically, expressions use the two most common variables, x and y. However, 
expressions may use any letter (or symbol) for a variable, even Greek letters, such 
as alpha (a) and beta (). Some letters and symbols are reserved for constants, such 
asa © 3.14159 ande & 2.71828. Since there is only a limited number of letters, 
you will also use subscripts, x, x2, X3, X4, ..., to indicate different variables. 
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The properties of real numbers are important in our study of algebra because a 
variable is simply a letter that represents a real number. In particular, the 
distributive property” states that if given any real numbers a, b and c, then, 


a(b+c) = ab+ac 


This property is one that we apply often when simplifying algebraic expressions. To 
demonstrate how it will be used, we simplify 2(5 — 3) in two ways, and observe the 
same correct result. 


Working parenthesis first. | Using the distributive property. 


Certainly, if the contents of the parentheses can be simplified we should do that 
first. On the other hand, when the contents of parentheses cannot be simplified any 
further, we multiply every term within it by the factor outside of it using the 
distributive property. Applying the distributive property allows us to multiply and 
remove the parentheses. 


93. Given any real numbers a, b, 
and c, a (b + c) =ab+ac 


or (b+c)a=ba+tca. 
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Example 2 
Simplify: 5 (—2a ae 5b) — 2c. 
Solution: 


Multiply only the terms grouped within the parentheses for which we are 
applying the distributive property. 


5§(-2a+5b)—2c 


=5-(-2a)+5-5b—-2c 
=—10a + 25b — 2c 


Answer: —10a + 25b — 2c 


Recall that multiplication is commutative and therefore we can write the 
distributive property in the following manner, (b + c) a= ba+ca. 
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94. Constant terms or terms whose 
variable parts have the same 
variables with the same 
exponents. 


95. Used when referring to like 
terms. 


96. Adding or subtracting like 
terms within an algebraic 
expression to obtain a single 
term with the same variable 
part. 


Example 3 
Simplify: (oe —4y+ 1) ooh 
Solution: 


Multiply all terms within the parenthesis by 3. 


(3x —4y + 1) -3=3x-3-4y-341-3 
=9x — 12y+3 


Answer: 9x — 12y + 3 


Terms whose variable parts have the same variables with the same exponents are 
called like terms”, or similar terms”. Furthermore, constant terms are 
considered to be like terms. If an algebraic expression contains like terms, apply the 
distributive property as follows: 


5x + 7x=(5 + 7)x = 12x 
Ay* 4 5x7 — 7x* =(445 —T)x* = 2x? 


In other words, if the variable parts of terms are exactly the same, then we can add or 
subtract the coefficients to obtain the coefficient of a single term with the same 
variable part. This process is called combining like terms”’. For example, 


12%75° + 3x7" — sey 


1.4 Algebraic Expressions and Formulas 100 


Chapter 1 Algebra Fundamentals 


Notice that the variable factors and their exponents do not change. Combining like 
terms in this manner, so that the expression contains no other similar terms, is 
called simplifying the expression”. Use this idea to simplify algebraic expressions 
with multiple like terms. 

Example 4 

Simplify: x7 — 10x + 8 + 5x” — 6x — 1. 


Solution: 


Identify the like terms and add the corresponding coefficients. 


Ix? - 10x + 8+ 5x7 — 6x —1 Combine like terms. 


= 6x? — 16x+7 


Answer: 6x2 — 16x + 7 


97. The process of combining like 
terms until the expression 
contains no more similar 
terms. 
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Example 5 
Simplify: b> — ab — 2 (2e@°’b° — Sab + 1). 
Solution: 


Distribute -2 and then combine like terms. 


ab? — ab —2 (2a b* — Sab +1) =a b* — ab — 4b” + 10ab - 2 
=-3¢ b° + 9ab — 2 


Answer: —3a@2b” + 9ab — 2 


Evaluating Algebraic Expressions 


An algebraic expression can be thought of as a generalization of particular 
arithmetic operations. Performing these operations after substituting given values 
for variables is called evaluating”®. In algebra, a variable represents an unknown 
value. However, if the problem specifically assigns a value to a variable, then you 
can replace that letter with the given number and evaluate using the order of 
operations. 


98. The process of performing the 
operations of an algebraic 
expression for given values of 
the variables. 
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Example 6 


Evaluate: 


a. 5x — 2 wherex = = 


b. y* —y—6where y = —4 
Solution: 


To avoid common errors, it is a best practice to first replace all variables with 
parentheses, and then replace, or substitute”’, the appropriate given value. 


a. 
5x —2=5( )—2 
2 
25) =) =2 
G) 
0a 
TBS 3 
_ 10-6 
ae 
4 
3 
b. 


99. The act of replacing a variable 
with an equivalent quantity. 


1.4 Algebraic Expressions and Formulas 103 


Chapter 1 Algebra Fundamentals 


y-y-6=( J - ( )-6 
=(-4Y — (-4)-6 
=16+4-6 
=14 


Answer: 


S 2 
_ 
i OS 


Often algebraic expressions will involve more than one variable. 


104 
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Example 7 
Evaluate a — 8b°> where a = —landb = + : 
Solution: 


After substituting in the appropriate values, we must take care to simplify 
using the correct order of operations. 


Gb = y — 8( y Replace variables with parentheses. 


3 
1 
=(-17 -8 ( 5) Substitute in the appropriate values. 


1 
=-1-8 (5) Simplify. 


=-l1-] 
=—2 


Answer: -2 
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Example 8 
play? 2 
Evaluate =—- where x = — Sandy = —3. 


Solution: 


(3) -c3 
eo 
Pea 
— =3-1 


At this point we have a complex fraction. Simplify the numerator and then 
multiply by the reciprocal of the denominator. 


ree eet! 
= 4 1 4 
=H 
=27 
=, 4 
ae 
1 
_ -27 1 
~ 4 4 
hh 
~ 16 


Dili 
Answer: 16 
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: ; : 27 
The answer to the previous example can be written as a mixed number, = = | a ' 


Unless the original problem has mixed numbers in it, or it is an answer to a real- 
world application, solutions will be expressed as reduced improper fractions. 


Example 9 
Evaluate V/V b> — 4dacwhere a = —1lb=-—-7,andc = J. : 
Solution: 


Substitute in the appropriate values and then simplify. 


VF = Hac= fF =4)() 


= OE 
= 1/50 
Jo 
5yi 


Answer: 5 Ve 
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allt where V = 25z andh = 3. 


ah 


Try this! Evaluate 


Answer: 5 


(click to see video) 


Using Formulas 


The main difference between algebra and arithmetic is the organized use of 
variables. This idea leads to reusable formulas’, which are mathematical models 
using algebraic expressions to describe common applications. For example, the 
volume of a right circular cone depends on its radius r and height h and is modeled 
by the formula: 


In this equation, variables and constants are used to describe the relationship 
between volume and the length of the base and height. If the radius of the base 
measures 3 meters and the height measures 5 meters, then the volume can be 
calculated using the formula as follows: 


100. A reusable mathematical model 
using algebraic expressions to 
describe a common 
application. 
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Using z & 3.14, we can approximate the volume: V = 15 (3.14) = 47.1 cubic 
meters. 


A list of formulas that describe the area and perimeter of common plane figures 
follows. The letter P represents perimeter and is measured in linear units. The letter 
A represents area and is measured in square units. 


Square Rectangle Parallelogram 


Trapezoid Triangle Circle 
a 
c a 
b 

b 

P=a+bt+ct+d P=a+b+e C=2ar 
1 - 

A=sh(a+b) A=—bh A=are 


A list of formulas that describe the surface area and volume of common figures 
follows. Here SA represents surface area and is measured in square units. The letter 
V represents volume and is measured in cubic units. 
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Cube Rectangular Solid Right Circular Cylinder 


r) 
1 
1 
1 
1 
1 
1 
1 
1 
T 


w 
SA = 65° SA = 2lw+ 2lh+2wh SA=2nr? +2arh 
V=< V =lwh V=arh 
Right Circular Cone Sphere 
SA=ar° +a1rs SA=4zr° 
V = 50h Vase 


1.4 Algebraic Expressions and Formulas 110 


Chapter 1 Algebra Fundamentals 


101. The distance D after traveling 
at an average rate r for some 
time t can be calculated using 
the formula D = rt. 


Example 10 


The diameter of a spherical balloon is 10 inches. Determine the volume rounded 


off to the nearest hundredth. 
Solution: 


The formula for the volume of a sphere is 


This formula gives the volume in terms of the radius, r. Therefore, divide the 
diameter by 2 and then substitute into the formula. Here, r = — = Sinches 


and we have 


3) 


Il 
wl A wl A wi A 
Sy 
_ 
N 
Nn 
_— 
i=) 


in’ ~ 523.60in° 


3 
w| S 
SY 


Answer: The volume of the balloon is approximately 523.60 cubic inches. 


Formulas can be found in a multitude of subjects. For example, uniform motion’”’ 


is modeled by the formula D = rt, which expresses distance D, in terms of the 
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average rate, or speed, r and the time traveled at that rate, t. This formula, D = rt 
is used often and is read, “distance equals rate times time.” 


Example 11 


Jim’s road trip took 2 + hours at an average speed of 66 miles per hour. How far 
did he travel? 


Solution: 


Substitute the appropriate values into the formula and then simplify. 


Answer: Jim traveled 165 miles. 


Simple interest’”’ / is given by the formula J = prt where p represents the 
principal amount invested at an annual interest rate r for t years. 


102. Modeled by the formula 
I = prt, where p represents 
the principal amount invested 
at an annual interest rate r for 
t years. 
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Example 12 


Calculate the simple interest earned on a 2-year investment of $1,250 at an 
annual interest rate of 3 : %. 


Solution: 


Convert 3 - %oto a decimal number before using it in the formula. 


r=3 : 7 = 3.157% = 0.0375 


Use this and the fact that p = $1,250 and t = 2 years to calculate the simple 
interest. 


[=prt 
= (1, 250) (0.0375) (2) 
Sa IS 


Answer: The simple interest earned is $93.75. 
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KEY TAKEAWAYS 


* Think of algebraic expressions as generalizations of common arithmetic 
operations that are formed by combining numbers, variables, and 
mathematical operations. 

* The distributive property a (b + c) = ab + d¢is used when 
multiplying grouped algebraic expressions. Applying the distributive 
property allows us to remove parentheses. 

* Combine like terms, or terms whose variable parts have the same 
variables with the same exponents, by adding or subtracting the 
coefficients to obtain the coefficient of a single term with the same 
variable part. Remember that the variable factors and their exponents 
do not change. 

* To avoid common errors when evaluating, it is a best practice to replace 
all variables with parentheses and then substitute the appropriate 
values. 

* The use of algebraic expressions allows us to create useful and reusable 
formulas that model common applications. 
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TOPIC EXERCISES 


PART A: ALGEBRAIC EXPRESSIONS AND THE 
DISTRIBUTIVE PROPERTY 


List all of the coefficients and variable parts of each term. 
1, —5x* +x—-1 
2, y? —9y +3 
3. 5x* — 3xy + y? 
4. @b° + 2ab—4 
5, x7y + xy? — 3xy +9 


60x St a a 


Multiply. 
7. 5 (3x5) 
8. 3 (4x — 1) 


9, —2 (2x? — 5x +1) 
) 


Z 
silk a (9y? + 12y—- 3) 


10. —5 (6x? — 3x-1 


(8y* + 20y + 4) 


15. 9 (a — 2b) 


16. —5 (3x* — y?) 
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poh 
= 


Sil, 


32. 


B)3)o 


34. 


Sy 


36. 


37. 


38. 


(S@ — 3ab + b*) - 6 

. (@b* — 9ab - 3) -7 

. — (5x* — xy + y*) 

e (cy = (io) = 1) 

Combine like terms. 

. 18x —5x4+ 3x 

. 30x — 50x + 10x 

oy ty le 

. Ly+7-15y-6 

By = on POE on 0x fal 
Ox? 2 7x5 — 10x = Bx + 6 


4 

dy ered lean ar ee 

ae eee aes 

ete Sy 

2 2 

— Syothe ys = 
29 7 ae tsy re! 3 
5 fae I En 2 4 
30 mes a a a 5 


ab? +5ab-—2+7ab? — 6ab + 12 

a — 12ab + 4b? — 6a? + 10ab — 5b* 
3x2y + L2xy — Sxy? + S5xy — 8x7y + 2xy? 
10x*y + 2xy — 4xy? + 2x2y — 8Bxy + 5xy” 
7Tm*n —9mn + mn? — 6m2n + mn — 2mn? 
m?n — 5mn + 5mn* — 3m?2n + 5mn + 2mn? 
x7? — 3x" 45420" — 4x" — 3 

Sy = By? to il = By” = Dy? = Il 
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Bie) 


40. 


Al. 


42. 


43. 


44, 


45. 


46. 


47. 


48. 


49. 


50. 


Sil, 


52. 


Bao 


54, 


Simplify. 
5 — 2 (4x + 8) 
8 — 6(2x —- 1) 


De =e | ab 7 

—5 (x* +4x-1) + 8x? -5 
Sab — 4 (ab + 5) 

5 (7 — ab) + 2ab 

2-a¢ +3(a +4) 

7 — 3y +2 (y? - 3y—2) 

8x* — 3x —5 (x2 +4x-1) 

2 — 5y —6(y? —y +2) 

eb? —5+3(a@b* —3ab +2) 
@ — 3ab —2(a@ —ab+1) 
10y? +6— (3y? +2y +4) 
4m? —3mn — (m? — 3mn +n’) 
x7" — 3x" 45 (x°" — x" +1) 


—3 see —2y" + 1) + 4y2? —5 


PART B: EVALUATING ALGEBRAIC EXPRESSIONS 


55 


56. 


Sys 


Evaluate. 
—2x +3 where x = —2 
8x —5 where x = —1 


i where x = —5 
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58, 2x2 —8x+1 where x = 3 


ere = 1 
59. Sa where X = > 

9x7+x—-2 Se. 
60. al where X = 5 


61. (3y — 2) (y+ 5) where y = . 
62, (3x-+2)(5x+1) where x = — + 

63. (3x — 1) (x—8) where x = —1 

64. (Jy +5) (y+1) where y = —2 

65. y° —y? +2 where y = —1 

66. y> + y° — 3 where y = —2 

67. @ — 5b” where a = —2 and b = —1 

68. a — 2b° where a = —3 and b = 2 

69. (x — 2y) (x+ 2y) where X = 2 and y = —5 
70. (4x — 3y) (x — y) where xX = —4 and y = —3 
71. a — ab + b* where a = —1 and b = —2 

Wh ye ep dh 2 ne eS 8 al pS 

73. a — b* where a = —2 and b = —3 


74. a —2ab> — b® where a = 2 and b = —1 


Evaluate Vb? — 4ac given the following values. 
75d OD — Lando —— I 
76. @=15,b=4ande = —4 
ae a= 3,b=-2andc =—4 


78. a= 5,b = —2andc = —30 
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19, @= b= Zandc = —1 


80. a= 1,b = —4andc = —50 
81. a=1,b=-landc=-—4 
82. a= -2,b=-fFandce=1 


PART C: USING FORMULAS 


Convert the following temperatures to degrees Celsius given 


C= - (F — 32) where F represents degrees Fahrenheit. 


Gi}, Gayle 
84. 86°F 
85. 32°F 


86. -40°F 


87. Calculate the perimeter and area of a rectangle with dimensions 12 feet by 5 
feet. 


88. Calculate the perimeter and area of a rectangle with dimensions 5 meters by 1 
meter. 


89. Calculate the surface area and volume of a sphere with radius 6 centimeters. 


90. The radius of the base of a right circular cylinder measures 4 inches and the 
height measures 10 inches. Calculate the surface area and volume. 


91. Calculate the volume of a sphere with a diameter of 18 centimeters. 


92. The diameter of the base of a right circular cone measures 6 inches. If the 


height is 1 ‘ feet, then calculate its volume. 


93. Given that the height of a right circular cylinder is equal to the radius of the 
base, derive a formula for the surface area in terms of the radius of the base. 


94. Given that the area of the base of a right circular cylinder is 257 square 
inches, find the volume if the height is 1 foot. 
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955 


96. 


Wo 


98. 


Ce), 


100. 


101. 


102. 


103. 


104. 


Jose was able to drive from Tucson to Phoenix in 2 hours at an average speed of 
58 mph. How far is Phoenix from Tucson? 


If a bullet train can average 152 mph, then how far can it travel in = of an 
hour? 


Margaret traveled for | ~ hour at an average speed of 68 miles per hour. How 
far did she travel? 


The trip from Flagstaff, AZ to the Grand Canyon national park took | 7 hours 


at an average speed of 54 mph. How far is the Grand Canyon national park 
from Flagstaff? 


Calculate the simple interest earned on a 3-year investment of $2,500 at an 


annual interest rate of 5 + %. 


Calculate the simple interest earned on a 1-year investment of $5,750 at an 


annual interest rate of 2 - %. 


What is the simple interest earned on a 5-year investment of $20,000 at an 
annual interest rate of 6%? 


What is the simple interest earned on a 1-year investment of $50,000 at an 
annual interest rate of 4.5%? 


/s 
“A 
where s represents the distance in feet the object has fallen. How long does it 
take an object to fall 32 feet? (Give the exact answer and the approximate 


answer to the nearest hundredth.) 


The time t in seconds an object is in free fall is given by the formula t = 


The current I measured in amperes, is given by the formula ] = 4 / + where 


P is the power usage measured in watts, and R is the resistance measured in 
ohms. If a light bulb uses 60 watts of power and has 240 ohms of resistance, 
then how many amperes of current are required? 


PART D: DISCUSSION BOARD 


105. 


106. 


Find and post a useful mathematical model. Demonstrate its use with some 
values. 


Research and discuss the history of the variable. What can we use if we run out 
of letters? 


1.4 Algebraic Expressions and Formulas 120 


Chapter 1 Algebra Fundamentals 


107. 


108. 


109. 


110. 


Find and post a link to a useful resource describing the Greek alphabet. 


Given the algebraic expression 5 — 3 (9x — 1), explain why we do not 
subtract 5 and 3 first. 


Do we need a separate distributive property for more than two terms? For 
example, a (b bc -t d) = ab + ac + adExplain. 


How can we check to see if we have simplified an expression correctly? 
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ANSWERS 


1. Coefficients: {—5, 1, —1} ; variable parts: {x7, x} 

3. Coefficients: {5,—3, 1} ; variable parts: {x7, xy, y7 } 
5. Coefficients: {1, —3, 9} ; variable parts: ee Bay xy} 
7. 15x — 25 

9. —4x? + 10x —2 

1. 6y* + 8y—2 
ica4g — 10a 7 

ied al 8 
17. 30a” — 18ab + 6b? 

19. —5x? +xy—y? 


ai, lox 
23. Sy — 16 
se (eee hea) 
14 3 
aay age 
see iG 
. i eae 16 
io 98 83 


gin sa7be abe 10 
33. —5x*y + 17 xy — 3xy 
35. m2n — 8mn — mn 


MG, Oe Se 


2 


39. —8x — 11 
bie Or — 1 5 
43. ab — 20 
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45, 2a + 14 

47, 3x* —23x+5 
49, 4a¢°b* — 9ab + 1 
51. Ty? —2y +2 

Bey, (rece tee 85) 


Se, 7 


Bo. BS) 
5 = 


61. 0 
63. 36 
65. 4 
Oo =ll 
Oe), =< 
Als @ 
Th, OS) 
Wn S 


77. 4 
79. 2/2 


Sila 

83. 35°C 

Som One 

87. P= 34 feet; A = 60 square feet 

89. SA= 144m square centimeters; V = 288n cubic centimeters 


91. 9727 cubic centimeters 


93. SA = 4ar 
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95s 


Wo 


OP), 


101. 


103. 


105. 


107. 


109. 


116 miles 
119 miles 
$393.75 


$6,000 


/2 = 1.41 seconds 


Answer may vary 
Answer may vary 


Answer may vary 
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1.5 Rules of Exponents and Scientific Notation 


103.x" - x” =x". the 
product of two expressions 
with the same base can be 
simplified by adding the 
exponents. 


LEARNING OBJECTIVES 


1. Review the rules of exponents. 
2. Review the definition of negative exponents and zero as an exponent. 
3. Work with numbers using scientific notation. 


Review of the Rules of Exponents 


In this section, we review the rules of exponents. Recall that if a factor is repeated 
multiple times, then the product can be written in exponential form x”. The 
positive integer exponent n indicates the number of times the base x is repeated as 
a factor. 


X= XN LY 


ntimes 


Consider the product of x* and x°, 


xix = MH H Xs KNX XXX =x! 
10 factors of x 


Expanding the expression using the definition produces multiple factors of the base 
which is quite cumbersome, particularly when n is large. For this reason, we have 
useful rules to help us simplify expressions with exponents. In this example, notice 
that we could obtain the same result by adding the exponents. 


x4. x8 = x = x! Product rule for exponents 


In general, this describes the product rule for exponents’”’. In other words, when 
multiplying two expressions with the same base we add the exponents. Compare 


4 
this to raising a factor involving an exponent to a power, such as (ar) . 
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4 

(x°) = x® «x5. x6 . x5 
eee meee 
4 factors of x® 


6+6+6+6 
=x 


24 
=X 


Here we have 4 factors of x°, which is equivalent to multiplying the exponents. 


4 . 
(x° ) = x°4 = x4 Power rule for exponents 


104 


This describes the power rule for exponents *. Now we consider raising grouped 


products to a power. For example, 


ae eee ae ae ee . yy y? “yy? Commutative property 
= 2t2+242 | yes 


After expanding, we are left with four factors of the product x7 y*. This is 
equivalent to raising each of the original grouped factors to the fourth power and 
applying the power rule. 


In general, this describes the use of the power rule for a product as well as the 

power rule for exponents. In summary, the rules of exponents streamline the 

process of working with algebraic expressions and will be used extensively as we 
104. (x"" J" = x1"; a power move through our study of algebra. Given any positive integers m and n where 


raised to a power can be x, y # 0 we have 
simplified by multiplying the »y 


exponents. 
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Product rule for exponents: 


Quotient rule for exponents: 


Power rule for exponents: 


Power rule for a product: 


Power rule for a quotient: 


105 


106 


These rules allow us to efficiently perform operations with exponents. 


n 
105. (xy) — oe nye ifa product 
is raised to a power, then apply 
that power to each factor in 
the product. 


n 
106. (s) — 7 ; if a quotient is 


raised to a power, then apply 
that power to the numerator 
and the denominator. 


1.5 Rules of Exponents and Scientific Notation 127 


Chapter 1 Algebra Fundamentals 


Example 1 


4.412 
Simplify: “oe : 


Solution: 


lo = 102) 10% 
Se = Product rule 
10° 10° 
Sa ale=3 . 
=10 Quotient rule 
=" 


Answer: 10!° 


In the previous example, notice that we did not multiply the base 10 times itself. 
When applying the product rule, add the exponents and leave the base unchanged. 
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Example 2 


2 
Simplify: (ae es 2) ; 
Solution: 


Recall that the variable x is assumed to have an exponent of one, x = x!. 


Answer: x a 


The base could in fact be any algebraic expression. 
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Example 3 
Simplify: (x a y)” (x afr y) me 
Solution: 


Treat the expression (x + y) as the base. 


Answer: (x ar ae 


The commutative property of multiplication allows us to use the product rule for 
exponents to simplify factors of an algebraic expression. 
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Example 4 
Simplify: -8x°y - 3x/y?. 


Solution: 


Multiply the coefficients and add the exponents of variable factors with the 
same base. 


—8x°y + 3x’y3=-8-3 -x°-x7 - y!-y? Commutative property 


= OA ee yee Power rule f or exponents 


Answer: —24x !*y4 


Division involves the quotient rule for exponents. 
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Example 5 


33x7y5(x-y) *° 
Simplify: aula 
11 


we 


Solution: 


eae 


Answer: 3xy4 (x = y)’ 


The power rule for a quotient allows us to apply that exponent to the numerator 
and denominator. This rule requires that the denominator is nonzero and so we will 
make this assumption for the remainder of the section. 
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Example 6 


3 
Simplify: ( ate ) : 


cA 
Solution: 


First apply the power rule for a quotient and then the power rule for a product. 


3 3 
= —4a°b 
( sa ) = = Power rule for a quotient 
e co 
_4 3 eB 3 b 3 
= ee \ ( ) Power rule for a product 
(<*) 
_ -64a°b? 
7 12 


64a°b? 


c)2 


Answer: — 


Using the quotient rule for exponents, we can define what it means to have zero as 
an exponent. Consider the following calculation: 


Twenty-five divided by twenty-five is clearly equal to one, and when the quotient 
rule for exponents is applied, we see that a zero exponent results. In general, given 
any nonzero real number x and integer n, 
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This leads us to the definition of zero as an exponent’””, 


x9 =1x40 


It is important to note that 0° is indeterminate. If the base is negative, then the 
result is still positive one. In other words, any nonzero base raised to the zero 
power is defined to be equal to one. In the following examples assume all variables 
are nonzero. 


107. ao = 1 ,; any nonzero base 


raised to the 0 power is defined 
to be 1. 
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Example 7 
Simplify: 


a (—2x)° 


Solution: 


a. Any nonzero quantity raised to the zero power is equal to 1. 


(—2x)? = 1 


b. Inthe example, —2x°, the base is x, not -2x. 


=—2-1 
=—2 
Noting that 2° = 1 we can write, 
1_2 _ os a 
os 


In general, given any nonzero real number x and integer n, 
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This leads us to the definition of negative exponents”: 


C= Be 0 
x 


An expression is completely simplified if it does not contain any negative 
exponents. 


108i 


n, where x is nonzero. 


| pee , 
[7 given any integer 
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Example 8 
Simplify: ( —4x*y) ak 


Solution: 


Rewrite the entire quantity in the denominator with an exponent of 2 and then 


simplify further. 
(4x49) = 
(-4x?y) 
- : 
—4P (Ov) 
1 
~ 16x*y2 
Answer: Ca 


Sometimes negative exponents appear in the denominator. 
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Example 9 
=< 
Simplify: = : 


Solution: 


y4 
Answer: = 
x 


The previous example suggests a property of quotients with negative 
exponents’. Given any integers m and n where x # 0 and y $ O, then 


This leads us to the property 


m 


= =r, given any 


—n 


x 
109. yo 


integers m and n, where 


x#0 andy £0. 
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In other words, negative exponents in the numerator can be written as positive 


exponents in the denominator and negative exponents in the denominator can be 


written as positive exponents in the numerator. 


Example 10 
=o ye 

Simplify: —; 

Solution: 


Take care with the coefficient -5, recognize that this is the base and that the 


1 
exponent is actually positive one: -5 = (-5) . Hence, the rules of negative 
exponents do not apply to this coefficient; leave it in the numerator. 


Answer: 


In summary, given integers m and n where x, y # O we have 


Zero exponent: x9 =1 


Negative exponent: | x~ 
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Quotients with negative exponents: 


Furthermore, all of the rules of exponents defined so far extend to any integer 
exponents. We will expand the scope of these properties to include any real number 
exponents later in the course. 


= 
&j 


Dicmeye =s 
Try this! Simplify: ( ) : 


x8z4 


Answer: — 
swe ley 


(click to see video) 


Scientific Notation 


Real numbers expressed using scientific notation’”’ have the form, 


a xX 10” 


where n is an integer and | < a < 10.This form is particularly useful when the 
numbers are very large or very small. For example, 


9,460,000,000,000,000 m=9.46 x 10° m_ — One light year 
0.000000000025m=2.5x107!! m —- Radius of ahydrogen atom 


It is cumbersome to write all the zeros in both of these cases. Scientific notation is 

an alternative, compact representation of these numbers. The factor 10” indicates 

the power of ten to multiply the coefficient by to convert back to decimal form: 
110. Real numbers expressed the 


forma X 10”, where n is an 


15 i 
integer andl <a < 10. clita 


ce NF 
9.46 x 10° = 9.46 x 1,000,000, 000,000, 000 = 9,460,000, 000,000,000 
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This is equivalent to moving the decimal in the coefficient fifteen places to the 
right. 


A negative exponent indicates that the number is very small: 


25%10 = 25% = -—__?°___ _ 9,999000000025 
10'' —100,000,000,000 
ee 
11 zeros 


This is equivalent to moving the decimal in the coefficient eleven places to the left. 


Converting a decimal number to scientific notation involves moving the decimal as 
well. Consider all of the equivalent forms of 0.00563 with factors of 10 that follow: 


0.00563 =0.0563 x 107! 
=0.563 x 107 
=5.63 x 107 
=56.3 x 10+ 
=563 x 10> 


while all of these are equal, 5.63 X 10~° is the only form expressed in correct 
scientific notation. This is because the coefficient 5.63 is between 1 and 10 as 
required by the definition. Notice that we can convert 5.63 X 107° back to decimal 
form, as a check, by moving the decimal three places to the left. 


111 


111. = = x'"". the quotient of 
two expressions with the same 
base can be simplified by 


subtracting the exponents. 
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Example 11 
write 1,075,000,000,000 using scientific notation. 
Solution: 


Here we count twelve decimal places to the left of the decimal point to obtain 
the number 1.075. 


1,075,000,000,000 = 1.075 x 10!” 


Answer: 1.075 x 10!” 


Example 12 
Write 0.000003045 using scientific notation. 
Solution: 


Here we count six decimal places to the right to obtain 3.045. 


0.000003045 = 3.045 x 10° 


Answer: 3.045 x 107° 
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Often we will need to perform operations when using numbers in scientific 
notation. All the rules of exponents developed so far also apply to numbers in 
scientific notation. 


Example 13 


Multiply: (4.36 x 10°) (5.3 x 10'7). 
Solution: 


Use the fact that multiplication is commutative, and apply the product rule for 
exponents. 


(436 5c10n (530% 105 (4265520). (10 10.) 


—22 103 q0n ae 
=2.3108 x 10! « 107 
=2.3108 x 10!*7 
=2.3108 x 10° 


Answer: 2.3108 x 10° 
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Example 14 
Divide: (3.24 x 10°) + (9.0 x 107°). 


Solution: 


(3.24 x 108) (2 
(9.0x10-3) \ 9.0 


)»( 


10° 
107° 


=0.36 x 108?) 


=(0.36 X 


10°+3 


=3.6x 107! x 10!! 
=36% 107 
=3.6 x 10! 


Answer: 3.6 x 10!° 
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Example 15 


The speed of light is approximately 6.7 x 10° miles per hour. Express this 
speed in miles per second. 


Solution: 


A unit analysis indicates that we must divide the number by 3,600. 


6.7 x 10° miles per hour= 


6.7 x 10° miles 1 petr 1 iaatés 

1 ett 60 pinctes 60 seconds 
_ 6.7 x 10° miles 

3600 seconds 

6.7 

=) x 10° 

( 3600 ) . 
0.0019 x 108 ~— rounded to two signif icant digits 
=O 105 10: 


=1.9x 10°°*8 
=1.9x 10 


Answer: The speed of light is approximately 1.9 x 10° miles per second. 
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Example 16 


The Sun moves around the center of the galaxy in a nearly circular orbit. The 
distance from the center of our galaxy to the Sun is approximately 26,000 light- 
years. What is the circumference of the orbit of the Sun around the galaxy in 
meters? 


Solution: 


One light-year measures 9.46 x 10!> meters. Therefore, multiply this by 
26,000 or 2.60 x 10* to find the length of 26,000 light years in meters. 


(9.46 x 10!°) (2.60 x 10*) =9.46 - 2.60 x 10!° - 10° 
24.6 x 10° 
=2.46 x 10! - 10° 
=2.46 x 10°° 


The radius r of this very large circle is approximately 2.46 x 107° meters. Use 
the formula C = 2zrto calculate the circumference of the orbit. 


C=2ar 
m2 (3.14) (2.46 x 10°) 
=15.4x 107 
=1.54~x 10! - 10” 
= 1.54 x 107! 


Answer: The circumference of the Sun’s orbit is approximately 1.54 x 107! 
meters. 
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Try this! Divide: (3.15 x 10°) + (12x 107"?). 


Answer: 2.625 x 10’ 


(click to see video) 


KEY TAKEAWAYS 


* When multiplying two quantities with the same base, add exponents: 


x” .x? = PeUACe : 

* When dividing two quantities with the same base, subtract exponents: 
sole = m—n 
ook i 


* When raising powers to powers, multiply exponents: (x”")” = x’"”. 
* When a grouped quantity involving multiplication and division is raised 


to a power, apply that power to all of the factors in the numerator and 


n 


n 
n 
the denominator: (xy) ==) and («) = i . 
* Any nonzero quantity raised to the 0 power is defined to be equal to 1: 


ale 
+ Expressions with negative exponents in the numerator can be rewritten 


as expressions with positive exponents in the denominator: 


= —, _ll 
AK Sean 


* Expressions with negative exponents in the denominator can be 
rewritten as expressions with positive exponents in the numerator: 
a — ie 

* Take care to distinguish negative coefficients from negative exponents. 

* Scientific notation is particularly useful when working with numbers 


that are very large or very small. 
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TOPIC EXERCISES 


PART A: RULES OF EXPONENTS 


Simplify. (Assume all variables represent nonzero numbers.) 


i OY 1" 
DP qe 
102 2108 
3} 
10° 
TP ae 
4, 72 
Os x? x? 
a vo 2 
: a - a 
b+ ; p' 
8. bs 
xn . xn 
9. +n 
” x” . bn 
i x 3n 
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Ale 


DD 


25. (2x + 3)*(2x + 3)? 
26. (3y—1)’(3y-1)° 
27. (a+b) (a+b) 

28, (x —2y)'(x—2y)° 
He ape iee Grae 

30. —10x7y2 - 2xy 

31. —6x7yz? - 3xyzt 

a. Naa (—4x*y?z) 
ey, See! Sey 


aa Sx yr Oey 
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So 


1.5 Rules of Exponents and Scientific Notation 


24d8b3 (a — 5b)" 


8a5b° (a — 5b)” 


175m? n?(m +n)! 


25m8n(m + n)° 
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ro 


eae) ae 


Why CF 2 (0) 


pam ib abe 


6, 10x y 


62, = 3x 


63 361 ee. 


64. —5X 
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2 
150xy%z? 


90x 7y2z 
9a 3 b*c-? 

303 b> a7 
—15a'’b°c8 

3a-6b? 3 


The value in dollars of a new mobile phone can be estimated by using 


the formula V = 210(2t + 1)7! , where t is the number of years after 
purchase. 


75. How much was the phone worth new? 

76. How much will the phone be worth in 1 year? 

77. How much will the phone be worth in 3 years? 

78. How much will the phone be worth in 10 years? 

79. How much will the phone be worth in 100 years? 

80. According to the formula, will the phone ever be worthless? Explain. 


81. The height of a particular right circular cone is equal to the square of the 
radius of the base, h = r . Find a formula for the volume in terms of r. 


82. Asphere hasa radius r = 3x > Find the volume in terms of x. 


PART B: SCIENTIFIC NOTATION 


Convert to a decimal number. 
Bey oe 5 Oe 
84. 6.02 x 10° 
85. 1.02x 10° 
go 744K 103 


Rewrite using scientific notation. 
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87. 


88. 


89. 


90. 


Ol, 


92 
93 


94 


Oe), 


100. 


101. 


102. 


103. 


104. 


7,050,000 
430,000,000,000 
0.00005001 


0.000000231 


Perform the operations. 


(P2107 (8 x 10) 
(48 10m ake < 10?) 
Coes jie cio.) 
oO Gls lo) 


9.6 x 10!° 

SS —_ 
oe 10 

AS <105. 

QO —_— 
DA MOe 
; ANC Aa® 
Le. 
Bx 10.2 
alae 

3 aa 
OO 10 


987,000,000,000,000 x 23, 000, 000 
0.00000000024 x 0.00000004 
0.000000000522 + 0.0000009 
81,000,000,000 + 0.0000648 


The population density of Earth refers to the number of people per square mile 
of land area. If the total land area on Earthis 5.751 x 10’ square miles and 


the population in 2007 was estimated to be 6.67 X 10° people, then 
calculate the population density of Earth at that time. 


In 2008 the population of New York City was estimated to be 8.364 million 
people. The total land area is 305 square miles. Calculate the population 
density of New York City. 
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105. The mass of Earthis 5.97 x 1074 kilograms and the mass of the Moon is 


735 «107 kilograms. By what factor is the mass of Earth greater than the 
mass of the Moon? 


106. The mass of the Sunis 1.99 x 10°? kilograms and the mass of Earth is 


5.97 <x 107 kilograms. By what factor is the mass of the Sun greater than 
the mass of Earth? Express your answer in scientific notation. 


107. The radius of the Sun is 4.322 x 10° miles and the average distance from 


Earth to the Moon is 2.392 x 10° miles. By what factor is the radius of the 
Sun larger than the average distance from Earth to the Moon? 


108. One light year, 9.461 x 10 Io meters, is the distance that light travels ina 
vacuum in one year. If the distance from our Sun to the nearest star, Proxima 


Centauri, is estimated to be 3.991 x 10!© meters, then calculate the 
number of years it would take light to travel that distance. 


109. It is estimated that there are about 1 million ants per person on the planet. If 
the world population was estimated to be 6.67 billion people in 2007, then 
estimate the world ant population at that time. 


110. The radius of the earth is 6.3 X 10° meters and the radius of the sun is 


7.0 x 10° meters. By what factor is the radius of the Sun larger than the 
radius of the Earth? 


111. A gigabyte is 1 x 10° bytes and a megabyte is | X 10° bytes. If the average 
song in the MP3 format consumes about 4.5 megabytes of storage, then how 
many songs will fit on a 4-gigabyte memory card? 


112. Water weighs approximately 18 grams per mole. If one mole is about 


Gx 107 molecules, then approximate the weight of each molecule of water. 


PART C: DISCUSSION BOARD 


nN 
113. Use numbers to show that (x ae y) ee 
114. Why is 0° indeterminate? 


115. Explain to a beginning algebra student why 27 - 2° # 4°. 


116. René Descartes (1637) established the usage of exponential form: a . a ,and 
so on. Before this, how were exponents denoted? 
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ANSWERS 


101! 
10 


Oia 


(a +b)° 


ior y. 


See 


. -18x°y*z 

: 1x 

. 10x3y 

. 3a (a — 5b)" 


- 64x Ay 12-76 
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47. 


49, 


Sil, 


535 


Dia 


Be), 


Wey 


Tie 


We), 


81. 


83. 


85. 


87. 


$210 

$30 

$1.04 

Vee x nr’ 
520,000,000 


0.00000102 


7.0550 110" 
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89. 


Oil, 


OB, 


OB, 


Oo 


Ce), 


101. 


103. 


105. 


107. 


109. 


Aili. 


pil}, 


g1i15), 


5001 < 105° 
26D) = 
2B AO: 
Sex 10a: 
S105" 
22701 10" 
58x 105 


About 116 people per square mile 
81.2 


1.807 


6.67 x 10° ants 
Approximately 889 songs 
Answer may vary 


Answer may vary 


1.5 Rules of Exponents and Scientific Notation 
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1.6 Polynomials and Their Operations 


112. An algebraic expression 
consisting of terms with real 
number coefficients and 
variables with whole number 
exponents. 


113. The exponent of the variable. If 
there is more than one variable 
in the term, the degree of the 
term is the sum their 
exponents. 


LEARNING OBJECTIVES 


1. Identify a polynomial and determine its degree. 
2. Add and subtract polynomials. 
3. Multiply and divide polynomials. 


Definitions 


A polynomial"” is a special algebraic expression with terms that consist of real 
number coefficients and variable factors with whole number exponents. Some 
examples of polynomials follow: 


2x3 43x? — det I6x2y — dry? +7 


2 


The degree of a term’” in a polynomial is defined to be the exponent of the 


variable, or if there is more than one variable in the term, the degree is the sum of 


their exponents. Recall that x° = 1; any constant term can be written as a product 


of x° and itself. Hence the degree of a constant term is 0. 
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114. The largest degree of all of its 
terms. 


115. A polynomial where each term 
has the form a,x", where dy 
is any real number and n is any 
whole number. 


1.6 Polynomials and Their Operations 


a 0, since 8 = 8x° 
1, since 2x = 2x! 


The degree of a polynomial’ is the largest degree of all of its terms. 


6x7y = 5xy? +7 |4, because 5xy? has degree 4. 


x! 


1 ee | 
1, because oe oe 


Of particular interest are polynomials with one variable’’’, where each term is of 


the form a,x". Here d, is any real number and n is any whole number. Such 
polynomials have the standard form: 
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Typically, we arrange terms of polynomials in descending order based on the 
degree of each term. The leading coefficient" is the coefficient of the variable 
with the highest power, in this case, a). 

Example 1 

Write in standard form: 3x — 4x” + 5x3 +7 — 2x*. 


Solution: 


Since terms are defined to be separated by addition, we write the following: 


3x — 4x? + 5x? +7 — 2x4 
Syeda oe et 


In this form, we can see that the subtraction in the original corresponds to 
negative coefficients. Because addition is commutative, we can write the terms 
in descending order based on the degree as follows: 


SED te ore Ce ares each ere gy 
= —2x* + 5x3 — 4x? + 3x47 


Answer: —2x* + 5x? — 4x2 +3x+7 


. . h : 
Hedi eater deote We classify polynomials by the number of terms and the degree 


with the largest degree. 
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~~ 
adie 
Bro Binomial (two terms) 


Trinomial (three terms) 
5x? — 2x? + 3x — 6 | Polynomial (many terms) 


117 


118 


119 


We can further classify polynomials with one variable by their degree: 


117. Polynomial with one term. 


118. Polynomial with two terms. 


119. Polynomial with three terms. 
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3x7 45753 Quadratic (degree 2) 


xo+x%74+x+1 | Ccubic (degree 3) 
Tx* + 3x3? — 7x + 8 | Fourth-degree polynomial 


120 


121 


122 


123 


In this text, we call any polynomial of degree n > 4 an nth-degree polynomial. In 
other words, if the degree is 4, we call the polynomial a fourth-degree polynomial. 
If the degree is 5, we call it a fifth-degree polynomial, and so on. 


120. A polynomial with degree 0. 
121. A polynomial with degree 1. 
122. A polynomial with degree 2. 


123. A polynomial with degree 3. 
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Example 2 


State whether the following polynomial is linear or quadratic and give the 
leading coefficient: 25 + 4x — x”. 


Solution: 


The highest power is 2; therefore, it is a quadratic polynomial. Rewriting in 
standard form we have 


SR es 


2 


Here —x* = —1x? and thus the leading coefficient is -1. 


Answer: Quadratic; leading coefficient: -1 


Adding and Subtracting Polynomials 


We begin by simplifying algebraic expressions that look like + (a + b) or 
= (a + b) .Here, the coefficients are actually implied to be +1 and -1 respectively 


and therefore the distributive property applies. Multiply each term within the 
parentheses by these factors as follows: 


+(a+b)=+1 (a+b)=(4+)lat (41)b=a+b 
— (a +b)=-1 (a + b)=(-l)a + (-1) b=-a-b 


Use this idea as a means to eliminate parentheses when adding and subtracting 
polynomials. 
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Example 3 
Add: 9x? + Ee 5) . 
Solution: 


The property + (a oF b) = a + ballows us to eliminate the parentheses, after 
which we can then combine like terms. 


Ox? + (ae: =) or ebay 
=10x* —5 


Answer: 10x” — 5 
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Example 4 
Add: (Ge — 4xy + 9) + (Qe y. — 6xy - 7) : 
Solution: 


Remember that the variable parts have to be exactly the same before we can 
add the coefficients. 


(3x7y? — 4xy + 9) + (Ca — 6xy - 7) 
ayes ay ny — Oxy 


= 5x7y" — 10xy +2 


Answer: 5x*y* — 10xy + 2 


When subtracting polynomials, the parentheses become very important. 
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Example 5 


Subtract: 4x2 — (Bx. + 5x) : 
Solution: 


The property — (a AP b) = —a — ballows us to remove the parentheses after 
subtracting each term. 


Aye ioc + 5x) Ay 3y — k 


=x? — 5x 


Answer: x2 — 5x 


Subtracting a quantity is equivalent to multiplying it by -1. 
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Example 6 
Subtract: (Bae — 2xy+ y’) — (ae = 00 ae 3y”) : 
Solution: 


Distribute the -1, remove the parentheses, and then combine like terms. 
Multiplying the terms of a polynomial by -1 changes all the signs. 


(3x? -2xy + y*)-(2x? —xy+3y?) 


Soy = Depchy SD deep a 
=x? — xy —2y? 


Answer: x* — xy — 2y* 


Try this! Subtract: (7a — 2ab +b”) — (@ — 2ab+ 5b’). 


Answer: 62 — 4b? 


(click to see video) 


Multiplying Polynomials 

Use the product rule for exponents, x” - x” = x’*", to multiply a monomial times 
a polynomial. In other words, when multiplying two expressions with the same 
base, add the exponents. To find the product of monomials, multiply the 
coefficients and add the exponents of variable factors with the same base. For 
example, 
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Te Oe S71 baa a Commutative property 
=56x**3 Product rule for exponents 
=56x' 


To multiply a polynomial by a monomial, apply the distributive property, and then 
simplify each term. 

Example 7 

Multiply: 5xy7 (2aey = pera Il ) 

Solution: 


Apply the distributive property and then simplify. 


~~ 


Sxy” (2x°y? -xy +l) 


=5xy? - 2x7y? — 5xy* - xy + Sxy? +1 
=10x7y* — 5x7y? + 5Sxy” 


Answer: 10x? y* — 5x*y? + 5xy? 


To summarize, multiplying a polynomial by a monomial involves the distributive 
property and the product rule for exponents. Multiply all of the terms of the 
polynomial by the monomial. For each term, multiply the coefficients and add 
exponents of variables where the bases are the same. 
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In the same manner that we used the distributive property to distribute a 
monomial, we use it to distribute a binomial. 


(a+b) (c+d)=(at+b)-ct+(at+b)-d 
=ac+bce+ad+bd 
=ac+ad+bc+bd 


Here we apply the distributive property multiple times to produce the final result. 
This same result is obtained in one step if we apply the distributive property to a 
and b separately as follows: 


™ 
(a+b)(c+d)=ac+ad+bc+hd 
A4 


This is often called the FOIL method. Multiply the first, outer, inner, and then last 
terms. 
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Example 8 
Multiply: (6x — 1) (3x — 5) ; 
Solution: 


Distribute 6x and -1 and then combine like terms. 


(6x —1) (3x-—5)=6x-3x-6x-5+ (-1)-3x- (-1)-5 
= 18x? — 30x — 3x +5 
=18x- — 33x45 


Answer: 18x? — 33x +5 


Consider the following two calculations: 


(a+b) =(a +b) (a+b) (a — by =(a—b) (a —b) 
=¢ +ab+bat+b’ =a@ —ab—ba+b’ 


= +ab+ab+bh = —ab-—ab+bh* 
=? +2ab+bh* =¢ —2ab+bh* 


This leads us to two formulas that describe perfect square trinomials’”: 


124. The trinomials obtained by 


squaring the binomials 
2 


(a+b) =a@ +2ab+b? 
and 


(a—b) =a@ -2ab+P? 
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(a+b) =a +2ab+P 
(a-by =a -2ab+P 


We can use these formulas to quickly square a binomial. 


Example 9 
Multiply: (3x +5 a 


Solution: 


Here a = 3xand b = 5. Apply the formula: 


(a+b) = a + 2a-b + B 

+ Lv L 

(3x+5) =(3x) + 2-(3x)(5) + (5) 
= 9x? +30x+25 


Answer: 9x2 + 30x + 25 


This process should become routine enough to be performed mentally. Our third 


special product follows: 


(a+b) (a—b)=a -ab+ba-b 
=a —ab+ab-b 
=a -b 


This product is called difference of squares’: 


125. The special product obtained 
by multiplying conjugate 
binomials (a at b) (a = b) = a _ b 
(a+b) (a —b) =a — bi. 
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126 When 


multiplying conjugate binomials the middle terms are opposites and their sum is 
zero; the product is itself a binomial. 


The binomials (a + b) and (a - b) are called conjugate binomials 


Example 10 
Multiply: (3xy ae 1) (3xy — 1) ‘ 


Solution: 


(3xy +1) (3xy — 1) =(3xy)” - 3xy + 3ay- 7 
=9x7y* — 1 


Answer: 9x7y* — 1 


Try this! Multiply: (be + 5) less - 5y) : 


Answer: (e — 25y* ) 


(click to see video) 


126. The binomials (a + b) and 


(a—b). 
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Example 11 
Multiply: ex - ye 
Solution: 


Here we perform one product at a time. 


(5x-2)° =(5x-2) (5x-2)(5x-2) 
Multiply first. 
= (5x-2)(25x* -10x-10x +4) 
= (5x-2)(25x" -20x +4) 
=125x° —100x* + 20x - 50x? + 40x-8 
=125x" —150x° + 60x-8 


Answer: 125x” — 150x” + 60x — 8 


Dividing Polynomials 
Use the quotient rule for exponents, a = x’"""" to divide a polynomial by a 
monomial. In other words, when dividing two expressions with the same base, 


subtract the exponents. In this section, we will assume that all variables in the 
denominator are nonzero. 
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Example 12 
men 2x7 y? 
Divide: ge 6 


Solution: 


Divide the coefficients and apply the quotient rule by subtracting the 
exponents of the like bases. 


24xty? _ 24 seg 
Sry? «8 
=3x4y3 


Answer: 3x7 y 


When dividing a polynomial by a monomial, we may treat the monomial as a 


common denominator and break up the fraction using the following property: 


AD a b 


Cc Cc 


Applying this property will result in terms that can be treated as quotients of 
monomials. 
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Example 13 


—5x4425x3-15x2 
5x2 ° 


Divide: 
Solution: 


Break up the fraction by dividing each term in the numerator by the monomial 
in the denominator, and then simplify each term. 


= 55 4 250 = 5x7 Se 5p 25x3 15x? 


5x2 5x2 5x2 5x2 
2 ee 2 eee 
TR x + 5 5 x 
== 1x 5x! = 34° 
=—x? + 5x-3-1 


Answer: —x? + 5x — 3 


We can check our division by multiplying our answer, the quotient, by the 
monomial in the denominator, the divisor, to see if we obtain the original 
numerator, the dividend. 


Dividend 
Divisor 


—5x4425x3-15x? 


a 
- = -x*° +5x- 


= Quotient 


or 
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Dividend = Divisor - Quotient —5x* + 25x? — 15x? = 5x? (—x? +5 


The same technique outlined for dividing by a monomial does not work for 
polynomials with two or more terms in the denominator. In this section, we will 
outline a process called polynomial long division’”’, which is based on the division 
algorithm for real numbers. For the sake of clarity, we will assume that all 
expressions in the denominator are nonzero. 


127. The process of dividing two 
polynomials using the division 
algorithm. 
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Example 14 


x34+3x72—8x—4 


Divide: 
x—2 


Solution: 


Here x — 2 is the divisor and x? + 3x2 — 8x — 4 is the dividend. To determine 


the first term of the quotient, divide the leading term of the dividend by the 
leading term of the divisor. 


2? 


x—2)x?+3x7 -8x-4 We begin by dividing the leading terms. 


2 
wex=x 


Multiply the first term of the quotient by the divisor, remembering to 
distribute, and line up like terms with the dividend. 


x 
x—2)x° +3x° -8x-4 Distribute and line up like terms. 


ie ae x’ -(x-2)=x° -237 


Subtract the resulting quantity from the dividend. Take care to subtract both 
terms. 


Xe 
Ko) 3x 8x — 4 Subtract. 


-(x° =2x°) —(x°=2x?) =x? +22" 


Bring down the remaining terms and repeat the process. 


: 
Kees 


x—2)x° +3x? -8x-—4 Bring down the remaining terms. 
= ( x? 2x? ) 


5x° -—8x-4 


Notice that the leading term is eliminated and that the result has a degree that 
is one less. The complete process is illustrated below: 
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sek byaet) 


x—2)x? +3x? —8x-4 
-(x°-2x") 


5x’ —8x —4 


Polynomial long division ends when the degree of the remainder is less than 
the degree of the divisor. Here, the remainder is 0. Therefore, the binomial 
divides the polynomial evenly and the answer is the quotient shown above the 
division bar. 


ox 


=) Sx ox 


To check the answer, multiply the divisor by the quotient to see if you obtain 
the dividend as illustrated below: 


D3 = 8 = = 2) (x? + 5x +2) 


This is left to the reader as an exercise. 


Answer: x2 + 5x +2 


Next, we demonstrate the case where there is a nonzero remainder. 


Quotient 


Divisor ) Dividend 


Remainder 
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Just as with real numbers, the final answer adds to the quotient the fraction where 


the remainder is the numerator and the divisor is the denominator. In general, 
when dividing we have: 


Dividend 


Remainder 
Divisor 


= Quotient + — 
Divisor 


If we multiply both sides by the divisor we obtain, 


Dividend = Quotient X Divisor + Remainder 
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Example 15 


6x2 —5x+3 


Divide: a 


Solution: 


Since the denominator is a binomial, begin by setting up polynomial long 
division. 


? 


2x—-1) 6x? —5x+3 


To start, determine what monomial times 2x — | results in a leading term 6x7 


This is the quotient of the given leading terms: (Gx-) + (2x) = 3x. Multiply 


3x times the divisor 2x — 1, and line up the result with like terms of the 
dividend. 


3x 


2x-1)6x? —5x+3 


6x? —3x 


Subtract the result from the dividend and bring down the constant term +3. 


aes 


2x-1)6x? —5x+3 
-(6x? -3x) 
-2x+3 


Subtracting eliminates the leading term. Multiply 2x — | by -1 and line up the 
result. 


3x-1 


2x-1)6x? —5x4+3 
~(6x? -3x) 

-2x+3 

—2x+1 


Subtract again and notice that we are left with a remainder. 
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3x-1 
2x =1)6x" —5x +3 


—(6x? -3x) 


—2x+3 
—(-2x+1) 
2) 


The constant term 2 has degree 0 and thus the division ends. Therefore, 


6x* -5x+3 _ ion D. 
oa _ ox -1 


To check that this result is correct, we multiply as follows: 


quotient X divisor + remainder=(3x —1)(QQx-—1) + 2 


=6x* —3x-2x+1+ 2 
=6x* —5x+2 = dividend V 


Answer: 3x — 1 + — 
x-1 


Occasionally, some of the powers of the variables appear to be missing within a 
polynomial. This can lead to errors when lining up like terms. Therefore, when first 


learning how to divide polynomials using long division, fill in the missing terms 
with zero coefficients, called placeholders’”®. 


128. Terms with zero coefficients 
used to fill in all missing 
exponents within a polynomial. 
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Example 16 


27x3+64 


Divide: paw 


Solution: 


Notice that the binomial in the numerator does not have terms with degree 2 or 
1. The division is simplified if we rewrite the expression with placeholders: 


27x? + 64 = 27x? + Ox? + Ox + 64 


Set up polynomial long division: 


bs 


Wo 
3x4 4)27x° +0x° +0x + 64 


We begin with 27x* + 3x = 9x? and work the rest of the division algorithm. 


9x? -12x+16 
3x+4) 27x°+0x? +0x+64 
—(27x* +36x") 
—36x°+ 0x+64 
—(-36x? - 48x) 
48x+64 
-(48x +64) 

0 


Answer: 9x2 — 12x + 16 
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Example 17 


3x4 —2x346x2+23x—-7 


Divide: Ra Tre 


Solution: 


5, 
x -2x+5)3x* =2x3 46x? +23x-7 


Begin the process by dividing the leading terms to determine the leading term 
of the quotient 3x* + x* = 3x7. Take care to distribute and line up the like 
terms. Continue the process until the remainder has a degree less than 2. 


Syed eel 
Pa ~2x+5)3x" —2x° 46x? +23x-7 


-(3x* - 6x? +15x’) 
4x° -9x? +23x-7 
—(4x° -8x? + 20x) 
air de Shy) 
-(-x? + 2x-5) 
n= 2 


The remainder is x — 2. Write the answer with the remainder: 


3x° = 2k? + 6x7 + 23x —7 > Tad 
A = xr 4 4x - 1 + 
x? —2x+5 x* —2x+5 


Answer: 3x? + 4x — 1 + —=4— 
xX*—2x+5 


Polynomial long division takes time and practice to master. Work lots of problems 
and remember that you may check your answers by multiplying the quotient by the 
divisor (and adding the remainder if present) to obtain the dividend. 
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Try this! Divide: 


Answer: 2x? — 3x2 +x—-4— 


6x4—-13x349x?-14x46 
3x—2 


2 
3x—2 


(click to see video) 


KEY TAKEAWAYS 


1.6 Polynomials and Their Operations 


Polynomials are special algebraic expressions where the terms are the 
products of real numbers and variables with whole number exponents. 
The degree of a polynomial with one variable is the largest exponent of 
the variable found in any term. In addition, the terms of a polynomial 
are typically arranged in descending order based on the degree of each 
term. 

When adding polynomials, remove the associated parentheses and then 
combine like terms. When subtracting polynomials, distribute the -1, 
remove the parentheses, and then combine like terms. 

To multiply polynomials apply the distributive property; multiply each 
term in the first polynomial with each term in the second polynomial. 
Then combine like terms. 

When dividing by a monomial, divide all terms in the numerator by the 
monomial and then simplify each term. 

When dividing a polynomial by another polynomial, apply the division 
algorithm. 
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Write the given polynomials in standard form. 
i, (== He 
9 ye S dey 
a yo Say 45a 
4,8-l2a +a -a 
& Daw Ge sor? bx 
6 @ -S5+a¢+2¢ -@ +6a 


Classify the given polynomial as a monomial, binomial, or trinomial 
and state the degree. 


7. x% —x+2 

s. 5 — 10x? 

9. x*y* + 5xy — 6 
i, Soe aye 

i al 


WA, 8) 


State whether the polynomial is linear or quadratic and give the 
leading coefficient. 


‘ey 1 = Ores 


14. 10x? 
15. 2x -—3 
16. LOOx 


17 5x bp 3x — Il 
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18. x — 1 
ice, 16 Ox = 
20. | — 5x 


PART B: ADDING AND SUBTRACTING POLYNOMIALS 


Simplify. 
a. (5x* —3x—2) + (2x? - 6x +7) 
x? + 7x —12) + (2x* —x+3) 
x? + 5x+10)+ (x* — 10) 
x? —1)+ (4x+2) 
10x* + 3x —2) — (x* - 6x +1) 


Y= 308 8) - (2x? — 3x — 8) 


2 

3 

$x? - 3x4 2)- (4x? -2x42) 
) 


yoy 4k ey = 5) - (2x7y? + Sxy - 4 


@b? + 5ab—2) + (7ab—2) - (4-@0’) 

@ +9ab — 6b”) — (& —b’) + Tab 

10x?y — 8xy + Sxy?) — (xy — 4xy) + (xy? + 4xy) 
2m?n — 6mn + 9mn?) — (m?n + 10mn) — m?n 
8x°y? — Sxy +2) — (x*y? +5) + (2xy -3) 
x? —y?) — (5x? —2xy—y?) — (x? - Tay) 

@ -2ab+3b°)- (3@ +40’) + tab 


- (x? 
(x? 
- ( 
- ( 
- ( 
- ( 
- ( 
- 
30. (x* —y?) — (x? + 6xy+y’) 
- ( 
- ( 
- ( 
- ( 
- ( 
- ( 
- ( 
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38. 


39), 


40. 


Al. 


42. 


43. 


44, 


(3x? —2y?) — ($x? — gay 4 Zy?) — 3a 


(ie —x"™4 5) — (Gre —x"—- 8) 
Subtract 4y — 3 from y* + 7y — 10. 


Subtract x2 + 3x — 2 from 2x2 + 4x — 1. 


A right circular cylinder has a height that is equal to the radius of the base, 
h = r.F¥ind a formula for the surface area in terms of h. 


A rectangular solid has a width that is twice the height and a length that is 3 
times that of the height. Find a formula for the surface area in terms of the 
height. 


PART C: MULTIPLYING POLYNOMIALS 


45. 
46. 


47. 
48. 
49. 
50. 
Sil, 
52, 


So 


55. 


56. 


1.6 Polynomials and Their Operations 


Multiply. 
~8x7 - 2x 
102 5x y- 
2x (5x — 1) 
—4x (3x — 5) 
7x? (2x - 6) 


=i (ee = i6se 3) 
a5" (y? —2y+ 3) 
2 @ (24a — 6a + 4) 
2xy (ee — Txy + ye 
54. —2a b (a — 3ab + 5b”) 
ae (ee a5 io 4s 1) 


ee lee — x" — 1) 
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Dia 


58. 
Bi), 


60. 
61. 
62. 
OS, 
64, 
Gos 
66. 
67. 
68. 
69. 
70. 
le 
72. 
TB 
74, 
To 
76. 


Vi. 


78. 


1.6 Polynomials and Their Operations 


(x +4) (x-5) 

(x — 7) (x -6) 

(2x — 3) (3x- 1) 
(9x + 1) (3x + 2) 

3x2 —y?) ee = i) 


x—5) (x? —3x+8) 

(2x —7) (3x* —x+1) 

(x? + 7x—1) (2x? —3x-1) 
(4x7 —x+6) (5x* — 4x - 3) 
(x + 8)° 
Cay. 
ea 
(3x + 1)? 
(een 


(7a — b)° 
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79. (oe =F 2y?)’ 
80. Cs — 6y)” 
81. (¢ =O) 5r 5) 
82. Gs — 3x- 1)" 
83. (x — 3)? 
84. (x + ay. 
a5. (3x + 1)° 
86. (2x — 3)? 
87. (x +2)4 
gs. (x — 3)* 
89. (2x — 1)? 
eon (Gx 1)” 
91, (a + 5) ae — 5) 
92. (a _ 1) (a +4," — 3) 
93. (ae - 1) 
94, (2 + ‘Ne 
95. Find the product of 3x — 2 andx* — 5x — 2. 
96. Find the product of x* + 4andx> — 1. 
97. Each side of a square measures 3X ° units, Determine the area in terms of x. 


98. Each edge of a cube measures 2X > units. Determine the volume in terms of x. 


PART D: DIVIDING POLYNOMIALS 


Divide. 
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256x7y2z> 
O10) 
206 12 Ay 
101, ————_______ 


100. 


ae 
Se = 75x" ee 18x 
MO — VO 


3x2 
12a-b- 28ab- —4ab 
4ab 
—2d'b* + 16a2b* + 8ab? 
a 
2ab 
ey Bx 
105. ———____—__ 
x+3 
at 0 0 
106... ———__- 
x—-5 
6. — 1 2 a 6 
107... _——_—_—_——____—_- 
2x — 3 
ee Oy = Oy x Il 
Aa 
NG eS = 307 lg 
109,._§ —_—__—____—_———_. 
4x — 3 
Wier = Ser US 5 20 
110... —_—_ ————— —_—— 
2x —5 
et Se ee = Cre ee 5 
 — 
3x +2 
25x* — 10x? + 11x? —7x+1 
112,..£ —<—_ qe m— 
5x — 1 
= Dos te Dye? 42 Ore se Oe 4S 
Dyess 
a 25% = 455° — 260 4 36, S11 
5x —2 
Be ee all 
115. —————_ 
x—-2 
See Se 
116. —————— 
x+3 
~ = 10 
1, 
x—-2 


1.6 Polynomials and Their Operations 


Chapter 1 Algebra Fundamentals 


y 
Ge) acy ibe | 
121... _———— 
x2 —x+2 
6x4 + x3 — 2x? +2x+4 
WP, 
3x2 —x+1 
ne 8 = 
123: 
ye 
Dee One gn = 
124. 
x2 +x-3 
x4 44x? —2x* —4x+41 
125. 
a | 


x2 +1 
eG yy 
LS 


XY. 
2x7 — 3x7y + 4xy? — 3y? 
8 ee 
Ay 
5 8a = 
' Qa—b 
ae Se 


ere 


1gie 
132. Find the quotient of 12x* +x — 11 and3x — 2. 


1.6 Polynomials and Their Operations 


Find the quotient of 1Ox* — 11x +3 and2x — 1. 
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ANSWERS 


il, 


3: 


5s 


43. 


45. 


—x? —x+1 

-y? —3y* +y+5 

x4 — 5x3 —x? +6x+2 
Trinomial; degree 2 


Trinomial; degree 4 


. Binomial; degree 4 
. Quadratic, -9 

. Linear, 2 

. Quadratic, 5 

. Quadratic, -2 

. 1x? —9x +5 

6 24? + 5x 

. 9x* + 9x — 3 
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47. 10x? — 2x 

aon ed Dy 

51. —Sy® + 10y> — 15y4 

53. 2x3 y — 14x7y? + 2xy? 

oie te Ty geek ae ye 

oe = 0) 

59x — lly 3 

Gl, Bye = Wey Se Sy 

6a = 25 

6d =p 

@, Wie! = Sey? = doa Sy 
69. x? — 8x* + 23x — 40 

m1, 2x4 + 11x? — 24x? —4x4+1 
Te oe te Ne 

We 4x = 201 42 25 

77. & — bab + 9b? 

iy, ge) te alee te aby 

si. d' — 2a + 1la — 10a + 25 
83. x? —9x* + 27x — 27 

cB, Vibe foe Or Tl 

G7 ex ee 24y ee ee lo 
89. 16x* — 32x37 + 24x? — 8x41 
Cie = 25 


Gh, wl = ee ay || 


1.6 Polynomials and Their Operations 193 


Chapter 1 Algebra Fundamentals 


119. 


Wy 
25), 
M7) 


129) 


BUSI. 
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J x? 42x 44-4 


OG Sl et 


. 9x° square units 


. 3a+7b—-1 
x? —-2x+3 
. 3x7 —x+2 
. 4x7 +5x-6- 


1 
4x-3 


Oe Pa = Ses 


Ox x 4s 


2x+1 


. 3x3 + 6x? + 13x +26 + 26 


D 


yr-y+y-y+l] 


3 
CaS 
x2 —x+2 
2x —3 
ee a ll 
ee tk Seay = ye 
Ane = Dab b- 
5x —3 
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1.7 Solving Linear Equations 


129. Statement indicating that two 


130. 


13 


rare 


algebraic expressions are 
equal. 


An equation that can be 
written in the standard form 
ax + b = O, where aandb 
are real numbers anda # 0. 


. Any value that can replace the 


variable in an equation to 
produce a true statement. 


LEARNING OBJECTIVES 


1. Use the properties of equality to solve basic linear equations. 

2. Identify and solve conditional linear equations, identities, and 
contradictions. 

3. Clear fractions from equations. 

4. Set up and solve linear applications. 


Solving Basic Linear Equations 


An equation” is a statement indicating that two algebraic expressions are equal. A 
linear equation with one variable’”®, x, is an equation that can be written in the 
standard form ax + b = Owhere a and bare real numbers and a # 0. For example, 


3x -12=0 


A solution””' to a linear equation is any value that can replace the variable to 


produce a true statement. The variable in the linear equation 3x — 12 = Ois x and 
the solution is x = 4. To verify this, substitute the value 4 in for x and check that 
you obtain a true statement. 


3x — 12=0 
3(4) — 12=0 
(2=12=0 
0=0 


Alternatively, when an equation is equal to a constant, we may verify a solution by 
substituting the value in for the variable and showing that the result is equal to that 
constant. In this sense, we say that solutions “satisfy the equation.” 
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132. Equations with the same 
solution set. 


133. Properties that allow us to 
obtain equivalent equations by 
adding, subtracting, 
multiplying, and dividing both 
sides of an equation by 
nonzero real numbers. 


1.7 Solving Linear Equations 


Example 1 


Isa = — sa solution to —10a + 5 = 25? 


Solution: 


Recall that when evaluating expressions, it is a good practice to first replace all 
variables with parentheses, and then substitute the appropriate values. By 
making use of parentheses, we avoid some common errors when working the 
order of operations. 


1 
-10a+5 = -10(- 5) -o=I+I—10425 x 
Answer: No,d = — +does not satisfy the equation. 


Developing techniques for solving various algebraic equations is one of our main 
goals in algebra. This section reviews the basic techniques used for solving linear 
equations with one variable. We begin by defining equivalent equations’”’ as 


equations with the same solution set. 


3x-5 = 16 
3x = 21 Equivalent equations 
<= 7 


Here we can see that the three linear equations are equivalent because they share 
the same solution set, namely, {7}. To obtain equivalent equations, use the following 
properties of equality’*’. Given algebraic expressions A and B, where c is a nonzero 
number: 
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Addition property of 


equality: then A +c=B++c 


Subtraction property of 


Squality: then A—c=B-c 


Multiplication property of 
equality: 


then cA = cB 


Division property of 
equality: 


Note: Multiplying or dividing both sides of an equation by 0 is carefully avoided. 
Dividing by 0 is undefined and multiplying both sides by 0 results in the equation 0 
=0. 


We solve algebraic equations by isolating the variable with a coefficient of 1. If 
given a linear equation of the form ax + b = c, then we can solve it in two steps. 
First, use the appropriate equality property of addition or subtraction to isolate the 
variable term. Next, isolate the variable using the equality property of 
multiplication or division. Checking the solution in the following examples is left to 
the reader. 


1.7 Solving Linear Equations 197 


Chapter 1 Algebra Fundamentals 


Example 2 
Solve: 7x — 2 = 19. 


Solution: 


7x —2=19 
7x —2 + 2=19 +2 Add2to both sides. 
Ino 
tes — taal Divide both sides by 7. 
al q 
c=3 


Answer: The solution is 3. 
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Example 3 
Solve: 56 = 8 + 12y. 
Solution: 


When no sign precedes the term, it is understood to be positive. In other words, 
think of this as 56 = +8 + 12y. Therefore, we begin by subtracting 8 on both 
sides of the equal sign. 


56 8= 84 12y— 8 


48=12y 

48 12y 

i aes 
4=y 


It does not matter on which side we choose to isolate the variable because the 
symmetric property’ states that 4 = y is equivalent to y = 4. 


Answer: The solution is 4. 


134. Allows you to solve for the 
variable on either side of the 
equal sign, because X = 5 is 
equivalent to 5 = x. 
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Example 4 
Solve: 2x +2=-8. 
Solution: 


Isolate the variable term using the addition property of equality, and then 
multiply both sides of the equation by the reciprocal of the coefficient . ; 


5 
eee et 
5 
3 x+2—2=-8-2 Subtract 2 on both sides. 
5 
goal 
ne ee 3 
=->x=—- (AC) Multiply both sides by = . 
» 3 B S 
lx=3.- (-2) 
x=-6 


Answer: The solution is -6. 


In summary, to retain equivalent equations, we must perform the same operation 
on both sides of the equation. 
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: 2 I 5 
' .2 =a 
Try this! Solve: + x + 5 a 


Answer: x = —2 


(click to see video) 


General Guidelines for Solving Linear Equations 


Typically linear equations are not given in standard form, and so solving them 
requires additional steps. When solving linear equations, the goal is to determine 
what value, if any, will produce a true statement when substituted in the original 
equation. Do this by isolating the variable using the following steps: 


* Step 1: Simplify both sides of the equation using the order of 
operations and combine all like terms on the same side of the equal 
sign. 

* Step 2: Use the appropriate properties of equality to combine like 
terms on opposite sides of the equal sign. The goal is to obtain the 
variable term on one side of the equation and the constant term on the 
other. 

* Step 3: Divide or multiply as needed to isolate the variable. 

* Step 4: Check to see if the answer solves the original equation. 


We will often encounter linear equations where the expressions on each side of the 
equal sign can be simplified. If this is the case, then it is best to simplify each side 
first before solving. Normally this involves combining same-side like terms. 


Note: At this point in our study of algebra the use of the properties of equality 
should seem routine. Therefore, displaying these steps in this text, usually in blue, 
becomes optional. 
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Example 5 
Solve: -4a+2—-—a= 1. 
Solution: 


First combine the like terms on the left side of the equal sign. 


—4a+2-—a=1 Combine same-side like terms. 
—Sa+2=1 Subtract 2 on both sides. 
—Sa=-1 Divide both sides by — 5. 
—1 1 
Gata 


Always use the original equation to check to see if the solution is correct. 


Answer: The solution is 7 : 


Given a linear equation in the form ax + b = cx + d, we begin the solving process 
by combining like terms on opposite sides of the equal sign. To do this, use the 
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addition or subtraction property of equality to place like terms on the same side so 
that they can be combined. In the examples that remain, the check is left to the 
reader. 


Example 6 
Solve: —2y —3 = 5y4+ 11. 
Solution: 


Subtract 5y on both sides so that we can combine the terms involving y on the 
left side. 


—2y — 3 — 5y=5y + 11 - 5y 
—Ty —3=11 


From here, solve using the techniques developed previously. 


—Ty —3=11 Add 3 to both sides. 
—Ty= 14 


4 
= Divide both sides by — 7. 


Answer: The solution is -2. 


Solving will often require the application of the distributive property. 
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Example 7 
Solve: — + (10x — 2) +3 =7(1 — 2x). 
Solution: 


Simplify the linear expressions on either side of the equal sign first. 


1 
Fi (10x — 2) + 3=7 (1 — 2x) Distribute. 


—5x+14+3=7- 14x Combine same-side like terms. 
—5x+4=7 — 14x Combine opposite-side like terms. 
es Solve. 
3 1 
= 5 


Answer: The solution is : ; 
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Example 8 
Solve: 5 (3 — a) —2 (5 _ 2a) = 3. 
Solution: 


Begin by applying the distributive property. 


5 (3 — a) —2(5 — 2a) =3 
15 —5a—-— 10+ 4a=3 
5—a=3 


—a=—2 


Here we point out that —a is equivalent to — 1a; therefore, we choose to divide 


both sides of the equation by -1. 


—a = —2 
oa 
—1 —1 
2 
Alternatively, we can multiply both sides of -a = —2 by negative one and 
achieve the same result. 
—a = —2 
eae) (G2) 
C2 
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135. Equations that are true for 
particular values. 


136. An equation that is true for all 
possible values. 


137. An equation that is never true 
and has no solution. 


1.7 Solving Linear Equations 


Answer: The solution is 2. 


Try this! Solve: 6 — 3 (4x — 1) = 4x —7. 


Answer: x = 1 


(click to see video) 


There are three different types of equations. Up to this point, we have been solving 
conditional equations'*’. These are equations that are true for particular values. 
An identity'”® is an equation that is true for all possible values of the variable. For 
example, 


x =x Identity 


has a solution set consisting of all real numbers, R. A contradiction’”’ is an 
equation that is never true and thus has no solutions. For example, 


x+1=x Contradiction 


has no solution. We use the empty set, @, to indicate that there are no solutions. 


If the end result of solving an equation is a true statement, like 0 = 0, then the 
equation is an identity and any real number is a solution. If solving results in a false 
statement, like 0 = 1, then the equation is a contradiction and there is no solution. 
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Example 9 


Solve: 4 (x +5) + 6 = 2(2x + 3). 


Solution: 


A(x + 5) + 6=2(2x + 3) 
4x + 20+ 6=4x+ 6 
4x + 26=4x + 6 
26=6 x 


Solving leads to a false statement; therefore, the equation is a contradiction and 
there is no solution. 


Answer: © 
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Example 10 
Solve: 3 (3y +5) +5 = 10(y+2) —y. 


Solution: 


33y + 5) +5=100 + 2) -—y 
9y + 15 +5=10y + 20 -y 
Oy + 20=9y + 20 
9y=9y 
S07 


Solving leads to a true statement; therefore, the equation is an identity and any 
real number is a solution. 


Answer: R 


The coefficients of linear equations may be any real number, even decimals and 
fractions. When this is the case it is possible to use the multiplication property of 
equality to clear the fractional coefficients and obtain integer coefficients in a 
single step. If given fractional coefficients, then multiply both sides of the equation 
by the least common multiple of the denominators (LCD). 
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Example 11 


mae deme Lae ee 
Solves GS 1. 


Solution: 


Clear the fractions by multiplying both sides by the least common multiple of 
the given denominators. In this case, it is the LCD (3, 5) = 15. 


1 
15- (f+ 5) —is- (Sx- i) Multiply both sides by 15. 
1 1 
3 


1 
15- ENS eet Nec Simplify. 
5x+3=3x—-15 Solve. 
2x=—-18 
-—18 
=—_ = -9 
we 


Answer: The solution is -9. 


It is important to know that this technique only works for equations. Do not try to 
clear fractions when simplifying expressions. As a reminder: 


Expression Equation 
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We simplify expressions and solve equations. If you multiply an expression by 6, 
you will change the problem. However, if you multiply both sides of an equation by 
6, you obtain an equivalent equation. 


Incorrect Correct 


Applications Involving Linear Equations 


Algebra simplifies the process of solving real-world problems. This is done by using 
letters to represent unknowns, restating problems in the form of equations, and by 
offering systematic techniques for solving those equations. To solve problems using 
algebra, first translate the wording of the problem into mathematical statements 
that describe the relationships between the given information and the unknowns. 
Usually, this translation to mathematical statements is the difficult step in the 
process. The key to the translation is to carefully read the problem and identify 
certain key words and phrases. 


Key Words Translation 


Sum, increased by, more than, plus, added to, total 


Difference, decreased by, subtracted from, less, minus 
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7 -_ 


Product, multiplied by, of, times, twice 


Is, total, result 


Quotient, divided by, ratio, per eo 


When translating sentences into mathematical statements, be sure to read the 
sentence several times and parse out the key words and phrases. It is important to 
first identify the variable, “let x represent...” and state in words what the unknown 
quantity is. This step not only makes our work more readable, but also forces us to 
think about what we are looking for. 
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Example 12 


When 6 is subtracted from twice the sum of a number and 8 the result is 5. Find 


the number. 


Solution: 


Let n represent the unknown number. 


"6 is 


"the sum ofa __ subtracted 
"wicen number and 8" — from" "result is" 
—_ 
De (n oe 8) - 6 = 5 


To understand why we included the parentheses in the set up, you must study 
the structure of the following two sentences and their translations: 


“twice the sum of a number and 8” 


“the sum of twice a number and 8” 


The key was to focus on the phrase “twice the sum,” this prompted us to group 
the sum within parentheses and then multiply by 2. After translating the 
sentence into a mathematical statement we then solve. 
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2(n+ 8)—6=5 
2n + 16—-6=5 
2n + 10=5 

2n=—5 

—5 

ee 


Check. 


2+ 8)-6=2(-3+8)-6 


Answer: The number is — ~ : 


General guidelines for setting up and solving word problems follow. 


* Step 1: Read the problem several times, identify the key words and 
phrases, and organize the given information. 

* Step 2: Identify the variables by assigning a letter or expression to the 
unknown quantities. 

* Step 3: Translate and set up an algebraic equation that models the 
problem. 

* Step 4: Solve the resulting algebraic equation. 

* Step 5: Finally, answer the question in sentence form and make sure it 
makes sense (check it). 
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For now, set up all of your equations using only one variable. Avoid two variables by 
looking for a relationship between the unknowns. 
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Example 13 


A rectangle has a perimeter measuring 92 meters. The length is 2 meters less 
than 3 times the width. Find the dimensions of the rectangle. 


Solution: 


The sentence “The length is 2 meters less than 3 times the width,” gives us the 
relationship between the two variables. 


Let w represent the width of the rectangle. 


Let 3w — 2 represent the length. 


| 


l=3w-2 


The sentence “A rectangle has a perimeter measuring 92 meters” suggests an 


algebraic set up. Substitute 92 for the perimeter and the expression 3w — 2 for 


the length into the appropriate formula as follows: 


Pe 21 +2w 


| | 
92=2 (3w — 2)+2w 


Once you have set up an algebraic equation with one variable, solve for the 
width, w. 
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92=2 (3w — 2) + 2w Distribute. 
92=6w—4+2w Combine like terms. 
92=8w —4 Solve for w. 
96=8w 

12=w 


Use 3w — 2 to find the length. 


l= 3w—2=3(12)-2 = 36-2 = 34 


To check, make sure the perimeter is 92 meters. 


P=21 + 2w 
=2 (34) + 2(12) 
=68 + 24 
ae 


Answer: The rectangle measures 12 meters by 34 meters. 
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Example 14 


Givena4 - Y%annual interest rate, how long will it take $2,500 to yield $437.50 


in simple interest? 
Solution: 


Let t represent the time needed to earn $437.50 at 4 - %.Organize the 
information needed to use the formula for simple interest, / = prt. 


Given interest for the = 8437-50 


time period: 


Given principal: 


Given rate: r=4 2 % = 4.375% = 0.0437 


Next, substitute all of the known quantities into the formula and then solve for 
the only unknown, t. 


[=prt 
437.50 =2500 (0.04375) t 
437.50= 109.375t 
437.50 _ 109.375¢ 


109.375 109.375 
4=t 
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Answer: It takes 4 years for $2,500 invested at 4 - Yoto earn $437.50 in simple 


interest. 
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Example 15 


Susan invested her total savings of $12,500 in two accounts earning simple 


interest. Her mutual fund account earned 7% last year and her CD earned 4.5%. 


If her total interest for the year was $670, how much was in each account? 


Solution: 


The relationship between the two unknowns is that they total $12,500. When a 
total is involved, a common technique used to avoid two variables is to 
represent the second unknown as the difference of the total and the first 
unknown. 


Let x represent the amount invested in the mutual fund. 


Let 12,500 - x represent the remaining amount invested in the CD. 


Organize the data. 


Interest earned in the mutual 


fund: 


f=prt 
Interest earned in the CD: =(12, 500 — x) - 0.045 - 1 
=0.045(12, 500 — x) 


Total interest: 
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The total interest is the sum of the interest earned from each account. 


mutual fund interest + CD interest 


0.07x + 0.045 (12,500 — x) 


total interest 
670 


This equation models the problem with one variable. Solve for x. 


0.07x + 0.045 (12,500 - x) =670 
0.07x + 562.5 — 0.045x=670 
0.025x + 562.5=670 

0.025x= 107.5 

_ les 


Os 
PEAcOG 


Use 12, 500 — x to find the amount in the CD. 


12,500 — x = 12,500 — 4,300 = 8,200 


Answer: Susan invested $4,300 at 7% in a mutual fund and $8,200 at 4.5% ina 
CD. 
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KEY TAKEAWAYS 


* Solving general linear equations involves isolating the variable, with 
coefficient 1, on one side of the equal sign. To do this, first use the 
appropriate equality property of addition or subtraction to isolate the 
variable term on one side of the equal sign. Next, isolate the variable 
using the equality property of multiplication or division. Finally, check 
to verify that your solution solves the original equation. 

* If solving a linear equation leads to a true statement like 0 = 0, then the 
equation is an identity and the solution set consists of all real numbers, 
R. 

* If solving a linear equation leads to a false statement like 0 = 5, then the 
equation is a contradiction and there is no solution, @. 

* Clear fractions by multiplying both sides of an equation by the least 
common multiple of all the denominators. Distribute and multiply all 
terms by the LCD to obtain an equivalent equation with integer 
coefficients. 

* Simplify the process of solving real-world problems by creating 
mathematical models that describe the relationship between unknowns. 
Use algebra to solve the resulting equations. 
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TOPIC EXERCISES 


PART A: SOLVING BASIC LINEAR EQUATIONS 


Determine whether or not the given value is a solution. 
, =Opece 4) = lle ye = ll 
2,4x-3=-7;x=-l1 
a, By-4=5,;y=2 
4, -2y+7=12; y=-2 
5. 3a—-6=18-aa=-3 
2 2e— 1) — 2 po 


“h, ax-b=0;x=2 


8. ax+b=2b;x= 2% 


Solve. 
Ct — 7) 
10. 6x —7 = 47 
11. 4x +13 = 35 
12, 6x -9=18 
13. 9a +10 = 10 
14, 5-—3a=5 
15, —8f+5=15 
iy Bia 2 = os 
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a 7 —y— 22 
220 — ay mali 
23. Solve forx:ax —b=c 


24. Solve forx:ax +b = 0 


PART B: SOLVING LINEAR EQUATIONS 


Solve. 
Ne, (ye = ayes ee 1) 
26. 7 -—2x+9=2A4 
27, 12x —2-—9x =5x+8 
28. 16 —3x —22 = 8 — 4x 
2. 5y-—6-9y = 3 —-2y+8 
30. 7—-9y + 12 = 3y4+ 11 - Lly 
31. 3+ 3a-—11=5a-8-2a 
32. 2-—3a=5a+7—-8a 


1 Be See) il 
33}, gX~ 5 TGA SETS 
ae | Beer ee mail 
re ae 0 wer 


35. 1.2x —0.5 — 2.6x = 2 — 2.4x 

36. 1.59 — 3.87x = 3.48 — 4.1x-—0.51 
37. 3 — 10x = 2x + 8 — 12x 

38. 8x —3 —3x =5x-3 

30. 5(y +2) =3(2y—1) +10 

40. 7(y—3) =4(2y+1) -21 

$5, T= 3G SS) SS 
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42. 10-5 (3t +7) = 20 

43. 5-2x =4-2(«-4) 

44. 2 (4x —5) + 7x = 5 (3x — 2) 
45. 4(4a-—1) =5(a—3)4+2(a-2) 
46. 6 (2b — 1) + 24b = 8 (3b- 1) 
a7, = (x +18) +2= 5x -13 

48. 2x- (6x-3) = 4 

49, 1.2(2x+ 1) 4+ 0.6x = 4x 

50. 6 +0.5 (7x —5) = 2.5x+ 0.3 
51. 5(y+3) = 15(y+1) — 10y 


52. 3(4—y) -2(y+7) = —Sy 


1 I. Jl 
53. 5 Ga+ 3) — 3 4+ 10 
54. a= + (1+ 2a)— + (a+5) 
55. 6— 3 (7x + 1) =7(4 - 3x) 
56. 6 (x —6) —3(2x - 9) = -9 
57. + (y—2) + 4 (2y+3) =3 


3 

4 
HS ay 8) 24 1) 
59, —2(3x+ 1)- @-3)=-7x+1 
60. 6(2x+ 1) — (10x+ 9) =0 
61. Solve forw: P = 21 + 2w 
62. Solve fora: P =~a+tb+c 
63. Solve fort:D = rt 


64. Solve forw: V = lwh 


65. Solve forb:A = “ bh 
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66. Solve fora: S = ‘ at? 


67. Solve fora: A = ‘ h (a + b) 


68. Solve forh: V = < nr-h 
69. Solve for F: C = 2 (F — 32) 


70. Solve forx:ax +b=c 


PART C: APPLICATIONS 


Set up an algebraic equation then solve. 


Number Problems 


71. When 3 is subtracted from the sum of a number and 10 the result is 2. Find the 
number. 


72. The sum of 3 times a number and 12 is equal to 3. Find the number. 


73. Three times the sum of a number and 6 is equal to 5 times the number. Find 
the number. 


74. Twice the sum of a number and 4 is equal to 3 times the sum of the number and 
1. Find the number. 


75. A larger integer is 1 more than 3 times another integer. If the sum of the 
integers is 57, find the integers. 


76. A larger integer is 5 more than twice another integer. If the sum of the integers 
is 83, find the integers. 


77. One integer is 3 less than twice another integer. Find the integers if their sum 
18 1335), 


78. One integer is 10 less than 4 times another integer. Find the integers if their 
sum is 100. 


79. The sum of three consecutive integers is 339. Find the integers. 
80. The sum of four consecutive integers is 130. Find the integers. 
81. The sum of three consecutive even integers is 174. Find the integers. 


82. The sum of four consecutive even integers is 116. Find the integers. 
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83. The sum of three consecutive odd integers is 81. Find the integers. 


84. The sum of four consecutive odd integers is 176. Find the integers. 


Geometry Problems 


85. The length of a rectangle is 5 centimeters less than twice its width. If the 
perimeter is 134 centimeters, find the length and width. 


86. The length of a rectangle is 4 centimeters more than 3 times its width. If the 
perimeter is 64 centimeters, find the length and width. 


87. The width of a rectangle is one-half that of its length. If the perimeter 
measures 36 inches, find the dimensions of the rectangle. 


88. The width of a rectangle is 4 inches less than its length. If the perimeter 
measures 72 inches, find the dimensions of the rectangle. 


89. The perimeter of a square is 48 inches. Find the length of each side. 


90. The perimeter of an equilateral triangle is 96 inches. Find the length of each 
side. 


91. The circumference of a circle measures 807 units. Find the radius. 


92. The circumference of a circle measures 25 centimeters. Find the radius 
rounded off to the nearest hundredth. 


Simple Interest Problems 


93. For how many years must $1,000 be invested at 5 +% to earn $165 in simple 
interest? 


94. For how many years must $20,000 be invested at 6 £% to earn $3,125 in simple 
interest? 


95. At what annual interest rate must $6500 be invested for 2 years to yield $1,040 
in simple interest? 


96. At what annual interest rate must $5,750 be invested for 1 year to yield $333.50 
in simple interest? 


97. If the simple interest earned for 5 years was $1,860 and the annual interest rate 
was 6%, what was the principal? 


98. Ifthe simple interest earned for 2 years was $543.75 and the annual interest 


rate was 3 ~ %, what was the principal? 
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99. How many years will it take $600 to double earning simple interest at a 5% 
annual rate? (Hint: To double, the investment must earn $600 in simple 
interest.) 


100. How many years will it take $10,000 to double earning simple interest at a 5% 
annual rate? (Hint: To double, the investment must earn $10,000 in simple 
interest.) 


101. Jim invested $4,200 in two accounts. One account earns 3% simple interest and 
the other earns 6%. If the interest after 1 year was $159, how much did he 
invest in each account? 


102. Jane has her $6,500 savings invested in two accounts. She has part of it in a CD 
at 5% annual interest and the rest in a savings account that earns 4% annual 
interest. If the simple interest earned from both accounts is $303 for the year, 
then how much does she have in each account? 


103. Jose put last year’s bonus of $8,400 into two accounts. He invested part in a CD 
with 2.5% annual interest and the rest in a money market fund with 1.5% 
annual interest. His total interest for the year was $198. How much did he 
invest in each account? 


104. Mary invested her total savings of $3,300 in two accounts. Her mutual fund 
account earned 6.2% last year and her CD earned 2.4%. If her total interest for 
the year was $124.80, how much was in each account? 


105. Alice invests money into two accounts, one with 3% annual interest and 
another with 5% annual interest. She invests 3 times as much in the higher 
yielding account as she does in the lower yielding account. If her total interest 
for the year is $126, how much did she invest in each account? 


106. James invested an inheritance in two separate banks. One bank offered 5 £% 


annual interest rate and the other 6 £%. He invested twice as much in the 


higher yielding bank account than he did in the other. If his total simple 
interest for 1 year was $5,760, then what was the amount of his inheritance? 


Uniform Motion Problems 


107. Ifit takes Jim | 7 hours to drive the 40 miles to work, then what is Jim’s 
average speed? 


108. It took Jill 3 : hours to drive the 189 miles home from college. What was her 
average speed? 


109. At what speed should Jim drive if he wishes to travel 176 miles in 2 ~ hours? 
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110. James and Martin were able to drive the 1,140 miles from Los Angeles to 
Seattle. If the total trip took 19 hours, then what was their average speed? 


PART D: DISCUSSION BOARD 


111. What is regarded as the main business of algebra? Explain. 


112. What is the origin of the word algebra? 


113. Create an identity or contradiction of your own and share it on the discussion 
board. Provide a solution and explain how you found it. 


114. Post something you found particularly useful or interesting in this section. 
Explain why. 


115. Conduct a web search for “solving linear equations.” Share a link to website or 
video tutorial that you think is helpful. 
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ANSWERS 


1. No 
3. Yes 
5. No 


7. Yes 


On 


nN 
oO 
| 
Wwln 
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47. 


49. 


Syl, 


58, 


3) 


an 


52), 


ale 


Wa, 


T50 


Vi. 


Vie 


81. 


83. 


85. 


87. 


89. 


Chk, 


OB, 


95. 
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=fail 
iL? 
R 
0 
4) 
6 
5 
R 
P-2l 
61. W = —— 
Z 
D 
6c 
2A 
65. b= — 
a 
67. d= ——b 
h 
9 
6. F= —C+ 32 
5 
=5) 
9 
14, 43 
46, 89 
112,113,114 
56, 58, 60 
25, 27, 29 
Width: 24 centimeters; length: 43 centimeters 


Width: 6 inches; length: 12 inches 
12 inches 

40 units 

3 years 


8% 
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1.7 Solving Linear Equations 


Wo 


oe), 


101. 


103. 


105. 


107. 


109. 


$6,200 

20 years 

He invested $3,100 at 3% and $1,100 at 6%. 

Jose invested $7,200 in the CD and $1,200 in the money market fund. 
Alice invested $700 at 3% and $2,100 at 5%. 

32 miles per hour 


64 miles per hour 


. Answer may vary 
. Answer may vary 


. Answer may vary 


231 


Chapter 1 Algebra Fundamentals 


1.8 Solving Linear Inequalities with One Variable 


LEARNING OBJECTIVES 


1. Identify linear inequalities and check solutions. 

2. Solve linear inequalities and express the solutions graphically on a 
number line and in interval notation. 

3. Solve compound linear inequalities and express the solutions 
graphically on a number line and in interval notation. 

4. Solve applications involving linear inequalities and interpret the results. 


Linear Inequalities 


A linear inequality'*® is a mathematical statement that relates a linear expression 
as either less than or greater than another. The following are some examples of 
linear inequalities, all of which are solved in this section: 


5x +7 <22)/-2(x+ 8) +6 > 20|-2 (4x -5) <9-2(¢- 2) 


A solution to a linear inequality” is a real number that will produce a true 
statement when substituted for the variable. Linear inequalities have either 
infinitely many solutions or no solution. If there are infinitely many solutions, 
graph the solution set on a number line and/or express the solution using interval 
notation. 


138. Linear expressions related with 
the symbols <, <, >, and >. 


139. A real number that produces a 
true statement when its value 
is substituted for the variable. 


232 


Chapter 1 Algebra Fundamentals 


Example 1 
Arex = —4 and x = 6 solutions to 5x + 7 < 22? 
Solution: 


Substitute the values in for x, simplify, and check to see if we obtain a true 
statement. 


Checkx = —4 Check x = 6 


5(-4)+7<22  |5(6)+7<22 
—20 + 7<22 a0E 22 
=13<22 7 a7 22 


Answer: x = —4 isa solution and x = 6 is not. 


All but one of the techniques learned for solving linear equations apply to solving 
linear inequalities. You may add or subtract any real number to both sides of an 
inequality, and you may multiply or divide both sides by any positive real number to 
create equivalent inequalities. For example: 


10>-5 
10-—7>-5-7 Subtract 7 on both sides. 
3>-12 JS True 
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10>-5 
5 5 
2>-1 Y True 


Divide both sides by 5. 


Subtracting 7 from each side and dividing each side by positive 5 results in an 
inequality that is true. 
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Example 2 


Solve and graph the solution set: 5x + 7 < 22. 


Solution: 


5x + 7<22 
5x+7-—7<22-7 
ax < 15 
sx 15 
5 5 
ae 


It is helpful to take a minute and choose a few values in and out of the solution 
set, substitute them into the original inequality, and then verify the results. As 
indicated, you should expect x = 0 to solve the original inequality and that 

x = 5 should not. 


Check x = 0 Checkx = 5 


5 (5) +7<22 
25+7<22 
O22 x 


S(O) 22 
ODL 
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Checking in this manner gives us a good indication that we have solved the 
inequality correctly. 


We can express this solution in two ways: using set notation and interval 
notation. 


{x|x <3} Setnotation 
(—2, 3) Interval notation 
In this text we will choose to present answers using interval notation. 
Answer: (—2, 3) 
When working with linear inequalities, a different rule applies when multiplying or 


dividing by a negative number. To illustrate the problem, consider the true 
statement 10 > —5 and divide both sides by -5. 


10>-5 
1 = 
= > = Divide both sides by — 5. 


—2>1 x False 


Dividing by -5 results in a false statement. To retain a true statement, the inequality 
must be reversed. 
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10>-5 
10 —-5 
= < = Reverse the inequality. 


—2<1 Y True 


The same problem occurs when multiplying by a negative number. This leads to the 
following new rule: when multiplying or dividing by a negative number, reverse the 
inequality. It is easy to forget to do this so take special care to watch for negative 
coefficients. In general, given algebraic expressions A and B, where c is a positive 
nonzero real number, we have the following properties of inequalities’: 


Addition property of 
inequalities: 


IfA <Bthen, A+c<Bt+ec 


Subtraction property of 


: a then A-c<B-c 
inequalities: 


then cA < cB 
Multiplication property of 


inequalities: 
then —cA>-—cB 


Division property of 
inequalities: 


140, Properties used to obtain We use these properties to obtain an equivalent inequality’, one with the same 
equivalent inequalities and solution set, where the variable is isolated. The process is similar to solving linear 
used as a means to solve them. equations. 


141. Inequalities that share the 
same solution set. 
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Example 3 


Solve and graph the solution set: —2 (x + 8) + 6 > 20. 


Solution: 
—2(x + 8) +6>20 Distribute. 
—2x — 16+6>20 Combine like terms. 
—2x — 10>20 Solve for x. 
—2x>30 Divide both sides by — 2. 
—2. 30 
= << = Reverse the inequality. 
x<-15 
e —20 =) -10 =o) 0 
Answer: Interval notation (—20, - 15] 
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Example 4 


Solve and graph the solution set: —2 (4x — 5) <9-2(x-2). 


Solution: 


—2 (4x — 5) <9-—2(«-2) 
—8x+ 10<9-2x+4 
—8x + 10<13 — 2x 


—6x<3 
—6x_ 3 
—_ > — Reverse the inequality. 
-6 -6 
e 1 
a6 —— 
2 
ttt 
ee a ee 


Answer: Interval notation (- t : 0) 
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Example 5 
Solve and graph the solution set: Sx-2 >s (2x-9) cane 
Solution: 
1 ee aay, 
—Ppes—= | Sra 1 
7* 25 (7s 9) + 
1 a 9 
=a PS eS ee db || 
Dasa aD 
1 | f 
ye 2 
a 8 ae 2 a 
=e 3 
Soe oe! 
8 3 8 3 
(- 5 (-3+)<(-3) (-3) Reverse the inequality. 
x<4 


= = 0 1 2 3 4 3 6 


Answer: Interval notation: (—00, 4| 


Try this! Solve and graph the solution set: 10 — 5 (2x + 3) < 25. 


Answer: [-3. 20) : 


(click to see video) 
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Compound Inequalities 


Following are some examples of compound linear inequalities: 


—-13 <3x-7<17|/4*+5<-15 or 6x-11>7 


These compound inequalities’** are actually two inequalities in one statement 
joined by the word and or by the word or. For example, 


—-13 <3x-7< 17 
is a compound inequality because it can be decomposed as follows: 


-13 < 3x-—7 and 3x -7< 17 


We can solve each inequality individually; the intersection of the two solution sets 
solves the original compound inequality. While this method works, there is another 
method that usually requires fewer steps. Apply the properties of this section to all 
three parts of the compound inequality with the goal of isolating the variable in the 


middle of the statement to determine the bounds of the solution set. 


142. Two or more inequalities in 
one statement joined by the 
word “and” or by the word 


“ ” 


or 
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Example 6 


Solve and graph the solution set: -13 < 3x —7 < 17. 


Solution: 


Answer: 


=13 <37—7 < 17 
-13+7<3x-74+7<17+7 
—6 < 3x < 24 
=6 . 3. 24 
3 3 3 
—2<x<8 


Interval notation: (—2, 8) 
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Example 7 


Solve and graph the solution set: ae t (+ x+ 4) <2, 


Solution: 


5<x+8< 12 
5-8 <x+8-—8 < 12-8 
—3<x<4 


Answer: Interval notation [-3, 4) 


It is important to note that when multiplying or dividing all three parts of a 


compound inequality by a negative number, you must reverse all of the inequalities 
in the statement. For example: 


—10 < —2x < 20 
—10 —2x 20 
ae ee 
5>x >-10 


The answer above can be written in an equivalent form, where smaller numbers lie 
to the left and the larger numbers lie to the right, as they appear on a number line. 
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-10<x<5 


Using interval notation, write: (- 10, 5) . 


Try this! Solve and graph the solution set: —3 < —3 (2x — 3) < 15. 


Answer: (—1, 2|; 


(click to see video) 


For compound inequalities with the word “or” you work both inequalities 
separately and then consider the union of the solution sets. Values in this union 
solve either inequality. 
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Example 8 
Solve and graph the solution set: 4x + 5 < -15 or 6x-11>7. 
Solution: 


Solve each inequality and form the union by combining the solution sets. 


4x+5<-15 


x<-—5 


Se ee 


Answer: Interval notation (—2, —5| U ( 20) 


Try this! Solve and graph the solution set: 
5 (x — 3) < -20 or 2(5-3x) <1. 


Answer: (—2, —1) U ( 


ww 
8 
So 


(click to see video) 


Applications of Linear Inequalities 


Some of the key words and phrases that indicate inequalities are summarized 
below: 
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—— 


A number is at least 5. 


A number is 5 or more inclusive. 


A number is at most 3. 


ae 
A number is 3 or less inclusive. 


A number is strictly less than 4. 
A number is less than 4, noninclusive. 
A number is greater than 7. 


A number is more than 7, noninclusive. 


A number is in between 2 and 10. 2X < 10 
A number is at least 5 and at most 15. << X15 


1.8 Solving Linear Inequalities with One Variable 246 


Chapter 1 Algebra Fundamentals 


Key Phrases Translation 


A number may range from 5 to 15. 


As with all applications, carefully read the problem several times and look for key 
words and phrases. Identify the unknowns and assign variables. Next, translate the 
wording into a mathematical inequality. Finally, use the properties you have 
learned to solve the inequality and express the solution graphically or in interval 
notation. 
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Example 9 


Seven less than 3 times the sum of a number and 5 is at most 11. Find all 
numbers that satisfy this condition. 


Solution: 


First, choose a variable for the unknown number and identify the key words 
and phrases. 


Let n represent the unknown indicated by “a number.” 


three times the sum of 


a number and 5 seven less than is at most 
se —— i’ => 
3(n+5) - 7 < 11 


Solve for n. 


3(n+5)-7<11 
3n+15-7<11 
Oo 0 
3n<3 

n<l 


Answer: Any number less than or equal to 1 will satisfy the statement. 
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Example 10 


To earn aB ina mathematics course the test average must be at least 80% and 


less than 90%. If a student earned 92%, 96%, 79%, and 83% on the first four tests, 


what must she score on the fifth test to earn a B? 


Solution: 


Set up a compound inequality where the test average is between 80% and 90%. 


In this case, include the lower bound, 80. 


Let x represent the score on the fifth test. 


80 < test average < 90 
2 
80 Be ieee 90 
350 
5+ 80< 7. 5+ 90 
400 < 3504+ x < 450 
50 < x < 100 


Answer: She must earn a score of at least 50% and less than 100%. 


In the previous example, the upper bound 100% was not part of the solution set. 
What would happen if she did earn a 100% on the fifth test? 


92 + 96 + 79 + 83 + 100 

average = 
5 

_ 450 

~s 


=90 
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As we can see, her average would be 90%, which would earn her an A. 


KEY TAKEAWAYS 


* Inequalities typically have infinitely many solutions. The solutions are 
presented graphically on a number line or using interval notation or 
both. 

¢ All but one of the rules for solving linear inequalities are the same as 
solving linear equations. If you divide or multiply an inequality by a 
negative number, reverse the inequality to obtain an equivalent 
inequality. 

* Compound inequalities involving the word “or” require us to solve each 
inequality and form the union of each solution set. These are the values 
that solve at least one of the given inequalities. 

* Compound inequalities involving the word “and” require the 
intersection of the solution sets for each inequality. These are the values 
that solve both or all of the given inequalities. 

* The general guidelines for solving word problems apply to applications 
involving inequalities. Be aware of a new list of key words and phrases 
that indicate a mathematical setup involving inequalities. 
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PART A: LINEAR INEQUALITIES 


TOPIC EXERCISES 


Determine whether or not the given value is a solution. 
1. 5x-1<-2;x=-1 

2, —3x+1>-10; x=1 

3, 2k = 3 <=? x= 
A ox —7 <0: x H=2 

5. 9y—-42>5;y=1 
Soler IS oe jy = 
a 12a+3<-2;a=-4 
8. 25a—-2<-22;a=-% 


9 -10<2x-5<-5;x=-4 


10. 3x +8 < —2 0r4x-2>5;x=2 
Graph all solutions on a number line and provide the corresponding 
interval notation. 

th, Bese = a 

a, 2yege Il 2 1) 


13. 5-6y < -l 
14. 7—9y > 43 
15.6-a<6 


16. —2a+5>5 


17. a0 <7 
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iQ), 


20. 


Dalle 


Bebe 


23% 


24, 


WS, 


26. 


BY 


28. 


We), 


31. 


32. 


33. 


34, 


Bb 


36. 


39. 


40. 


Al. 


2(3x + 14) < -2 
5 (2y+9) > -15 
5-—2(4+43y) < 45 
—12+5(5-2x) < 83 
6(7 — 2a) + 6a < 12 
2a+10(4-a)>8 

9 (2t — 3) — 3 (3 + 2) < 30 
—3(t-3)- (4-n>1 


5x — 2 (x — 3) < 3(2x- 1) 
3 (2x — 1) — 10 > 4 (3x — 2) — 5x 
—3y > 3(y +8) +6(y-1) 

12 <4(y-1) +2(2y+1) 

—2 (5t-— 3) —4 > 5(—2r + 3) 
-7 (3t- 4) > 2(3- 101) -1 


1 1 7 3 
— ae) ae ees 
37 z+) oe aed 
== 10 Be Pa) Pe 

38, — 3 (2x +7 Desa n 


4 (3x +4) > 3 (6x +5) — 6x 
1-4(@x+7) <-3(¢+9) — 9x 
6-3(2a-1)<43-a)+1 


1.8 Solving Linear Inequalities with One Variable 


252 


Chapter 1 Algebra Fundamentals 


42. 12 —5 (2a + 6) > 2(5-4a)-a 


PART B: COMPOUND INEQUALITIES 


Graph all solutions on a number line and provide the corresponding 
interval notation. 


A, al) gas Il eS 
44, —4<5x+11 < 16 
Pe I tO = xs 
46. —7 <3y+5<2 


47. -7< + <8 


48. -1<<1 


49. -4< 11—-—5t < 31 
50. 15 < 12-t< 16 


1 1 il 
51. leds 
32 OE 


53. 5x +2 < —3 or 7x -—6> 15 


54, 4x +15 < -1 or 3x-8 2-11 
55. 8x —-3 <1 or 6x-7>8 

56. 6x +1 < —3 or 9x —20 > —5 
57. 8x -7 <1 or 4x4+ 11 >3 

58. 10x — 21 <9 or 7x +9 > 30 
59. 7+ 2y <5 or 20-—3y>5 

6. 5-—y <5 or 7— 8y < 23 

61. 15+ 2x < —15 or 10—3x > 40 


62. 10-Fx<5 or 5-sx< 15 
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6692 te 1 andi 3 

(fn =e andy 2 

65. Ty — 18 < 17 and 2y — 15 < 25 
66. 1l3y+20>7 and 8+ 15y>8 
ih > aby oy aiivel Seere Ile Il 

60 lx 2 /eand 4 fl 

69. 9y +20 < 2 and 7y+152>1 
70. 21 -—6y <3 and —7+2y<-l 
7. —21 < 6(@—-— 3) < -9 

72. 0<2(2x+5) <8 

73. -15<5+4(2y-3) <17 

7m. 5 <8-—3(3-2y) < 29 

B, 9<9—3(447) < 17 

7. —3 $3-2(5+42r) <21 

77. -40 <2(x+5)- (5-x) <-10 
78. —60 <5(x—4)-2(x+5) < 15 


1 il 1 
79. 2g ay = Wie 
80. Be ee 

S15 _ 
7 -1 5 S* 78"? <0 
82. g< Ate <2 


PART C: APPLICATIONS 


Find all numbers that satisfy the given condition. 
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83. 


84. 


85. 


86. 


87. 


88. 


89. 


90. 


Oil, 


92. 


O3. 


94, 


OB, 


96. 


OW 


98. 


oe), 


100. 


Three less than twice the sum of a number and 6 is at most 13. 

Five less than 3 times the sum of a number and 4 is at most 10. 

Five times the sum of a number and 3 is at least 5. 

Three times the difference between a number and 2 is at least 12. 
The sum of 3 times a number and 8 is between 2 and 20. 

Eight less than twice a number is between -20 and -8. 

Four subtracted from three times some number is between -4 and 14. 


Nine subtracted from 5 times some number is between 1 and 11. 


Set up an algebraic inequality and then solve. 


With a golf club membership, costing $120 per month, each round of golf costs 
only $35.00. How many rounds of golf can a member play if he wishes to keep 
his costs $270 per month at most? 


A rental truck costs $95 per day plus $0.65 per mile driven. How many miles 
can be driven on a one-day rental to keep the cost at most $120? 


Mark earned 6, 7, and 10 points out of 10 on the first three quizzes. What must 
he score on the fourth quiz to average at least 8? 


Joe earned scores of 78, 82, 88 and 70 on his first four algebra exams. What 
must he score on the fifth exam to average at least 80? 


A gymnast scored 13.2, 13.0, 14.3, 13.8, and 14.6 on the first five events. What 
must he score on the sixth event to average at least 14.0? 


A dancer scored 7.5 and 8.2 from the first two judges. What must her score 
from the third judge come in as if she is to average 8.4 or higher? 


If two times an angle is between 180 degrees and 270 degrees, then what are 
the bounds of the original angle? 


The perimeter of a square must be between 120 inches and 460 inches. Find the 
length of all possible sides that satisfy this condition. 


A computer is set to shut down if the temperature exceeds 45°C. Give an 


equivalent statement using degrees Fahrenheit. Hint: C = > (F — 32). 


A certain antifreeze is effective for a temperature range of -35°C to 120°C. Find 
the equivalent range in degrees Fahrenheit. 
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PART D: DISCUSSION BOARD 


101. Often students reverse the inequality when solving 5x + 2 < —18? Why do 
you think this is a common error? Explain to a beginning algebra student why 
we do not. 


102. Conduct a web search for “solving linear inequalities.” Share a link to website 
or video tutorial that you think is helpful. 


103. Write your own 5 key takeaways for this entire chapter. What did you find to 
be review and what did you find to be new? Share your thoughts on the 
discussion board. 
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ANSWERS 


1. Yes 
3, IN@ 


5. Yes 


iil, 


13e 
15. 
ip, 
19, 
D1, (—00, -5) ; 
ee ee ee a ee 
DBo [-8, ») ; 
-10-9-8-7-6-5-4-3-2-101234567891 
25. [5,-) ; 
-10-9-8-7-6-5-4-3-2-10123 456789 Ta 
27. (20,7) ; 
HEPES ECESS G1) 24 4556.7 2°96 10 
AS), (—1,«); 
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515), (—x, 5] 
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-10-9-8-7-6-5-4-3-2-1 


0 


72 8) Ae sy GT a S70 
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Se ee oe aa = I = 2 = 3 7 4 
57. IR; 
6 5 4 3 2) nl) 1 2: 3 4 5) 
Be), (—00, 5) ; 
Se ES O22 Sa Ge res 9 LO 
61. (—», 10) ; 
=—3 5/30) 25-20 15 1005 ee Se LO) el a20 253085 
63) |-3, 2]; 
st tp 
Sh 5) = Sp a Si I 2 3 4 5 6 
655 (2, 5); 
spies areola) by (I BAK) a) ys) by sti) SB 
67. O; 
ee | ee Oe 
6 3) 4 3 2 1 0 l 2 3 4 5 6 
69. -2; 


a 
n. (-4,4); 


7 5 3 1 1 5 ii 
a aes ee r l r Lo Ss 1 4 
73. [-1,3); 
te tt > 
=§) 5-45-35 —2>—1)— 0 l 2 3 4 5 6 
75. (—8, —4); 


10-9-8-7-6-5-4-3-2-10 12345678910 
Til (-15,—-5] ; 


SB) =) S28) SN) Sls) = 1) =a) 8) KN) Mis) AA) sy hl) Se 
79. (—5, 20) ; 


35 -30-25-20-15-10 -5 0 5 10 15 20 25 30 35 
1 4 
oa | 3? | 


3 
Sys eel i A 5 7 8 
oe os a ng eee ice a 
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83. 


85. 


87. 


89. 


Oil, 


OB 


OB, 


Os 


oe), 


101. 


103. 


G2) 

(0.6) 

Members may play 4 rounds or fewer. 

Mark must earn at least 9 points on the fourth quiz. 
He must score a 15.1 on the sixth event. 


The angle is between 90 degrees and 135 degrees. 


The computer will shut down when the temperature exceeds 113°F. 


Answer may vary 


Answer may vary 


1.8 Solving Linear Inequalities with One Variable 


260 


Chapter 1 Algebra Fundamentals 


1.9 Review Exercises and Sample Exam 


261 


Chapter 1 Algebra Fundamentals 


REVIEW OF REAL NUMBERS AND ABSOLUTE VALUE 


REVIEW EXERCISES 


Reduce to lowest terms. 


Simplify. 


PAG =0)) 
8. —(—(— (-a))) 


Graph the solution set and give the interval notation equivalent. 


9, x >= —-10 

iy ee (0) 

11. -8 <x<0 

12. -l0<x<4 

ie oe << oeclildl wee 
ta Ohand 4 

15. x < —2 or x > -6 


16, x <= —l or x > 3 
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1.9 Review Exercises and Sample 


Determine the inequality that corresponds to the set expressed using 
interval notation. 


( 
23, (—4, 0) 
( 


24. (—o, 0) 
Simplify. 
25 aS la 3| 
2 
=i) 
27. —(—|-A4l) 
28. —(—(—I-3l)) 
Determine the values represented by a. 
29. lal = 6 
30. lal = 1 
31. lal = —5 
320 ala 


OPERATIONS WITH REAL NUMBERS 


Perform the operations. 
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a F-(9)-8 
3 (-$)+ (f) 
Sh a) oe (ae) 
37. (- a 

ss. (-3) 
sae = 

40, 42 “a 


a. 10-8((3-5)°- 
42. 445 (3 -(2-3)) 
43, 3° — (7-(-44 2)°) 
wiPteiy=iG=ey 

- 10 =3 (2); 
32 — (-4)? 
6 |(-5)’ = -3)| 
4 — 6(-2)° 
47. 7 — 3|6 — (-3 - 2)°| 
4s, —6° + 5|3 — 2(—-2)”| 
12 — |6 - 2(-4)’| 
3 — |-4| 
(G03) 
Sh. a 
4 — (-3)?| - 3? 


SQUARE AND CUBE ROOTS OF REAL NUMBERS 


Simplify. 


St, 34/8 


46. 


49, 
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63. 
64. 
65. 


66. 
67. 


68. 
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ven 
xi 
(ED 
[250 
6k === 
27 
1 
3 Se 
62. 125 


Use a calculator to approximate the following to the nearest 
thousandth. 


V12 
3/14 
V/18 
74/25 


Find the length of the diagonal of a square with sides measuring 8 centimeters. 


Find the length of the diagonal of a rectangle with sides measuring 6 
centimeters and 12 centimeters. 
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ALGEBRAIC EXPRESSIONS AND FORMULAS 


Multiply. 


n. (@ — Sab — 2b") (-3) 
ps (2m? — 3mn + n’) -6 
Combine like terms. 
38 ey — Oy ey — 
Uh, On Sy Ba oye = Bay = 
ns, Grlie —= alb 218 erie 43 Day 5) 
76. 5m2n — 3mn + 2mn2 — 2nm — 4m2n + mn? 
Simplify. 
77. 5x? +4x —3 (252 — 4x - 1) 
78. (6x7 y* + 3xy - 1) — (Gas — 3xy+ 2) 
79. @ —b? — (2¢ + ab — 3b") 
80. m> +mn—6 (m? — 3n” ) 


Evaluate. 
2} i 1 
Six — 3x + | wherex = — 5 
82. x2 —x — 1 wherex = —+ 
4 4 = = 
33. a’ — b' wherea = —3andb = —1 


84. a2 — 3ab + 5b7 wherea = 4andb = —2 
85. (2x + 1) (x — 3) wherex = —3 
86. (3x + 1) (x + 5) where X = —5 
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EW, Ay bo = daewhere a =2,b = —4,andc = —-1 
88. A) Doe dae wherea = 3.) ='—6),and¢ = —2 
39. 17h where r = 24/3 andh = 5 

90. 4 27 wherer = 21/6 


91. What is the simple interest earned on a 4 year investment of $4,500 at an 


annual interest rate of 4 5% 


92, James traveled at an average speed of 48 miles per hour for 2 + hours. How far 
did he travel? 


93. The period of a pendulum T in seconds is given by the formula T = 27 + 


where L represents its length in feet. Approximate the period of a pendulum 
with length 2 feet. Round off to the nearest tenth of a foot. 


94. The average distance d, in miles, a person can see an object is given by the 


voh . 
formula d = =a where h represents the person’s height above the ground, 


measured in feet. What average distance can a person see an object from a 
height of 10 feet? Round off to the nearest tenth of a mile. 


RULES OF EXPONENTS AND SCIENTIFIC NOTATION 


Multiply. 
Ome 
95s 
x? 1 
x6(x2) 
96. 3 
X 


97. Tie -3x4y2z 
98. 30° b?c(—4a’ bc)” 


0b co - 
oa 
250) oe 
Se 
100. 
BOim vce 
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2 
5b ) 
103. 
aS 
3 
104 =3m" 
, 5n2 
2a? bc 2 
105. a 
3ab~“ 
6b 
106. 
2a’ b®c-4 


Perform the operations. 


107. (4.3 x 107) (3.1 x 1078) 


wos. (6.8 x 107°?) (1.6 x 107) 


=30) 
109. a 
2x10 
26 
110. wee 
2 SSNO 


111. The value of a new tablet computer in dollars can be estimated using the 
formula v = 450(t + 1)! where t represents the number of years after it 
is purchased. Use the formula to estimate the value of the tablet computer 2 + 
years after it was purchased. 


112. The speed of light is approximately 6.7 X 10° miles per hour. Express this 
speed in miles per minute and determine the distance light travels in 4 
minutes. 


POLYNOMIALS AND THEIR OPERATIONS 


Simplify. 
183 (ee + 3x - 5) — (es +5x- 7) 
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114. (6x° — 3x +5) + (9x? + 3x -4) 

us. (@b? —ab+6) — (ab+9) + (@&b? - 10) 

Gee 2) ie ty Sian) ay tay 
17. — - (16x* + 8x — 4) 
118. 6 (5 = sx+ >) 

19, (2x +5) («- 4) 

120. (3x — 2) (x? — 5x +2) 

121. (x? — 2x45) (2x7 —x4+4) 

122. (@ +b?) (@ -b*) 

123. (2a+b) (4a — 2ab + b*) 

ey (r= 8) 

Wes, (Coe Ie 

Wenn Oye 

197. (x? =p?) 

as. (xy? +1)” 


27¢b — Yab + 81ab” 
QS ————— 


3ab 
1256 2 > oy 
130..£. —<_ 
ony 
ie ae 
——————————— 
2x—-1 
12 3 57 = Fx 3 
————————— 
4x+3 
5 = Ol 6 
2 ——— 
x—-4 
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Ne ee een ed 


134, 
a 
d'—-a@+4a -2a+4 


3S), 


e+2 
Sa — 10 
136, ————— 
C2 
SOLVING LINEAR EQUATIONS 
Solve 
137. 6x -—8 = 
138. 12x -5 =3 
5 1 
189 ce— a 
5 (eerie 
140. 6* FT 5) 
Ox+2 5 
Ma = 
3x-8 5 
142, =a = 5 


143. 3a -—5 — 2a = 4a -—6 

ets) 2 TY 

145. 5x —-6 — 8x = 1 — 3x 

146. 17 —6x —-10 = 5x4+7- 11x 
147. 5(3x+3) — 0x -4) =4 
148. 6 -—2(3x—- 1) = —4(1 — 3x) 
149. 9-3(2x+ 3) + 6x =0 

150. —5(x+2)— (4-5x) =1 


5 1 
. — (6y+27) =2- = (2y+3 
alee 9 os ) aa ) 
.4-— 10) = — (4-2 
152 5 (3a + 10) io | a) 


153. Solve fors:A = ar~ + ars 
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154. Solve forx:y = mx + b 


155. A larger integer is 3 more than twice another. If their sum divided by 2 is 9, 
find the integers. 


156. The sum of three consecutive odd integers is 171. Find the integers. 


157. The length of a rectangle is 3 meters less than twice its width. If the perimeter 
measures 66 meters, find the length and width. 


158. How long will it take $500 to earn $124 in simple interest earning 6.2% annual 
interest? 


159. It took Sally 3 : hours to drive the 147 miles home from her grandmother’s 
house. What was her average speed? 


160. Jeannine invested her bonus of $8,300 in two accounts. One account earned 
3 +% simple interest and the other earned 4 4% simple interest. If her total 
interest for one year was $341.75, how much did she invest in each account? 


SOLVING LINEAR INEQUALITIES WITH ONE VARIABLE 


Solve. Graph all solutions on a number line and provide the 
corresponding interval notation. 


161. Sx —7 < 18 

162 24 — 1 

163 ea 

16 1 lO 

165. 61 —3(% + 3) > 13 
166. 7—3(2x-—1) > 6 


167. = (9x +15) — 5 (6x-1) <0 


WIN Wl 


16s. + (12x — 1) + ¢ (1 - 32x) <0 


169. 20+ 4(2a — 3) > Fa+2 


Pe one gw eee: 
7. 3 \ xt, 4%<35 a 
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17. —4<3x+5< 11 
172,79) < 2x 15% 13 
173, -1<4(4+1)-1<9 
174.0 <3(2x-—3)+1< 10 
2x —5 
4 


175. -l< ra | 


x 
176. —2< Sl 


177. 2x +3 < 13 and 4x-—1> 10 

178. 3x —1 <8 and 2x+5 > 23 

179, 5x —3 < —2 or Sx —-3 > 2 

180 on = — oni 3 I 

181. 5x +6 <6 or 9x-2>-11 

182. 2(3x — 1) < —16 or 3(1 — 2x) < —-15 


183. Jerry scored 90, 85, 92, and 76 on the first four algebra exams. What must he 
score on the fifth exam so that his average is at least 80? 


184. If 6 degrees less than 3 times an angle is between 90 degrees and 180 degrees, 


then what are the bounds of the original angle? 
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ANSWERS 


7 
1, == 
ils) 
ail 
3 == 
18 
1 
sy =e 
Z 
Te aa! 
@), [-10, «) ; 
=—600—50) —40) 30) —207— 109) 0 1002030 4050 6 
u. [-8, 0); 
-14 -12 -10 -8 -6 -4 —2 0 2 4 6 8 10 
13. [-1,3); 
au ——eeeses—SOOSOOOSSOS SS 
-§ -5 -4 -3 —2 -1 O l 2S AT SAWG 
15. R; 
Sl4t SIP) <0 =8 = =a =2 @ 2% 4A © 8 1 
17, x>-8 


19, 2 xy 37 
Hey = lorax =) 


23. x > —4 


(Big = 


aes) 


De 
29. a 
31. © 
ae 
35, -4 


BME er 
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39, =15 
41. -6 
43. -24 
45; > — 
47. -50 
49, 14 
Bir 61/2 
Doo 
54/3 
Be) 
He 
57, 24/5 
59, —34/3 
54/2 
61. 3 
63. 3.464 
Gp AtoZ 


67. 84/ 2 centimeters 

69. 6x? +2x—4 

71, —3a° + 15ab + 6b* 
He, ae a — (a 

75. Sab+1 

77. —x* + 16x +3 


79. —@ — ab + 2b? 


11 


81. ra 


83. 80 


85. 30 
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87. 


89. 


Mls 


93% 


OB, 


107. 


109. 


1a 


gli}, 


115. 


Nil, 


119. 


Wale 


1235 


Wes 


Wis 


129% 


gL SiIL. 


2/6 

602 

$855 

1.6 seconds 

x! 

15333 x 10° 
Tx 10m 
$128.57 

= =r 
Dp lbe = Valb = 16 
= Gn 
On = By — 20) 


OIL. 


103. 


Oy = 55° = lox — 13x 4 20 


8a +b? 
Nip! ipo! Tae || 


eee oe 
9a + 27b —3 
fy pees) 
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135. 


143. 


145. 


147. 


149, 


USL, 


15383 


155 


B15)7/. 


1593 


161. 


163. 


165. 


167. 


169. 


5 
163 Sn Se 


x-4 
@-—at+2 
137 2 
25 
139 zi 
5 
1 
CS 
18 
1 
3 
) 
-3 
RR 
ae 
2 
Sa = 
Bag 


Length: 21 meters; Width: 12 meters 


42 miles per hour 


(—x, 5) 


(—~, 13) ; 
¢; 5 0 5 10 43 15 20 25 
OF 
he) 
6 5 4 3 2 eo l 2 3 4 5 6 
[-f oc) 
5 ° ? 
7 6 4 3 2 1 ! 2 3 4 6 4 
age ie ge eS ee es 
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Wie an 2) 
Mt ttt 
=§8—5 8 —4 9 =—3. 02 — 10 l 2 3 4 5 6 
ane 
1a) ( 1, +); 
a tte D1 st > 
PE eee Ce Ae, | | eee) Dee ane nee gee 
2 2 2 2 y 2 2 2 
19 
75. (3+); 
1 3 2 7 ll 
=i ; 0 ; | 5 2 5 3} * 4 > 5 = 6 
177, (4,5); 
0 2 is 4 5 6 


= int aS Z. i) 1 23 4 5 5 


183. Jerry must score at least 57 on the fifth exam. 
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SAMPLE EXAM 


Simplify. 
1. 5-3 (12- |2-5°|) 


(2) “Gs 


4. 5/32 


5. Find the diagonal of a square with sides measuring 6 centimeters. 


3; ~71/60 


Simplify. 
6. —5x*yz7! (3x7 y~?z) 


3) 
Ue eee 

a3 b°? 

8. 2 (3@°b? + 2ab—1) —@b? + 2ab-1 
9. (x? —6x+9) — (3x* — 7x +2) 


1, (Fe = er 
i. (3a—b) (9a + 3ab + b*) 
A cee? eG es 
2x —3 
Solve. 
12, 2x — = =) 


4. + (8x —12)— 4 2x- 10) = 16 
15. 12—5(3x— 1) =2(4x + 3) 
16. 4 (12x-2)+5=4(4x-8) 


17. Solve for y:ax + by = c 
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Solve. Graph the solutions on a number line and give the corresponding 
interval notation. 


1s. 2(3x-—5) — (7x -3) 20 

19. 2(4x- 1) -4 (5+ 2x) < -10 
20. -6 < ¢ (2x-8) <4 

21. 3x -—7> 14 or 3x-7<-14 


Use algebra to solve the following. 


22. Degrees Fahrenheit F is given by the formula F = - C + 32where C 
represents degrees Celsius. What is the Fahrenheit equivalent to 35° Celsius? 


23. The length of a rectangle is 5 inches less than its width. If the perimeter is 134 
inches, find the length and width of the rectangle. 


24. Melanie invested 4,500 in two separate accounts. She invested part in a CD that 
earned 3.2% simple interest and the rest in a savings account that earned 2.8% 
simple interest. If the total simple interest for one year was $138.80, how much 
did she invest in each account? 


25. A rental car costs $45.00 per day plus $0.48 per mile driven. If the total cost of a 
one-day rental is to be at most $105, how many miles can be driven? 
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ANSWERS 


il, Sie} 


2 ~144/15 


5, 64/ 2 centimeters 


ac 
8b° 
Og ee 
i 2ia =p 
13 g 
"3 
15. i 
1 ye 
19. R; 


OWS 4S 2a al 23) 4 re 6) 


id 
21 ( 0, tu (7, 00) ; 
et eer 


Bs 


23. Length: 31 inches; width: 36 inches 


25. The car can be driven at most 125 miles. 
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2.1 Relations, Graphs, and Functions 


i) 


bo 


nN 


on 


oO 


N 


. Asystem with two number 


lines at right angles specifying 
points in a plane using ordered 
pairs (x, y). 


. The horizontal number line 


used as reference in a 
rectangular coordinate system. 


. The vertical number line used 


as reference in a rectangular 
coordinate system. 


. The flat surface defined by x- 


and y-axes. 


. Pairs (x, y) that identify 


position relative to the origin 
on a rectangular coordinate 
plane. 


. The point where the x- and y- 


axes cross, denoted by (0, 0). 


. The four regions of a 


rectangular coordinate plane 
partly bounded by the x- and y- 
axes and numbered using the 
Roman numerals I, II, Ill, and 
IV. 


LEARNING OBJECTIVES 


1. State the domain and range of a relation. 
2. Identify a function. 
3. Use function notation. 


Graphs, Relations, Domain, and Range 


The rectangular coordinate system’ consists of two real number lines that 
intersect at a right angle. The horizontal number line is called the x-axis’, and the 
vertical number line is called the y-axis’. These two number lines define a flat 
surface called a plane’, and each point on this plane is associated with an ordered 
pair” of real numbers (x, y). The first number is called the x-coordinate, and the 
second number is called the y-coordinate. The intersection of the two axes is known 
as the origin®, which corresponds to the point (0, 0). 


The x- and y-axes break the plane into four regions called quadrants’, named using 
roman numerals I, II, III, and IV, as pictured. The ordered pair (x, y) represents the 
position of points relative to the origin. For example, the ordered pair (-4, 3) 
represents the position 4 units to the left of the origin, and 3 units above in the 
second quadrant. 

y - axis 


Quadrant II Quadrant I 


Quadrant IV 


Quadrant Ill 
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8. Term used in honor of René 
Descartes when referring to 
the rectangular coordinate 
system. 


9. Any set of ordered pairs. 


This system is often called the Cartesian coordinate system*, named after the 
French mathematician René Descartes (1596-1650). 


Figure 2.1 


Rene Descartes Wikipedia 


Next, we define a relation’ as any set of ordered pairs. In the context of algebra, the 
relations of interest are sets of ordered pairs (x, y) in the rectangular coordinate 
plane. Typically, the coordinates are related by a rule expressed using an algebraic 
equation. For example, both the algebraic equations y = |xl — 2 andx = |y|+ 1 
define relationsips between x and y. Following are some integers that satisfy both 
equations: 
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Here two relations consisting of seven ordered pair solutions are obtained: 


y= lIxl-—2 hassolutions {(-—3,1), (—2,0), (-1,-1), (0,-2), d,—-1), (2,0), ¢ 
and 
x= |y|+1 hassolutions {(4,-3), (3,-2), (2,-1), 0,0), (2,1), 3,2), (4,3)} 


We can visually display any relation of this type on a coordinate plane by plotting 
the points. 


~6 -5 -4 -3 -2 -l 
e-if @ 


The solution sets of each equation will form a relation consisting of infinitely many 
ordered pairs. We can use the given ordered pair solutions to estimate all of the 
other ordered pairs by drawing a line through the given points. Here we put an 
arrow on the ends of our lines to indicate that this set of ordered pairs continues 
without bounds. 
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10. 


1 


ray 


12. 


13. 


2.1 Relations, Graphs, and Functions 


A visual representation of a 
relation on a rectangular 
coordinate plane. 


. The set consisting of all of the 


first components of a relation. 
For relations consisting of 
points in the plane, the domain 
is the set of all x-values. 


The set consisting of all of the 
second components of a 
relation. For relations 
consisting of points in the 
plane, the range is the set of all 
y-values. 


Used when referencing the 
range. 


The representation of a relation on a rectangular coordinate plane, as illustrated 
above, is called a graph". Any curve graphed ona rectangular coordinate plane 
represents a set of ordered pairs and thus defines a relation. 


The set consisting of all of the first components of a relation, in this case the x- 
values, is called the domain”’. And the set consisting of all second components of a 
relation, in this case the y-values, is called the range’ (or codomain”’). Often, we 
can determine the domain and range of a relation if we are given its graph. 


i 


4-5 6 
Domain: [ 1,00) 


6 -5 -4 3 2 51 


a me 3 ¢ 5 
Domain: (-2,0) 


Here we can see that the graph of y = Ixl — 2 has a domain consisting of all real 
numbers, R = (—20, 20) , and a range of all y-values greater than or equal to -2, 
[-2, 20) . The domain of the graph of x = |[y| + 1 consists of all x-values greater 
than or equal to 1, (1, 00) , and the range consists of all real numbers, 

R= (—20, 20) : 
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Example 1 


Determine the domain and range of the following relation: 


=12.=10.-8.-6. 4. -2 


Solution: 


The minimum x-value represented on the graph is -8 all others are larger. 
Therefore, the domain consists of all x-values in the interval [-8, 20) . The 
minimum y-value represented on the graph is 0; thus, the range is (0, 00) . 


Answer: Domain: [-8, 20) ; range: (0, 20) 


Functions 


Of special interest are relations where every x-value corresponds to exactly one y- 
value. A relation with this property is called a function™. 
14. A relation where each element 
in the domain corresponds to 
exactly one element in the 
range. 
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Example 2 


Determine the domain and range of the following relation and state whether it 
is a function or not: {(-1, 4), (0, 7), (2, 3), (3, 3), (4, -2)} 


Solution: 


Here we separate the domain (x-values), and the range (y-values), and depict the 
correspondence between the values with arrows. 


Correspondence 
=| 
| 4 
oS | 5 
2 
tr 
4 =) 
Domain Range 


The relation is a function because each x-value corresponds to exactly one y- 
value. 


Answer: The domain is {-1, 0, 2, 3, 4} and the range is {-2, 3, 4, 7}. The relation is 
a function. 
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Example 3 


Determine the domain and range of the following relation and state whether it 
is a function or not: {(-4, -3), (-2, 6), (0, 3), (3, 5), (3, 7)} 


Solution: 

Correspondence 

=3 

a re 

al a 

s+ 

7 

Domain Range 


The given relation is not a function because the x-value 3 corresponds to two y- 
values. We can also recognize functions as relations where no x-values are 
repeated. 


Answer: The domain is {-4, -2, 0, 3} and the range is {-3, 3, 5, 6, 7}. This relation 
is not a function. 


Consider the relations consisting of the seven ordered pair solutions to y = Ixl — 2 
and x = |y| + 1. The correspondence between the domain and range of each can 
be pictured as follows: 


y=|x|-2 x=|y|+1 
Correspondence Correspondence 


1 
. | 
J 
4” 
Domain 
Domain Range 
Function: Yes Function: No 
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15. If any vertical line intersects 
the graph more than once, 
then the graph does not 
represent a function. 


Notice that every element in the domain of the solution set of y= [xl — 2 
corresponds to only one element in the range; it is a function. The solutions to 

x = |[y| + 1, on the other hand, have values in the domain that correspond to two 
elements in the range. In particular, the x-value 4 corresponds to two y-values -3 
and 3. Therefore, x = |y| + 1 does not define a function. 


We can visually identify functions by their graphs using the vertical line test’”. If 
any vertical line intersects the graph more than once, then the graph does not 
represent a function. 


Function: Yes Function: No 


The vertical line represents a value in the domain, and the number of intersections 
with the graph represent the number of values to which it corresponds. As we can 
see, any vertical line will intersect the graph of y = l|xl — 2 only once; therefore, it 
is a function. A vertical line can cross the graph of x = |y| + 1 more than once; 
therefore, it is not a function. As pictured, the x-value 3 corresponds to more than 
one y-value. 
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Example 4 


Given the graph, state the domain and range and determine whether or not it 
represents a function: 


Solution: 


From the graph we can see that the minimum x-value is -1 and the maximum x- 
value is 5. Hence, the domain consists of all the real numbers in the set from 
[- il. 5] . The maximum y-value is 3 and the minimum is -3; hence, the range 


consists of y-values in the interval [-3, 3] : 


In addition, since we can find a vertical line that intersects the graph more than 
once, we conclude that the graph is not a function. There are many x-values in 
the domain that correspond to two y-values. 


Answer: Domain: [-1, al; range: [-3, ai function: no 
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Try this! Given the graph, determine the domain and range and state whether 
or not it is a function: 


15992025) 30) 


Answer: Domain: (—20, 15] ; range:/R; function: no 


(click to see video) 


Function Notation 


With the definition of a function comes special notation. If we consider each x-value 
to be the input that produces exactly one output, then we can use function 
notation’®: 


fw =y 


The notation f(x) reads, “fof x” and should not be confused with multiplication. 
Algebra frequently involves functions, and so the notation becomes useful when 
performing common tasks. Here f is the function name, and f (x) denotes the value 
in the range associated with the value x in the domain. Functions are often named 
with different letters; some common names for functions are f, g, h, C, and R. We 
have determined that the set of solutions to y = [xl — 2 is a function; therefore, 
using function notation we can write: 


16. The notation f (x) = y, 
which reads “f of x is equal to 
y.” Given a function, y and 
F (X) can be used 
interchangeably. 
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y=lal -—2 
| 
f@e=lxl -—2 


It is important to note that y and f (x) are used interchangeably. This notation is 
used as follows: 


f@) = |x|-2 
i 
f (-5)=|-5|-2 =5-2=3 


Here the compact notation f(—5) = 3 indicates that where x = —5 (the input), the 
function results in y = 3 (the output). In other words, replace the variable with the 
value given inside the parentheses. 


Input 
1 
§@-H-29 
T 
Output 
Functions are compactly defined by an algebraic equation, such as f (x) = Ixl — 2. 


Given values for x in the domain, we can quickly calculate the corresponding values 
in the range. As we have seen, functions are also expressed using graphs. In this 
case, we interpret f(—5) = 3 as follows: 
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Function notation streamlines the task of evaluating. For example, use the function 
h defined by h (x) = “ x — 3to evaluate for x-values in the set {-2, 0, 7}. 


h(-D=5 (S)s3e-1-344 
hO=5 (0) -3 =0-3=-3 

1 7 1 
hN=5 (1) -3=5-3=5 


Given any function defined by h(x) = y, the value x is called the argument of the 
function’’. The argument can be any algebraic expression. For example: 


h(4e)=2 (4a) -3 = 2a -3 


2 
1 1 7 
her =e ee) oe tag 


17. The value or algebraic 
expression used as input when 
using function notation. 
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Example 5 
Given g (x) = x’, find g (—2), g (+), and g Gs + h) : 
Solution: 


Recall that when evaluating, it is a best practice to begin by replacing the 
variables with parentheses and then substitute the appropriate values. This 
helps with the order of operations when simplifying expressions. 


g(-2)=(-27 =4 


g(xth)=(x+h) =x? +2xh40P? 


Answer: g (—2) = 4,g (+) = fg (xth) =x? +2xh+hr 


At this point, it is important to note that, in general, f (x + h) #AfMt+f (h) ; 
The previous example, where g (x) = x”, illustrates this nicely. 


g (x+ h)#g(x)+8 (h) 
(x + hy # x 4h 
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Example 6 
Given f (x) = 2x + 4, find f (—2),f (0), and f (4 @ - 2). 


Solution: 


f(-2)= 2(-2)+4= V-44+4= 0 =0 
fO=,/20) 44= V0O+F4= V4 =2 


f(5¢-2)= 2(5¢-2) +4= Ve 444 = Vie = lal 


Answer: f (—2) = 0,f (0) = 2, f (¢ @ -2) = lal 
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Example 7 


Given the graph of g (x), find g (—8), g (0), and g (8). 


=10) 3) Se) S42 


Solution: 


Use the graph to find the corresponding y-values where x = -8, 0, and 8. 


Answer: g (—8) = —2, ¢(0) = 0,2 (8) = 2 


Sometimes the output is given and we are asked to find the input. 


2.1 Relations, Graphs, and Functions 296 


Chapter 2 Graphing Functions and Inequalities 


Example 8 
Given f (x) = 5x + 7, find x where f (x) = 27. 
Solution: 


In this example, the output is given and we are asked to find the input. 
Substitute f (x) with 27 and solve. 


f@=5x+7 
! 
27=5x+7 
203% 
4=x 


Therefore, f (4) = 27. As a check, we can evaluate f (4) = 5 (4) + 7 = 27. 


Answer: x = 4 
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Example 9 


Given the graph of g, find x where g (x) = 2. 


-8 -7 -6 -5 -4 -3 -2 -I 
Solution: 


Here we are asked to find the x-value given a particular y-value. We begin with 
2 on the y-axis and then read the corresponding x-value. 


8 -7 -6 @ -4 -3 2 -1 


We can see that g (x) = 2 where x = —5; in other words, g (-5) = 2. 


Answer: x = —5 
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Try this! Given the graph of h, find x where h (x) = —4. 


Answer: x = —5 andx = 15 


(click to see video) 


KEY TAKEAWAYS 


* Arelation is any set of ordered pairs. However, in this course, we will be 
working with sets of ordered pairs (x, y) in the rectangular coordinate 
system. The set of x-values defines the domain and the set of y-values 
defines the range. 

* Special relations where every x-value (input) corresponds to exactly one 
y-value (output) are called functions. 

* We can easily determine whether or not an equation represents a 
function by performing the vertical line test on its graph. If any vertical 
line intersects the graph more than once, then the graph does not 
represent a function. 

* Ifan algebraic equation defines a function, then we can use the notation 
f (Xx) = y. The notation f (x) is read “f of x” and should not be 
confused with multiplication. When working with functions, it is 
important to remember that y and f (X) are used interchangeably. 

* Ifasked to find f(a), we substitute the argument din for the variable 
and then simplify. The argument could be an algebraic expression. 

* If asked to find x where f(x) = G, we set the function equal to dand 
then solve for x. 
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TOPIC EXERCISES 


PART A: RELATIONS AND FUNCTIONS 


Determine the domain and range and state whether the relation is a 
function or not. 


1. {(3, 1), (5, 2), (7, 3), (9, 4), (12, 4)} 

2. {(2, 0), (4, 3), (6, 6), (8, 6), (10, 9)} 
3. {(7,5), (8, 6), (10, 7), (10, 8), (15, 9)} 
Al) (2) 53,4) (4S 1) 

5. 1(5; 0), (5; 2), (5, 4): G6), 6, 8)} 


6. {(-3, 1), (-2, 2), (-1, 3), (0, 4), (0, 5)} 
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10. 
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x 
11. 

x 
12% 

x. 
iS, 
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14. 


iS), 


16. 
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IW 


18. 


i), 
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-10 -9 -8 -7 -6 -5 -3 


20. 


Ale 


Ute 
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23% 


24, 


faa SE a OO ok 


M5 
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PAE eG pee OE i fend. 


26. 


Dies 


28. 
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We), 


30. 


Sl, 
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8) Ses) Sel) =) by SI) oe > DW bb 2 4 30 
=o) 
—10 
=k 
32. 
kt SA) Sie 12.16. .20..24 
38), 
PNR le B- IPs Mbey Thy 7) 
34, 
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PART B: FUNCTION NOTATION 


Evaluate. 


Bib 


36. 


40 


Al. 


42. 


43. 


45. 


46. 
47. 
48. 
49. 
50. 
Sil, 
oy 


53}, 
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g(x) = |x — 5] find g (-5) ,g (0), and g (5) : 
g(x) = lal —5;find g (—5), g (0), and g (5). 


. 8 (x) = [2x — 31; find g (-1),g (0), and g (+). 
. g(x) = 3 — [2x1; find g (—3), g (0), and g (3). 

. f (x) = 2x — 3: find f (—2),f (0), and f (@ — 3). 
. f (&®) = 5x — 1: find f (—2),f (0), andf @ + 1). 


g(x) = 2x+ I; find g (—3),g (0), andf (9x + 6). 


g(x) = —4x- 4find g (—4), g (0), and g (6x - 2). 


g(x) = x7; find g (-5),8 (V3).andg (x — 5) : 


eer! & lawleiibee (V6),and g 2x Sih. 


1 Ol 2 indi (ON (2) nandy, (a 2) 


f (x) = -2x? + x — 4; find f (—2),f (4), and f (x — 3). 


h(t) = -161? + 32;findh (4),h (4),andh (2a — 1). 
h(t) = —1612 + 32; find h (0), h (v2).n (Qa +1). 
f (@) = Vxt1 — 2findf (-1),f Of (& - 1). 

f@ = Vx—-3 + lfindf (12),f G).f @ + 3). 

g(x) = /x + 8; find g (0), g (—8), and g (x — 8). 


Oe = 4/ 3x — 1; find g (+),g (=), and g (t@ + +). 


f @) =x3 + 1;findf (-1),f (0), f (@). 
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54. f (x) =x° — 8:findf (2),f (0), f (a’) . 


Given the function find f (x + /) . 
55 (r= 9x — ll 
56. f (x) = —5x+2 
my Gs) =i toes | 
Gy Ca Dee a al 
59, f (x) =x? 


60, f (x) = 2x? — 1 


Find x given the function. 

61. f (x) = 2x — 3; find x where f (x) = 25. 
62. f (x) = 7 — 3x; find x where f (x) = —27. 
63. f (x) = 2x + 5; find x where f (x) = 0 

64. f (x) = —2x + 1; find x where f (x) = 0 
65. g(x) = 6x + 2; find x where g (x) = 5. 
66. g(x) = 4x + 5; find x where g (x) = 2. 
67.) = 


x +; find x where h (x) = a 


2 
3 
68. h(x) = St +; find x where h (x) = 


wl 


69. The value of a new car in dollars is given by the function 
V(t) = —1,800¢ + 22,000 where t represents the age of the car in years. 
Use the function to determine the value of the car when it is 4 years old. What 
was the value of the car new? 


70. The monthly income in dollars of a commissioned car salesperson is given by 
the function /(n) = 350n + 1,450 where n represents the number of cars 
sold in the month. Use the function to determine the salesperson’s income if 
he sells 3 cars this month. What is his income if he does not sell any cars in one 
month? 


Given the graph of the function [ , find the function values. 
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71. Findf (0),f (2),andf (4). 
: 


72, Findf (—1),f (0),andf (1). 


[ee 20ers oh Ome S 


73. Find (0),f (2), and f (4). 
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-8 -7 -6 -5 -4 -3 -2 - 


74, Findf (—3),f (0),andf (3). 


75. Findf (—4),f (0), andf (2). 


-8 -7 -6 -5 -4 -3 -2-1 
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76. Find f (—6),f (0), andf (6) . 


—8. 7-6 <3. -4.-3 2 = 1, 


eZee ee ae ee OM ee Oene me OL Limiic 


78. Find f (0), f (5),andf (9). 
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eZee ees ee Oe Ol ao eo ee Laie 


79. Findf (—8),f (0), andf (8). 


16.20. 24 


arth rl) i 


80, Find f (—12),f (0), andf (12). 


= ORS Sse 2) 
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Given the graph of a function g, find the x-values. 


81. Find x where g (x) = 3, g (x) = O,and g (x) = —2. 
= 


3.765.423 2-1, 6 ce 8 
-2 
-3 
-4 
-5 
~6 


82. Find x where g (x) = 0,2 (x) = l,andg (x) = 4. 
, 


83. Find x where g (x) = —5,2 (x) = 0,andg (x) = 10. 
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84, Find x where 9 (x) = 0,¢ (x) = 10, and g(x) = 15. 
= 


phe Bh be) 
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86. Find x where g (x) = 1, g (x) = O, and g (x) = —3. 


iy 


fae Sy Uh Slayer, ot 


87. Find x where g (x) = —4, 2 (x) = 3, andg (x) = 4. 
= 


88. Find x where g (x) = —5,2 (x) = —4,and g (x) = 4. 
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89. Find x where g (x) = —10 andg (x) = 5. 
y 


90. Find x where g (x) = 2. 


2.1 Relations, Graphs, and Functions 


319 


Chapter 2 Graphing Functions and Inequalities 


= PA) os 


The value of a certain automobile in dollars depends on the number of years 
since it was purchased in 1970 according to the following function: 


Oil, 


92. 


93) 


94, 


Value 


12000 
11000 
10 000 
9000 
8000 
7000 
6000 
5000 
4000 
3000 
2000 
1000 


Value in Dollars 


0 5 10 15 20 25 30 35 40 
Years since 1970 


What was the value of the car when it was new in 1970? 
In what year was the value of the car at a minimum? 
What was the value of the car in 2005? 


In what years was the car valued at $4,000? 


Given the linear function defined by f (x) = 2x — 5, simplify the 
following. 


95. f (5) —f (3) 
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1D) 1G) 
97. f (x+2)-—f (2) 
98. f (x+7)-f (7) 


99. f (x +h) —f @) 
Cae) =) 
100. 
h 
101. Simplify sen given c (x) = 3x + 1. 
102, Simplify 2° PO sven p (x) = Tx — 3. 


h 


h 


103. Simplify given g (x) = mx + b. 


104. Simplify given g (x) = ax. 


PART C: DISCUSSION BOARD 


105. Who is credited with the introduction of the notation y = f (x)? Provide a 
brief summary of his life and accomplishments. 


106. Explain to a beginning algebra student what the vertical line test is and why it 
works. 


107. Research and discuss the life and contributions of René Descartes. 


108. Conduct an Internet search for the vertical line test, functions, and evaluating 
functions. Share a link to a page that you think others may find useful. 
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ANSWERS 


1. Domain: {3, 5,7, 9, 12}; range: {1, 2, 3, 4}; function: yes 
3. Domain: {7, 8, 10, 15}; range: {5, 6, 7, 8, 9}; function: no 
5. Domain: {5}; range: {0, 2, 4, 6, 8}; function: no 

7. Domain: {-4, -1, 0, 2, 3}; range: {1, 2, 3}; function: yes 
9. Domain: {-1, 0, 1, 2}; range: {0, 1, 2, 3, 4}; function: no 
11. Domain: {-2}; range: {-4, -2, 0, 2, 4}; function: no 

13. Domain: R; range: |-2. ~) ; function: yes 

15. Domain: (—-, —1| Ran ee; R: function: no 

17. Domain: (—0o, 0| ; range: |-1. ~) ; function: yes 
19. Domain: R: range: (—20, 3| ; function: yes 

21. Domain: RR; range: RR; function: yes 

23. Domain: |-5. —1] ; range: |-2. 2| : function: no 
25. Domain: RR; range: [0, | ; function: yes 

27. Domain: RR; range: JR; function: yes 

29. Domain: R; range: |-1. 1| ; function: yes 

31. Domain: |-8. 8| ; range: |-3. 3| : function: no 

33. Domain: R; range: |-8. co| ; function: yes 

6 9s) =] We O S565) =0 

37. g(-1) =5,g (0) = 3,g (+) =0 

39. f (-2) = -7,f (0) = -3,f (« -—3) = 2x-9 

a. g(—3) = -1,g (0) = 1,g (9x + 6) = & +5 


43. g (-5) = 25,2 (v3) = 3,g (x—5) = x* — 10x + 25 
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45. f (0) = —2,f (2) = 0,f &@ +2) =x? + 3x 

47. h(+) =31,h(4) = 28,h (2a - 1) = -64c° + 64a + 16 
a9, f (-1) = -2,f 0) =-Lf @—-1) = «/x -2 

51. g (0) = 2/2,g(-8) = 0,g(@ —8) = lal 

53. f(-D =O0fO=1f(¢c)=a +1 

55, f (x +h) =3x+3h-1 


57. f (x+h) =x> +2xhth> +xt+h+1 
59. f (x +h) =x? + 3hx? + 3h?x +h 


Gi. v= 14 

63 2 

_x=-s 

ey 

1 

65 =— 
= 5) 
6 — 


69. New: $22,000; 4 yrs old: $14,800 

1. fO)=5fQ=LfIFAM=5 

73. f (0) =O,f (2) =2,f (4) =0 

75. f (—4) = 3,f 0) =3,f (2) = 3 

Te ph (—2) = (2) = 3S a) = 4 

79. f (-8) = 10,f (0) = 0,f (8) = 10 

81. g(—4) = 3,g¢(2) =0,and g (6) = —2. 

poe (Oe | o—= Orandee (15) =e 
g(-5) = 10 and g (25) = 10 

eS, Sl=2) = =o, 82) = 4 aie el) 
g(-5) =4 and g(1)=4 

87. g(—2) = —4,2(-1) =3,g(0) =4 

89. g(—10) = -10 and g (5) = -10; 
g (-5) =) nd 2 (0) 5 
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2.2 Linear Functions and Their Graphs 


18. The variable that determines 


1 


9. 


the values of other variables. 
Usually we think of the x-value 
of an ordered pair (x, y) as the 
independent variable. 


The variable whose value is 
determined by the value of the 
independent variable. Usually 
we think of the y-value of an 
ordered pair (x, y) as the 
dependent variable. 


LEARNING OBJECTIVES 


Graph a line by plotting points. 

Determine the slope of a line. 

Identify and graph a linear function using the slope and y-intercept. 
Interpret solutions to linear equations and inequalities graphically. 


BW NH Ff 


A Review of Graphing Lines 


Recall that the set of all solutions to a linear equation can be represented on a 
rectangular coordinate plane using a straight line through at least two points; this 
line is called its graph. For example, to graph the linear equation 8x + 4y = 12 we 
would first solve for y. 


8x + 4y=12 Subtract 8x on both sides. 
4y=-8x+12 Divide both sides by 4. 
—8x + 12 
= —— Simplify. 
_ —8x : 12 
4 4 
y=-2x4+3 


Written in this form, we can see that y depends on x; in other words, x is the 
independent variable™* and y is the dependent variable’’. Choose at least two x- 
values and find the corresponding y-values. It is a good practice to choose zero, 
some negative numbers, as well as some positive numbers. Here we will choose five 
x values, determine the corresponding y-values, and then form a representative set 
of ordered pair solutions. 
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y=—2(-2)4+3=443=7 


y=—2(-1)+3=243=5 


Plot the points and draw a line through the points with a straightedge. Be sure to 
add arrows on either end to indicate that the graph extends indefinitely. 


y 


The resulting line represents all solutions to 8x + 4y = 12, of which there are 
infinitely many. The above process describes the technique for graphing known as 
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20. 


2 


rae 


2 


iS) 


23. 


24, 
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A way of determining a graph 
using a finite number of 
representative ordered pair 
solutions. 


. The incline of a line measured 


as the ratio of the vertical 
change to the horizontal 
change, often referred to as 
“rise over run.” 


. The vertical change between 


any two points on a line. 


The horizontal change between 
any two points on a line. 


The slope of the line through 
the points (x1 Ji ) and 
(x2 Yo ) is given by the 


y27)1 
XI=HA . 


formulam = 


plotting points”’. This technique will be used to graph more complicated functions 
as we progress in this course. 


The steepness of any incline can be measured as the ratio of the vertical change to 


> which 


the horizontal change. For example, a 5% incline can be written as TET 


means that for every 100 feet forward, the height increases 5 feet. 


In mathematics, we call the incline of a line the slope”’, denoted by the letter m. 
The vertical change is called the rise” and the horizontal change is called the 
run”’, Given any two points (xy iV ) and (x2 , V2 i, we can obtain the rise and run 
by subtracting the corresponding coordinates. 


(X55) 


S.-Y, 


(4141) rise 


xX, — 
run 


This leads us to the slope formula”. Given any two points (xy I ) and (x2, 7) ), 
the slope is given by: 


rise yy—-y, _ Ay << Changeiny 


run X29 —Xy Ax =< Change inx 


The Greek letter delta (A) is often used to describe the change in a quantity. 

A 
Therefore, the slope is sometimes described using the notation =, which 
represents the change in y divided by the change in x. 
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Example 1 
Find the slope of the line passing through (-3, -5) and (2, 1). 
Solution: 


Given (-3, -5) and (2, 1), calculate the difference of the y-values divided by the 
difference of the x-values. Take care to be consistent when subtracting the 
coordinates: 


(x1, 91) (x2, V2) 


Woy = Vi 
m= 
X2—-X1 
Wea) 
23) 
els 
3 
ute 
a5 


It does not matter which point you consider to be the first and second. 
However, because subtraction is not commutative, you must take care to 
subtract the coordinates of the first point from the coordinates of the second 
point in the same order. For example, we obtain the same result if we apply the 
slope formula with the points switched: 
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(%1, 91) (2, yo) 


(2,1) (—3,-5) 

i a 
XQ — Xj 

_-5-1 
=) 
_ 6 
5 
_6 
a5 


Answer: ™ = : 


Verify that the slope is oby graphing the line described in the previous example. 


Run 


Certainly the graph is optional; the beauty of the slope formula is that, given any 
two points, we can obtain the slope using only algebra. 
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Example 2 


Find the y-value for which the slope of the line passing through (6, —3) and 
(-9, y) is — = : 


Solution: 


Substitute the given information into the slope formula. 


Slope (41,91) (x2, y2) 
m=—— (6, -3) (9, y) 
| 
5 Se 
ea) 
3° -9-6 
_2_yt3 
3. 15 
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Answer: y = 7 


There are four geometric cases for the value of the slope. 


Case 1 - Positive Slope Case 2 - Negative Slope 


oe 
m>0 m<0 


Reading the graph from left to right, lines with an upward incline have positive 
slopes and lines with a downward incline have negative slopes. The other two cases 
involve horizontal and vertical lines. Recall that if k is a real number we have 


y=k Horizontal Line 


x=k Vertical Line 


For example, if we graph y = 2 we obtain a horizontal line, and if we graph x = —4 
we obtain a vertical line. 


6 $5 4 3. 2) = 1 2 3 4 5 6 


From the graphs we can determine two points and calculate the slope using the 
slope formula. 
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Horizontal Line Vertical Line 


(x1, y1) (x2, Y2) (x1, y1) (x2, yy) 
(—3, 2) (35.2) (-4,-1)  (-4, 1) 


21 

~~ X9—X] 
1-(-1) 

~ —4—-(—4) 
1+1 
—4+44 


Undef ined 


Notice that the points on the horizontal line share the same y-values. Therefore, the 
rise is zero and hence the slope is zero. The points on the vertical line share the 
same x-values. Consequently, the run is zero, leading to an undefined slope. In 
general, 


Case 3 - Zero Slope Case 4 - Undefined Slope 


= 
<< m 
Hn =6 undefined 


Horizontal Line f . 
Vertical Line 


Linear Functions 


Given any linear equation in standard form”, ax + by = c, we can solve for y to 
obtain slope-intercept form”, y = mx + b. For example, 


25. Any nonvertical line can be 
written in the standard form 


ax + by=c. 


26. Any nonvertical line can be 
written in the form 
y = mx + b, where mis the 
slope and (0, b) is the y- 
intercept. 
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3x — 4y=8 < Standard Form 
—4y=-3x+ 8 

_ =Sk 

= 
=k 2 8 

ae eae 

3 
y= 7 x-2 << Slope-Intercept Form 
Where x = (), we can see that y = —2 and thus (0, —2) is an ordered pair solution. 


This is the point where the graph intersects the y-axis and is called the y- 
intercept’’. We can use this point and the slope as a means to quickly graph a line. 


For example, to graph y = - x — 2, start at the y-intercept (0, —2) and mark off 
the slope to find a second point. Then use these points to graph the line as follows: 


@ ee anid 


(0,-2) 


Slope 
3 rise 
n=- =— 
4 run 


The vertical line test indicates that this graph represents a function. Furthermore, 
the domain and range consists of all real numbers. 


27. The point (or points) where a 
graph intersects the y-axis, 
expressed as an ordered pair 
(0, y). 
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In general, a linear function”® is a function that can be written in the form 


F(x) = mx + bLinear Function 


where the slope m and b represent any real numbers. Because y = f (x), we can use 
y and f (x) interchangeably, and ordered pair solutions on the graph (x, y) can be 
written in the form es f (x)) : 


(wy) = — (%&f0)) 


We know that any y-intercept will have an x-value equal to zero. Therefore, the y- 
intercept can be expressed as the ordered pair (0, va (0)) .For linear functions, 


f O)=m(0) +b 
=b 


Hence, the y-intercept of any linear function is (0, b) .To find the x-intercept”’, 
the point where the function intersects the x-axis, we find x where y = 0 or 


f (x) = 0. 


28. Any function that can be 
written in the form 


f(x) =mx+b 


29. The point (or points) where a 
graph intersects the x-axis, 
expressed as an ordered pair 
(x, 0). 
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Example 3 


Graph the linear function f(x) = — = x + 6and label the x-intercept. 


Solution: 


From the function, we see that f (0) = 6 (or b = 6) and thus the y-intercept is 
(0, 6). Also, we can see that the slope m = — S = >. = aan Starting from the 
y-intercept, mark a second point down 5 units and right 3 units. Draw the line 
passing through these two points with a straightedge. 


To determine the x-intercept, find the x-value where the function is equal to 
zero. In other words, determine x where f (x) = 0. 


& 
Il 


Lo] Mn wlwN 
= 
II 
— ee 
2 wlw 
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Therefore, the x-intercept is (= : 0) .The general rule is to label all important 


points that cannot be clearly read from the graph. 


Answer: 
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Example 4 


Determine a linear function that defines the given graph and find the x- 
intercept. 


Solution: 


We begin by reading the slope from the graph. In this case, two points are given 
and we can see that, 


In addition, the y-intercept is (0, 3) and thus b = 3. We can substitute into the 
equation for any linear function. 


g(x)= mx +b 
a! 
gQ)=- 543 


To find the x-intercept, we set g (x) = O and solve for x. 
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& 
Il 


fo 
N | 
eee 
WLM Wld 
tay 
I| 
Nl oamNT 
N | 
Se 
(ee) 


Answer: g (x) = — = x + 3. x-intercept: (+ é 0) 


Next, consider horizontal and vertical lines. Use the vertical line test to see that any 
horizontal line represents a function, and that a vertical line does not. 


Pass Fail 


-6 -5 -4 -3 -2 -l i] 2 p 4 5 6 


Function: Yes Function: No 


Given any horizontal line, the vertical line test shows that every x-value in the 
domain corresponds to exactly one y-value in the range; it is a function. A vertical 
line, on the other hand, fails the vertical line test; it is not a function. A vertical line 
represents a set of ordered pairs where all of the elements in the domain are the 
same. This violates the requirement that functions must associate exactly one 
element in the range to each element in the domain. We summarize as follows: 
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i Horizontal Line | Vertical Line 


x-intercept: 


y-intercept: 


Domain: 


° 
“ 


A horizontal line is often called a constant function. Given any real number c, 


Ff @) = cConstant Function 
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Example 5 

Graph the constant function g (x) = —2 and state the domain and range. 
Solution: 

Here we are given a constant function that is equivalent to y = —2. This 


defines a horizontal line through (0, —2) . 


Answer: Domain: R; range: {—2} 


Try this! Graph f (x) = 3x — 2 and label the x-intercept. 


Answer: 


(click to see video) 
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Linear Equations and Inequalities: A Graphical Interpretation 


We can use the ideas in this section to develop a geometric understanding of what it 
means to solve equations of the form f (x) = g (x), where f and g are linear 
functions. Using algebra, we can solve the linear equation ~ x + 1 = 3as follows: 


eo 
an 


1 
=~ x=2 


me N 


(2) 5 x=)2 
x=4 


The solution to this equation is x = 4. Geometrically, this is the x-value of the 
intersection of the two graphs f (x) = x + land g (x) = 3. The idea is to graph 
the linear functions on either side of the equation and determine where the graphs 
coincide. 
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Example 6 


Graph f (x) = ‘ x + land g(x) = 3 onthe same set of axes and determine 
where f (x) = g(x). 


Solution: 


Here f is a linear function with slope +and y-intercept (0,1). The function g is a 


constant function and represents a horizontal line. Graph both of these 
functions on the same set of axes. 


From the graph we can see that f (x) = g (x) where x = 4. In other words, 
ax 1 = 3where x = 4. 


Answer: x = 4 


We can extend the geometric interpretation a bit further to solve inequalities. For 
example, we can solve the linear inequality “ x +1 > 3 using algebra, as follows: 
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1 
ees 
a 
1 
eee) 
a= 
1 


2) 5 *2@)2 


x>4 


The solution set consists of all real numbers greater than or equal to 4. 
Geometrically, these are the x-values for which the graph f (x) = ~ x + llies 
above the graph of g (x) = 3. 


Example 7 


Graph f (x) = - x + land g (x) = 3 onthe same set of axes and determine 
where f (x) > g(x). 


Solution: 


On the graph we can see this shaded. 


From the graph we can see that f (x) > g(x) or Z x+1 > 3where x > 4. 


Answer: The x-values that solve the inequality, in interval notation, are [4, 20) : 
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KEY TAKEAWAYS 


2.2 Linear Functions and Their Graphs 


We can graph lines by plotting points. Choose a few values for x, find the 
corresponding y-values, and then plot the resulting ordered pair 
solutions. Draw a line through the points with a straightedge to 
complete the graph. 

Given any two points on a line, we can calculate the slope algebraically 
rise =) Yaya) ay 

run x2—-X1 (Nx © 

Use slope-intercept form y = mx + b to quickly sketch the graph of a 


using the slope formula, m = 


line. From the y-intercept (0, b) , mark off the slope to determine a 
second point. Since two points determine a line, draw a line through 
these two points with a straightedge to complete the graph. 

Linear functions have the form f (x) = mx + b, where the slope m 
and b are real numbers. To find the x-intercept, if one exists, set 

Ff (x) = O and solve for x. 

Since y = f (x) we can use y and f (x) interchangeably. Any point on 
the graph of a function can be expressed using function notation 


Ri) 
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TOPIC EXERCISES 
PART A: GRAPHING LINES BY PLOTTING POINTS 
Find five ordered pair solutions and graph. 
Ie i= 3%—6 
2, y=2x-4 
3 y= —5x4+ 15 


4. y= —3x+ 18 
1 


5. y= zxt8 
6 y= ex4+2 
7 y=-2x4+1 
8 y=-sx4+4 
9 y=ix 

10. y=-2x 
tine — 0 

12, x=—1 


13. 6x+3y = 18 
14. 8x —2y = 16 
15. —2x+4y =8 
16. —x+3y= 18 


1 lees 
WH, 5A = ya 
1 2 ae 
iia a) = 2 
19. x+y =0 
20. -x+y=0 
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Find the slope of the line passing through the given points. 
21, (—2, —4) and (1, —1) 
22. (—3, 0) and (3, 4) 
. (—3.q)and(—3,3) 
24. (—4, —3) and (—2, —3) 
25. (9,—5) and (9, -6) 


Find the y-value for which the slope of the line passing through given 
points has the given slope. 


27, m= 3; (6,10), (-4,y) 
Apso (Caan 
2, m= —4; (—2,5),(—1.y) 
30. m = 3; (1,—2), (-2,y) 
Te Te Ces) eS) 


322. m= — 3; (—1,y), (-4,5) 


Given the graph, determine the slope. 
y 


33), 
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34. 


Bib 


36. 
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Sie 


38. 


39. 
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PART B: LINEAR FUNCTIONS 


Find the x- and y-intercepts and use them to graph the following 


functions. 
41. 6x —3y = 18 
42, 8x —2y=8 


OS, =v ae [hy = 6 
44, —2x —6y = 8 


45, x—2y=5 
46. —x+3y=1 
a7 2k oy = 2 
48. 5x -—4y =2 
49. 9x — 4y = 30 
50. —8x + 3y = 28 
1 leew 
Sl att Sy 3 
52. tx-fFy=3 
7 Dees ata 
5% Gs Fo = 3e 
1 lee eee 
54, ee en a 
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55, -ixtiy=% 
56. axt+ty=F 
57, y=-fx+s 

8, y= 2x—3 

5°. y=sx+5 

60. y=ix+1 


Graph the linear function and label the x-intercept. 
61. f (x) = —5x4+ 15 
62. f (x) = —2x+ 6 
63. f (x) =-—x-2 


64. f(x) =x+3 

65. f (x) = 7x+2 
66. f (x) = 2x4 10 
o7. f(x) = 2x+2 
6. f(x) =2x-3 


6. f(x) =—-2x4+2 


Hl p08) a 2 
PLCS) 


Determine the linear function that defines the given graph and find the 
x-intercept. 
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T3o 


74, 


1D: 
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76. 


SASS S Si GI 4 St) Ss 


is 


78. 
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15 
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79. 
10 
8 

x 

3 2-1 | 1 2 3 4 5 6 7 

-2 
-4 
80. | 2 


PART C: A GRAPHICAL INTERPRETATION OF LINEAR 


EQUATIONS AND INEQUALITIES 


Graph the functions f and g on the same set of axes and determine 
where f (x) = g (X) . Verify your answer algebraically. 


a1. f(x) = 5x-3,g@) =1 
82. f (x) = 

83. f (x)= 3x = 2,2) = —5 
84, 7 (X= x4 2,2 (x) = 3 
85. f(x) =—-2x+4,¢() =2 


x+2,g(%) =-1 
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86. f (x) =-2x+6,g(x) =1 
87. f (x) = 3x —2,g8(%) = —2x +3 
88. f (x) = —x+6,2g(x) =x4+2 
so. f(x) =—-4tx,g(@@)=-Zx41 


90. f(x) = 2x-1g@)=-Fx-3 
Graph the functions f and g on the same set of axes and determine 
where f (x) > g (X). Verify your answer algebraically. 

Slag (a) — 90) 2 (x) — 

92 f(x) ==, Xie 


93, f (x) = $x-3,g() =-3 


o4. f(x) = 2x4+2,9(%) =-1 

95. f(x) = -x+1,g(@) =—-3 

96. f (x) = —4x+4,2(%) =8 

97. f(x) =x-2,eg(%) =-x4+4 

98. f (x) =4x-5,g(%) =x4+1 
Graph the functions f and g on the same set of axes and determine 
where f (x) < g (X). Verify your answer algebraically. 

99, f &%) =x + 5,20) =—!1 

100; fa G3 — 32 (0 


101. f (x) = - 2 x,g() = -8 
102. f (x) = —2x+6,g(~) = -3 


2 
103. f (x) = 7x+1,g(%) =0 
104. f (x) = x- 6,8 (x) =0 
105. f (%) = ¢x+2,g@)=-Fx 
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106. f (x) = $x+3,g(@) =-Fx-3 


PART D: DISCUSSION BOARD 


107. Do all linear functions have y-intercepts? Do all linear functions have x- 
intercepts? Explain. 


108. Cana function have more than one y-intercept? Explain. 


109. How does the vertical line test show that a vertical line is not a function? 
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ANSWERS 
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ey SLIDE ASIAN Pay 


-30.-25 -20.-15 -10. -S_y 
~2 
-3 
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iS}, 


iS), 
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19), 

Ail, il 
1 

DS. 5) 


25. Undefined 
27. y= —5 
2 a 


31. y=—4 


33. M = 


wl 


35. M = — 


37, NM = 


SO wa 


39. M = 
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-10-9 -8 -7-6 “5 4-3 2-1, 4.5.6.7.8.9.10 
~2 
~3 
-4 
5 


Al. 


43. 


45. 
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47. 


49, 


Sil, 
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Bi), 


61. 


63. 
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65. 


67. 


69. 
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73. f (x) =x+1; (-1,0) 
75. f (x) =— 4x; (0,0) 
77. f (x) = —9; none 

79. f (x) = ¢x+ 1;(-3,0) 


ee 
so —— 
85 =o 
eee — al 
89. = "3 
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105. (—x», —3) 
107. Answer may vary 


109. Answer may vary 
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2.3 Modeling Linear Functions 


LEARNING OBJECTIVES 


1. Determine the equation of a line given two points. 
2. Determine the equation of a line given the slope and y-intercept. 
3. Find linear functions that model common applications. 


Equations of Lines 


Given the algebraic equation of a line, we can graph it in a number of ways. In this 
section, we will be given a geometric description of a line and find the algebraic 
equation. Finding the equation of a line can be accomplished in a number of ways. 
The following example makes use of slope-intercept form, y = mx + D, or using 
function notation, f (x) = mx + b. If we can determine the slope, m, and the y- 
intercept, (0, b), we can then construct the equation. 
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2.3 Modeling Linear Functions 


Example 1 
Find the equation of the line passing through (-3, 6) and (5 : —4) : 
Solution: 


We begin by finding the slope. Given two points, we can find the slope using the 
slope formula. 


(x1, ¥1) (2, yo) 
(-3,6) (5,—-4) 


Herem = — >and we have 


f@=mx +b 
f@=- > xb 
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To find b, substitute either one of the given points through which the line 
passes. Here we will use (-3, 6), but (5: —4) would work just as well: 


f@=- at Use (bei) = (-3, 6) 
6=-3 (-—3) +b 
6= > +b 
-4 
24-1 
4 =p 
7=b 


Therefore, the equation of the line passing through the two given points is: 


f@=mx +b 
oe 
f@=- Suh 


Answer: f (x) = —>x+ 4 


Next, we outline an alternative method for finding equations of lines. Begin by 


applying the slope formula with a given point (x;, y, ) and a variable point (x, y). 
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: as 
m= 
X—X{ 
i = 
| Cross multiply. 
1 x«-x 
m(x—-x)=y-y, Apply the symmetric property. 


y— yy =m(x - x1) 


Therefore, the equation of a nonvertical line can be written in point-slope form”: 


y-y, = m(x-x)  Point-slope form. 


Point-slope form is particularly useful for finding the equation of a line given the 
slope and any ordered pair solution. After finding the slope, — >in the previous 
example, we could use this form to find the equation. 


Point Slope 
(x 1>¥1 ) 


(-3, 6) m=—-— 


Substitute as follows. 


30. Any nonvertical line can be 
written in the form 
yyy = m(x-x1), 
where m is the slope and 
(x1, Y,)is any point on the 
line. 
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y-yy=m(x- x1) 


y — (6)=- = (x- (-3)) Solve fory. 


5 
y-6=- rr (x + 3) Distribute. 
5 15 
yr 6=- q x a 
5 15 
=—-—x-—+6 
ee Waar wal 
2 " 9 
a ge og 
Notice that we obtain the same linear function f (x) = — 2x + - ‘ 


Note: Sometimes a variable is not expressed explicitly in terms of another; 
however, it is still assumed that one variable is dependent on the other. For 
example, the equation 2x + 3y = 6 implicitly represents the function 

f@=- S x + 2.You should become comfortable with working with functions in 


either form. 
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Example 2 


Find the equation of the following linear function: 


Solution: 


From the graph we can determine two points (-1, -2) and (4, 1). Use these points 
to read the slope from the graph. The rise is 3 units and the run is 5 units. 


—— 
Rise >! 
3 units 


Therefore, we have the slope and a point. (It does not matter which of the given 
points we use, the result will be the same.) 


Point Slope 


Clee 
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Use point-slope form to determine the equation of the line. 


y-yy=m(x- x1) 


y- (-9=5 (x -— (-1)) Solve for y. 


3 
y+2== tl) 
3 3 
Q=ix4+2 
y+ Bu a 
3 3 
= ee) 
y gn 5 
ee! 
5 ans 


Answer: f (x) = 2x - t 


Recall that parallel lines*’ are lines in the same plane that never intersect. Two 
non-vertical lines in the same plane with slopes m, and my are parallel if their 
slopes are the same, m, = m2. 


31. Lines in the same plane that do 
not intersect; their slopes are 
the same. 
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Example 3 


Find the equation of the line passing through (3, —2) and parallel to 
x —2y = —2. 


Solution: 


To find the slope of the given line, solve for y. 


x —2y=-2 
—2y=-x -2 
=k =2 
= 
oz, 2 
TE) 
y=rx+1 


Here the given line has slope m = sand thus the slope of a parallel line 


my = ‘ .The notation m) reads “m parallel.” Since we are given a point and 


we now have the slope, we will choose to use point-slope form of a line to 
determine the equation. 


Point Slope 


1 
(33 —2) mM = 7 
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32. Lines in the same plane that 
intersect at right angles; their 
slopes are opposite reciprocals. 


33. Used when referring to 
opposite reciproacals. 


34. Two real numbers whose 
product is -1. Given a real 
number a the opposite 


: 3 b 
reciprocal is — 7 . 
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y-y,;=ma-x,) ~~ Point-Slopeform 


1 
y- (Das &-3) 


| 2 
pone aor 
Rae en 
i 4 

Pee age 
a iD 
i 
==, — — 
i ao 


Answer: f (x) = +x—-— 4 


It is important to have a geometric understanding of this question. We were asked 
to find the equation of a line parallel to another line passing through a certain 
point. 


Through the point (3, —2) we found a parallel line,y = Z. x- = shown as a dashed 


line. Notice that the slope is the same as the given line, y = ~ x + 1, but the y- 
intercept is different. 


Recall that perpendicular lines” are lines in the same plane that intersect at right 
angles (90 degrees). Two nonvertical lines, in the same plane with slopes m, and 
my, are perpendicular if the product of their slopes is -1,m, - m2 = —1.Wecan 
solve for m; and obtainm, = — — .In this form, we see that perpendicular lines 


have slopes that are negative reciprocals*’, or opposite reciprocals”. In general, 
given real numbers a and b, 
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fae] then m, = — — 
b a 


The mathematical notation m, reads “m perpendicular”. For example, the opposite 
reciprocal of m = — is my = - .We can verify that two slopes produce 


perpendicular lines if their product is -1. 
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Example 4 


Find the equation of the line passing through (-5 ; —2) and perpendicular to 


x+4y=4. 


Solution: 


To find the slope of the given line, solve for y. 


The given line has slope m = — -, and thus, m, = + - = 4 Substitute this 


slope and the given point into point-slope form. 


Point Slope 
(-5, —2) Mm, = 4 
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y-yy=m(x - x1) 
y— (-2)=4(x- (-5)) 
yt+2=4(x+5) 
y+5=4x + 20 
y=4x+ 18 


Answer: f (x) = 4x+ 18 


Geometrically, we see that the line y = 4x + 18, shown as a dashed line in the 
graph, passes through (-5 ; —2) and is perpendicular to the given line 
y=- <x +1. 


Try this! Find the equation of the line passing through (-5 : —2) and 


perpendicular to 7 x- - y= 2. 
By ee eee 
Answer: y = — 5 x 5) 


(click to see video) 
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35. Using data to find 
mathematical equations that 
describe, or model, real-world 
applications. 


2.3 Modeling Linear Functions 


Modeling Linear Applications 


Data can be used to construct functions that model real-world applications. Once an 
equation that fits given data is determined, we can use the equation to make certain 
predictions; this is called mathematical modeling”. 


Example 5 


The cost of a daily truck rental is $48.00, plus an additional $0.45 for every mile 
driven. Write a function that gives the cost of the daily truck rental and use it 
to determine the total cost of renting the truck for a day and driving it 60 miles. 


Solution: 


The total cost of the truck rental depends on the number of miles driven. If we 
let x represent the number of miles driven, then 0.45x represents the variable 
cost of renting the truck. Use this and the fixed cost, $48.00, to write a function 
that models the total cost, 


C (x) = 0.45x + 48 


Use this function to calculate the cost of the rental when x = 60 miles. 


C (60) =0.45 (60) + 48 
=27 + 48 
=5 


Answer: The total cost of renting the truck for the day and driving it 60 miles 
would be $75. 
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We can use the model C (x) = 0.45x + 48 to answer many more questions. For 
example, how many miles can be driven to keep the cost of the rental at most $66? 
To answer this question, set up an inequality that expresses the cost less than or 


equal to $66. 


C (x) < $66 
0.45x + 48 < 66 


Solve for x to determine the number of miles that can be driven. 


0.45x + 48 < 66 
0.45x < 18 
x<40 


To limit the rental cost to $66, the truck can be driven 40 miles or less. 
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Example 6 


A company purchased a new piece of equipment for $12,000. Four years later it 
was valued at $9,000 dollars. Use this data to construct a linear function that 
models the value of the piece of equipment over time. 


Solution: 


The value of the item depends on the number of years after it was purchased. 
Therefore, the age of the piece of equipment is the independent variable. Use 
ordered pairs where the x-values represent the age and the y-values represent 
the corresponding value. 


(age, value ) 


From the problem, we can determine two ordered pairs. Purchased new (age = 
0), the item cost $12,000, and 4 years later the item was valued at $9,000. 
Therefore, we can write the following two (age, value ) ordered pairs: 


(0, 12,000) and (4,9,000) 


Use these two ordered pairs to construct a linear model. Begin by finding the 
slope m. 
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Lem | 

AG) > 36) 

_ 9,000 — 12,000 
hea 
_ -3,000 

= aie 
=~750 


m= 


Here we have m = -750. The ordered pair (0, 12,000) gives the y-intercept; 
therefore, b = 12,000. 


y=mx +b 
y=—750x + 12,000 


Lastly, write this model as a function which gives the value of the piece of 
equipment over time. Choose the function name V, for value, and the variable t 
instead of x to represent time in years. 


V@ = —750t + 12,000 


Answer: V (t) = —750t + 12,000 


The function V (t) = —750t + 12,000called a linear depreciation model”. It 
uses a linear equation to expresses the declining value of an item over time. Using 
this function to determine the value of the item between the given data points is 


called interpolation”’. For example, we can use the function to determine the value 
of the item where t = 2, 


36. A linear function used to 
describe the declining value of 
an item over time. 


37. Using a linear function to 
estimate a value between given 
data points. 
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V (2)=—750 (2) + 12,000 
= 10,500 


The function shows that the item was worth $10,500 two years after it was 
purchased. Using this model to predict the value outside the given data points is 
called extrapolation*®. For example, we can use the function to determine the 
value of the item when tf = 10: 


V (10) =—750 (10) + 12,000 
=—7,500 + 12,000 
=4,500 


The model predicts that the piece of equipment will be worth $4,500 ten years after 
it is purchased. 


Value 


interpolation 


Value in Dollars 


0 2 4 6 8 10 12 14 16 
Years After Purchase 


In a business application, revenue results from the sale of a number of items. For 
example, if an item can be sold for $150 and we let n represent the number of units 
sold, then we can form the following revenue function”: 


38. Using a linear function to 
estimate values that extend 
beyond the given data points. 

R(n) = 150n 

39. A function that models income 
based on a number of units 
sold. 
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Use this function to determine the revenue generated from selling n = 100 units, 


R (100) = 150 (100) = 15,000 


The function shows that the revenue generated from selling 100 items is $15,000. 
Typically, selling items does not represent the entire story. There are a number of 
costs associated with the generation of revenue. For example, if there is a one-time 
set up fee of $5,280 and each item cost $62 to produce, then we can form the 
following cost function”®: 


C(n) = 62n + 5,280 


Here n represents the number of items produced. Use this function to determine 
the cost associated with producing n = 100 units: 


C (100) = 62 (100) + 5,280 = 11,480 


The function shows that the cost associated with producing 100 items is $11,480. 
Profit is revenue less costs: 


Profit=Revenue — Cost 
= 15,000 — 11,480 
=3,520 


40. A function that models the cost 
of producing a number of 
units. Therefore, the profit generated by producing and selling 100 items is $3,520. In 

general, given a revenue function R and a cost function C, we can form a profit 


ais nen iab ined. ie function” by subtracting as follows: 


profit as revenue less cost. 
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P(n) = R(n) -— C(n) 
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Example 7 


The cost in dollars of producing n items is given by the formula 

C (n) = 62n + 5,280.The revenue in dollars is given by R (n) = 150n, where 
n represents the number items sold. Write a function that gives the profit 
generated by producing and selling n items. Use the function to determine how 
many items must be produced and sold in order to earn a profit of at least 
$7,000. 


Solution: 


Obtain the profit function by subtracting the cost function from the revenue 
function. 


P(n)=R(n) — C(n) 
=150n — (62n + 5,280) 
= 150n — 62n — 5,280 
=88n — 5,280 


Therefore, P(n) = 88n + 5,280models the profit. To determine the number 
of items that must be produced and sold to profit at least $7,000, solve the 
following: 


P (n)=7,000 

88n — 5,280>7,000 
88n > 12,280 

n> 139.5 
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42. The point at which profit is 
neither negative nor positive; 
profit is equal to zero. 
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Round up because the number of units produced and sold must be an integer. 
To see this, calculate the profit where n is 139 and 140 units. 


P (139)=88 (139) — 5,280 = 6,952 
P (140) =88 (140) — 5,280 = 7,040 


Answer: 140 or more items must be produced and sold in order to earn a profit 
of at least $7,000. 


Sometimes the costs exceed the revenue, in which case, the profit will be negative. 
For example, use the profit function of the previous example, 
P (n) = 88n — 5,280, to calculate the profit generated where n = 50. 


P (50) = 88 (50) — 5,280 = -880 


This indicates that when 50 units are produced and sold the corresponding profit is 
a loss of $880. 


It is often important to determine how many items must be produced and sold to 
break even. To break even means to neither have a gain nor a loss; in this case, the 
profit will be equal to zero. To determine the breakeven point’, set the profit 
function equal to zero and solve: 


P (n)=88n — 5,280 


0=88n — 5,280 
5,280=88n 
60=n 


Therefore, 60 items must be produced and sold to break even. 
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Profit in Dollars 


Try this! Custom t-shirts can be sold for $6.50 each. In addition to an initial set- 
up fee of $120, each t-shirt cost $3.50 to produce. a. Write a function that 
models the revenue and a function that models the cost. b. Determine a 
function that models the profit and use it to determine the profit from 
producing and selling 150 t-shirts. c. Calculate the number of t-shirts that must 
be sold to break even. 


Answer: a. Revenue: R (x) = 6.50x; cost: C (x) = 3.50x + 120; b. profit: 
P (x) = 3x + 120; $330 c. 40 


(click to see video) 


KEY TAKEAWAYS 


* Given two points we can find the equation of a line. 
* Parallel lines have the same slope. 
* Perpendicular lines have slopes that are opposite reciprocals. In other 


words, ifm = +, then m 1 =— - : 
* To find an equation of a line, first use the given information to 
determine the slope. Then use the slope and a point on the line to find 
the equation using point-slope form. 
* To construct a linear function that models a real-world application, first 
identify the dependent and independent variables. Next, find two 
ordered pairs that describe the given situation. Use these two ordered 


pairs to construct a linear function by finding the slope and y-intercept. 
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TOPIC EXERCISES 


PART A: EQUATIONS OF LINES 


Find the linear function f passing through the given points. 
1, (1, 2) and (3, —4) 

2, (3, —2) and (—1, —4) 

3. (—5,—-6) and (—4, 2) 

4. (2, —7) and (3, —5) 

5. (10,—15) and (7, —6) 

6. (—9, 13) and (—8, 12) 

7. (—12, 22) and (6, —20) 

8. (6,—12) and (—4, 13) 


11. (—5, 10) and (—1, 10) 
12. (4,0) and (—7, 0) 


Find the equation of the given linear function. 


2.3 Modeling Linear Functions 389 


Chapter 2 Graphing Functions and Inequalities 


iS), 


14. 


iB), 
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16. 


iW, 


18. 
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iQ), 


20. 


Dilts 
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Ube 


Find the equation of the line: 


23. Paralleltoy = — = x+ + and passing through (—3, 4) . 
24. Paralleltoy = — - x- t and passing through (—8, —1). 


25. Paralleltoy = +X + 6 and passing through (2, —5) ’ 


26. Paralleltoy = +X =F = and passing through [Be 6) d 
27. Parallel to4x — Sy = 15 and passing through (—1, —2). 
28. Parallel to 3x — 4y = 2 and passing through (-6, 8) : 


29. Parallel to 2x + 12y = 9 and passing through (10, —9) . 
30. Parallel to 9x + 24y = 2 and passing through (—12, —4). 


2. 1 1 E 
31. Parallel to => x + > y = 7p and passing through (-15, 4) : 
32. Parallel to < ods = y = | and passing through (12, —11). 


33. Perpendicular to y = 5x + 2 and passing through (10, —5) : 


34, Perpendicular to y = —2x + | and passing through (—8, —11). 


35. Perpendicular to y = > x — 5 and passing through (5, —3) ; 


BIW wlw 


and passing through (-6, —4) : 


36. Perpendiculartoy = > x — 7 
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37. Perpendicular to 12x + 15y = 3 and passing through (i 15) : 


38. Perpendicular to 24x + 15y = 12 and passing through (2, —1). 
39. Perpendicular to 14x — y = 3 and passing through (7, 3). 


40. Perpendicular tox — y = 4 and passing through (6, —2) : 


41. Perpendicular to = x- 2 y = —1 and passing through (1, —1). 


42. Perpendicular to 7 Nao ~ y= 7 and passing through (-3, 6) : 
43. Give the equation of the line that coincides with the x-axis. 


44. Give the equation of the line that coincides with the y-axis. 


45. Given any line in standard form, ax + by = Cc, determine the slope of any 
perpendicular line. 


46. Given any line in standard form, ax + by = Cc, determine the slope of any 
parallel line. 


PART B: MODELING LINEAR APPLICATIONS 


Use algebra to solve the following. 


47. A company wishes to purchase pens stamped with the company logo. In 
addition to an initial set-up fee of $90, each pen cost $1.35 to produce. Write a 
function that gives the cost in terms of the number of pens produced. Use the 
function to determine the cost of producing 500 pens with the company logo 
stamped on it. 


48. Arental car company charges a daily rate of $42.00 plus $0.51 per mile driven. 
Write a function that gives the cost of renting the car for a day in terms of the 
number of miles driven. Use the function to determine the cost of renting the 
car for a day and driving it 76 miles. 


49. Acertain cellular phone plan charges $16 per month and $0.15 per minute of 
usage. Write a function that gives the cost of the phone per month based on 
the number of minutes of usage. Use the function to determine the number of 
minutes of usage if the bill for the first month was $46. 


50. A web-services company charges $2.50 a month plus $0.14 per gigabyte of 
storage on their system. Write a function that gives the cost of storage per 
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Bul, 


52. 


Boh, 


54, 


55) 


56. 


So 


58. 


month in terms of the number of gigabytes stored. How many gigabytes are 
stored if the bill for this month was $6.00? 


Mary has been keeping track of her cellular phone bills for the last two 
months. The bill for the first month was $45.00 for 150 minutes of usage. The 
bill for the second month was $25.00 for 50 minutes of usage. Find a linear 
function that gives the total monthly bill based on the minutes of usage. 


A company in its first year of business produced 1,200 brochures for a total 
cost of $5,050. The following year, the company produced 500 more brochures 
at a cost of $2,250. Use this information to find a linear function that gives the 
total cost of producing brochures from the number of brochures produced. 


A Webmaster has noticed that the number of registered users has been steadily 
increasing since beginning an advertising campaign. Before starting to 
advertise, he had 2,200 registered users, and after 4 months of advertising he 
now has 5,480 registered users. Use this data to write a linear function that 
gives the total number of registered users, given the number of months after 
starting to advertise. Use the function to predict the number of users 8 months 
into the advertising campaign. 


A corn farmer in California was able to produce 154 bushels of corn per acre 2 
years after starting his operation. Currently, after 7 years of operation, he has 
increased his yield to 164 bushels per acre. Use this information to write a 
linear function that gives the total yield per acre based on the number of years 
of operation, and use it to predict the yield for next year. 


A commercial van was purchased new for $22,500 and is expected to be 
worthless in 12 years. Use this information to write a linear depreciation 
function for the value of the van. Use the function to determine the value of 
the van after 8 years of use. 


The average lifespan of an industrial welding robot is 10 years, after which it is 
considered to have no value. If an industrial welding robot was purchased new 
for $58,000, write a function that gives the value of the robot in terms of the 
number of years of operation. Use the function to value the robot after 3 years 
of operation. 


A business purchased a piece of equipment new for $2,400. After 5 years of use 
the equipment is valued at $1,650. Find a linear function that gives the value of 
the equipment in terms of years of usage. Use the function to determine the 
number of years after which the piece of equipment will have no value. 


A salesman earns a base salary of $2,400 a month plus a 5% commission on all 
sales. Write a function that gives the salesman’s monthly salary in terms of 
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By), 


60. 


61. 


62. 


63. 


64. 


65. 


sales. Use the function to determine the monthly sales required to earn at least 
$3,600 a month. 


When a certain professor was hired in 2005, the enrollment at a college was 
8,500 students. Five years later, in 2010, the enrollment grew to 11,200 
students. Determine a linear growth function that models the student 
population in years since 2005. Use the model to predict the year in which 
enrollment will exceed 13,000 students. 


In 1980, the population of California was about 24 million people. Twenty years 
later, in the year 2000, the population was about 34 million. Use this data to 
construct a linear function to model the population growth in years since 1980. 
Use the function to predict the year in which the population will reach 40 
million. 


A classic car is purchased for $24,500 and is expected to increase in value each 
year by $672. Write a linear function that models the appreciation of the car in 
terms of the number of years after purchase. Use the function to predict the 
value of the car in 7 years. 


A company reported first and second quarter sales of $52,000 and $64,500, 
respectively. 


a. Write a linear function that models the sales for the year in terms of the 
quarter n. 
b. Use the model to predict the sales in the third and fourth quarters. 


A particular search engine assigns a ranking to a webpage based on the 
number of links that direct users to the webpage. If no links are found, the 
webpage is assigned a ranking of 1. If 20 links are found directing users to the 
webpage, the search engine assigns a page ranking of 3.5. a. Find a linear 
function that gives the webpage ranking based on the number of links that 
direct users to it. b. How many links will be needed to obtain a page ranking of 
Sih 


Online sales of a particular product are related to the number of clicks on its 
advertisement. It was found that 1,520 clicks in a month results in $2,748 of 
online sales, and that 1,840 clicks results in $2,956 of online sales. Write a 
linear function that models the online sales of the product based on the 
number of clicks on its advertisement. How many clicks would we need to 
expect $3,385 in monthly online sales from this particular product? 


A bicycle manufacturing business can produce x bicycles at a cost, in dollars, 
given by the formula C (x) = 85x + 2,400. The company sells each 
bicycle at a wholesale price of $145. The revenue, in dollars, is given by 

R (x) = 145x , where x represents the number of bicycles sold. Write a 
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function that gives profit in terms of the number of bicycles produced and 
sold. Use the function to determine the number of bicycles that need to be 
produced and sold to break even. 


66. The cost, in dollars, of producing n custom lamps is given by the formula 
C (n) = 28n + 360. Each lamp can be sold online for $79. The revenue in 
dollars, is given by R (n) = 79n, where n represents the number of lamps 
sold. Write a function that gives the profit from producing and selling n 
custom lamps. Use the function to determine how many lamps must be 
produced and sold to earn at least $1,000 in profit. 


67. A manufacturer can produce a board game at a cost of $12 per unit after an 
initial fixed retooling investment of $12,500. The games can be sold for $22 
each to retailers. 


a. Write a function that gives the manufacturing costs when n games are 
produced. 

b. Write a function that gives the revenue from selling n games to retailers. 

c. Write a function that gives the profit from producing and selling n units. 

d. How many units must be sold to earn a profit of at least $37,500? 


68. A vending machine can be leased at a cost of $90 per month. The items used to 
stock the machine can be purchased for $0.50 each and sold for $1.25 each. 


a. Write a function that gives the monthly cost of leasing and stocking the 
vending machine with n items. 

b. Write a function that gives the revenue generated by selling n items. 

c. Write a function that gives the profit from stocking and selling n items per 
month. 

d. How many items must be sold each month to break even? 


PART C: DISCUSSION BOARD 


69. Research and discuss linear depreciation. In a linear depreciation model, what 
do the slope and y-intercept represent? 


70. Write down your own steps for finding the equation of a line. Post your steps 
on the discussion board. 
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Sis 


Bi), 


61. 


655 


69. 


yal) 
m= 
C (x) = 1.35x + 90 ; $765 

C (x) = 0.15x + 16 ; 200 minutes 

C (x) = 0.20x + 15 

U (x) = 820x + 2,200 ; 8,760 users 
Vi Sar 22-500) - 67500 
V(t) = —150t + 2,400 ; 16 years 

P (x) = 540x + 8,500 ; 2013 

V (t) = 672t + 24,500 ; $29,204 


a. r(n) = 0.125n + 1; 
b. 32 links 


P (x) = 60x — 2,400 ; 40 bicycles 


. C(n) = 12n 4 12,500; 
2 IRD) =e 

. P(n) = 10n — 12,500; 
. at least 5,000 units 


fo fy (fr 


Answer may vary 
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2.4 Graphing the Basic Functions 


43. Any function of the form 
F(X) = c where cisa real 
number. 


44, The linear function defined by 


f@) =x. 


LEARNING OBJECTIVES 


Define and graph seven basic functions. 
Define and graph piecewise functions. 
Evaluate piecewise defined functions. 
Define the greatest integer function. 


BP WHY Ff 


Basic Functions 


In this section we graph seven basic functions that will be used throughout this 
course. Each function is graphed by plotting points. Remember that f (x) = y and 
thus f (x) and y can be used interchangeably. 


Any function of the form f (x) = c, where c is any real number, is called a constant 
function’’. Constant functions are linear and can be written f (x) = Ox + c. In this 
form, it is clear that the slope is 0 and the y-intercept is (0, c) . Evaluating any value 
for x, such as x = 2, will result in c. 


“6 5-4-3 2-41 [ 1 23 4 5 6 
citer siete erie Baw eet yen © Seine t+]: ae oe he ee Tee ee a 


The graph of a constant function is a horizontal line. The domain consists of all real 
numbers # and the range consists of the single value {c}. 


We next define the identity function” f (x) = x. Evaluating any value for x will 
result in that same value. For example, f (0) = Oandf (2) = 2. The identity 
function is linear, f (x) = 1x + 0, with slope m = | and y-intercept (0, 0). 
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45. The quadratic function defined 
byf@) =x - 


46. The curved graph formed by 
the squaring function. 


47. The cubic function defined by 


io =a: 


2.4 Graphing the Basic Functions 


The domain and range both consist of all real numbers. 


The squaring function”, defined by f (x) = x7, is the function obtained by 
squaring the values in the domain. For example, f (2) = (2) = 4and 


f(—-2= (-2) = 4. The result of squaring nonzero values in the domain will 
always be positive. 


“6 -—5 -4 -3 -2 =) 
or a ae eh ok Peon ie so 


The resulting curved graph is called a parabola*®. The domain consists of all real 
numbers FR and the range consists of all y-values greater than or equal to zero 


(0, 0) 


The cubing function”, defined by f (x) = x°, raises all of the values in the domain 
to the third power. The results can be either positive, zero, or negative. For 


example, f (1) = (1)° = 1,f (0) = (0) = Oandf (-1) = (-1P =-1. 
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48. The function defined by 


f@ = bil. 
49, The function defined by 


fx) = yx. 


2.4 Graphing the Basic Functions 


The domain and range both consist of all real numbers R. 


Note that the constant, identity, squaring, and cubing functions are all examples of 
basic polynomial functions. The next three basic functions are not polynomials. 


The absolute value function”’, defined by f (x) = xl, is a function where the 
output represents the distance to the origin on a number line. The result of 
evaluating the absolute value function for any nonzero value of x will always be 


positive. For example, f (—2) = I-2l = 2andf (2) = [2] = 2. 


“6 -5 -4 -3 -2 =] 2 3 : 
ete sie FRonis eos sieis Sele edd: t- =]- Pe bie setae ate ge ete ged Mier seestsieite es 


The domain of the absolute value function consists of all real numbers and the 
range consists of all y-values greater than or equal to zero (0, 20) P 


The square root function”’, defined by f (x) = x, is not defined to be a real 
number if the x-values are negative. Therefore, the smallest value in the domain is 


zero. For example, f (0) = Jo = Oandf (4) = /4 = 2, 
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The domain and range both consist of real numbers greater than or equal to zero 


(0, 00) : 


The reciprocal function”, defined by f (x) = 4 is a rational function with one 


restriction on the domain, namely x # (). The reciprocal of an x-value very close to 
zero is very large. For example, 


10 
f (10) = 1) ee Wa 
10 
1 100 
f (1/100) = (1) = ae a 
100 
f(1/1,000) = + — =1- — = 1,000 


In other words, as the x-values approach zero their reciprocals will tend toward 
either positive or negative infinity. This describes a vertical asymptote”’ at the y- 
axis. Furthermore, where the x-values are very large the result of the reciprocal 
function is very small. 


50. The function defined by 


f@=t. 


51. A vertical line to which a graph 
becomes infinitely close. 
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1 
f(10)= ico 
f (100) = a = 0.01 
1 
f (1000) = Toop = 0.001 


In other words, as the x-values become very large the resulting y-values tend 
toward zero. This describes a horizontal asymptote” at the x-axis. After plotting a 
number of points the general shape of the reciprocal function can be determined. 


Both the domain and range of the reciprocal function consists of all real numbers 
except 0, which can be expressed using interval notation as follows: 


(—20, 0) U (0, 20) : 


In summary, the basic polynomial functions are: 


52. A horizontal line to which a 
graph becomes infinitely close 
where the x-values tend 
toward +e, 
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53. A function whose definition 
changes depending on the 
values in the domain. 


54. A term used when referring to 


a piecewise function. 


2.4 Graphing the Basic Functions 


Constant Function Identity Function 


ee f(x)=x 


Cubing Function 


f(x)=x 7F\ixjex 


The basic nonpolynomial functions are: 


Absolute Value Function Square Root Function Reciprocal Function 


f(x)= |x| 


Piecewise Defined Functions 


A piecewise function”’, or split function™, is a function whose definition changes 
depending on the value in the domain. For example, we can write the absolute value 
function f(x) = Ixl as a piecewise function: 


x if x>0 
—-x if x<0 


f@ == 
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In this case, the definition used depends on the sign of the x-value. If the x-value is 
positive, x > 0, then the function is defined by f(x) = x. And if the x-value is 
negative, x < 0, then the function is defined by f(x) = —x. 


f (x)=-x 7 Pe J (a=% 


6-5 -4 3 -2 -l 
x<0 =A 


Following is the graph of the two pieces on the same rectangular coordinate plane: 


r(s)=! 
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2.4 Graphing the Basic Functions 


Example 1 
ees eit ox 0 
Graph: g(x) = ; ; 
Ay ta 210 
Solution: 


In this case, we graph the squaring function over negative x-values and the 
square root function over positive x-values. 


fe Yo x<0 


vx if x20 


Notice the open dot used at the origin for the squaring function and the closed 
dot used for the square root function. This was determined by the inequality 
that defines the domain of each piece of the function. The entire function 
consists of each piece graphed on the same coordinate plane. 


Answer: 
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When evaluating, the value in the domain determines the appropriate definition to 
use. 
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Example 2 


Given the function h, find h(—5), h(O), and h(3). 


7t+3 ift < 0 
h(t) = 5 . 
—16t° + 32tift > 0 


Solution: 


Use h(t) = 7t + 3where t is negative, as indicated by t < 0. 


h(t) =7t+5 

h(—5)=7(—5) + 3 
=-35+4+3 
=—32 


Where t is greater than or equal to zero, use h(t) = —16t? + 32t. 


h(0)=—16(0) + 32(0)h(3)= 16(3)? + 32(3) 
=0+4+0 =—144 + 96 
=0 =—48 


Answer: h(—5) = —32, h(O) = 0, and h(3) = —48 


2.4 Graphing the Basic Functions 
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Try this! Graph: f(x) = 


Answer: 


<i 4 4 4 
=6 SS =a Sj 


(click to see video) 


The definition of a function may be different over multiple intervals in the domain. 
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55. The function that assigns any 
real number x to the greatest 
integer less than or equal to x 


denoted f(x) = [x]. 


2.4 Graphing the Basic Functions 


Example 3 


x if x <0 
Graph: f(x)=4x if O<x<4. 
6 if x>4 


Solution: 


In this case, graph the cubing function over the interval (—, 0). Graph the 
identity function over the interval [0, 4]. Finally, graph the constant function 
f(x) = 6 over the interval (4, 0). And because f(x) = 6 where x > 4, we use 
an open dot at the point (4, 6). Where x = 4, we use f(x) = x and thus (4, 4) is 
a point on the graph as indicated by a closed dot. 


Answer: 


-12-10 -8 -6 -4 -2 2 4 6 98 10) 12 


The greatest integer function”’, denoted f(x) = [1], assigns the greatest integer 
less than or equal to any real number in its domain. For example, 


f(2.1)=[2.7] =2 
f(a)=[a] = 3 

f(0.23)=[0.23] = 0 

f(—3.5)=[-3.5] = —4 
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This function associates any real number with the greatest integer less than or 
equal to it and should not be confused with rounding off. 

Example 4 

Graph: f(x) = [x]. 

Solution: 


If x is any real number, then y = [x] is the greatest integer less than or equal 
to x. 


-l<x<0>5>y=[]=-1 
Oe | 
ey ey — 


Using this, we obtain the following graph. 


Answer: 
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The domain of the greatest integer function consists of all real numbers and the 
range consists of the set of integers Z. This function is often called the floor 
function® and has many applications in computer science. 


KEY TAKEAWAYS 


* Plot points to determine the general shape of the basic functions. The 
shape, as well as the domain and range, of each should be memorized. 

+ The basic polynomial functions are: f(x) = c,f(x) = x, f(x) = x?, 
and f(x) = x?. 

* The basic nonpolynomial functions are: f(x) = |x|, f(x) = / X, and 
f@= 5- 

* A function whose definition changes depending on the value in the 


domain is called a piecewise function. The value in the domain 
determines the appropriate definition to use. 


56. A term used when referring to 
the greatest integer function. 
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TOPIC EXERCISES 
PART A: BASIC FUNCTIONS 


Match the graph to the function definition. 


y 


a. 
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tgs Xe 

2, f(x) = x? 
i 
4. f(x) = |p 
By he) = ee 
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6. fx) = 4 
Evaluate. 

7. f(x) = x: find f(—10), f(0), and f(a). 

8. f(x) = x?; find f(—10),,f(0), and f(a). 

. f(x) = x3: find f(—10), f(0), and f(a). 

10. f(x) = |x|; find f(—10),f (0), and f(a). 

i. f(x) = «/x; find f(25), (0), and f(a) where a > 0. 

12. f(x) = +;find f(—10),f (+), and f(a)where a # 0. 

13. f(x) = 5; find f(—10),f(0), and f(a). 

14. f(x) = —12; find f(—12), f(0), and f(a). 


15. Graph f(x) = 5 and state its domain and range. 


\o 


16. Graph f(x) = —9 and state its domain and range. 


Cube root function. 


17. Find points on the graph of the function defined by f(x) = v/ X with x-values 
inthe set {-8, -1, 0; 1,3). 


18. Find points on the graph of the function defined by f(x) = v/ X with x-values 
in the set {-3, -2, 1, 2, 3}. Use a calculator and round off to the nearest tenth. 


19. Graph the cube root function defined by f(x) = 4/ X by plotting the points 


found in the previous two exercises. 


20. Determine the domain and range of the cube root function. 


Find the ordered pair that specifies the point P. 
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Ble 


DD, 


2.4 Graphing the Basic Functions 418 


Chapter 2 Graphing Functions and Inequalities 


23) 


24, 


PART B: PIECEWISE FUNCTIONS 


Graph the piecewise functions. 


ms 2 if x<0 

25. x)= 

© yo 0 

Tne x if 0 
; aif «= 0 
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; ity <0 
A) VE ifx >0 
Pa itiseee() 
BCS) = 
x ifx > 0 
HOS Palitive.< 2 
aes 
By ie Se 
tix = | 
eS VE ifx > 
x“ifx < -l 
21ee()— 
: {* ifx > -1 
Oe —3ifx < -l 
a2 (x 
2 2 Fige Sil 
“0 ihige << (0) 
33, 1) = 
—ifx>0 
i 
—ifx <0 
CC. = ae 
x ifx >0 
re ey eal) 
Sapa Oe ee 
—2ifx >2 
x ifx<-—-l 
3607) =o 4 1f-l <9 1 
a itx > | 
5 ifx < -—2 
ae) = a 
% hx 2 
ifx < —3 
gy ae) ie, (bal Mis eS I 
f/x ti Sl 
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39) (x) = 


x2 


ihe 0) 


wisn <2 


AM 2 
O ifx <0 


40. 110) = 
8 
41. f(x) = [x + 0.5] 
42. f(x) = [x] +1 
AS (X10 | 
4a (x) — 2x] 


Evaluate. 


x? 


iw <2 
ES a 


2 ifx <0 


x 
Ns Co) = 
I hae 


Find f(—5), (0), and f(3). 


ee 
46. f(x) = 
ae fie Ni ihbe 2a) 


Find f(—3), (0), and f(2). 


47 eX) — { 


Find g(—1), g(1), and g(4). 


48. 9(x) = { 


Find g(—3), g(—2), and g(—1). 
—5 
49 ix) — 


x2 


Find h(—2), h(O), and h(4). 


2.4 Graphing the Basic Functions 


ix 30) 


Sh) = hive <= Il 


yo 


Hic | 


ie tile = —O 
Ixl ifx > —2 


igen (0) 


2x—-31f0<x<2 


De 
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—3x ifx < 0 
50. A(x) = 4x? if0<x<4 
f/x ix 4 
Find h(—5), h(4), and h(25). 
Syl, 
f(x) = [x - 0.5] 
Find f(—2), (0), and f (3). 
Bn 


f(x) = [2x] + 1 
Find f(—1.2), f (0.4), and f(2.6). 


Evaluate given the graph of f. 


53. Findf(—4),f(—2), and f(0). 
54. 


2.4 Graphing the Basic Functions 


Chapter 2 Graphing Functions and Inequalities 


Find f(—3),f(O), and f(1). 


~1 -6 -5 -4 -3 -2 


55. Find/(0),f(2), and (4). 


56 
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~1 -6 -5 -4 -3 -2 


<1 


rind ( 5) Oi and (2). 


57. Find f(—3),f(—2), and f (2). 


58 
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Find f(—3), (0), and f(4). 


59. Find f(—2),f(0), and f(2). 


60 
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Find f(—3),f(1), and f(2). 


61. The value of an automobile in dollars is given in terms of the number of years 
since it was purchased new in 1975: 
Value 


12 000 
11000 
10000 
9000 
8000 
7000 
6000 
5000 
4000 
3000 
2000 
1000 


Value in Dollars 


0 5 10 15 20 25 30 35 40 
Years since 1975 
a. Determine the value of the automobile in the year 1980. 
b. In what year is the automobile valued at $9,000? 


62. The cost per unit in dollars of custom lamps depends on the number of units 
produced according to the following graph: 


2.4 Graphing the Basic Functions 426 


Chapter 2 Graphing Functions and Inequalities 


Cost Per Unit in Dollars 


0 100 200 300 400 500 600 700 8800 


Number of Units 
a. What is the cost per unit if 250 custom lamps are produced? 
b. What level of production minimizes the cost per unit? 


63. An automobile salesperson earns a commission based on total sales each 
month x according to the function: 


O103x-f 0 =~ <= 320,000 
Bx) =+ 0.05% if $20,000 <x = $50.000 
0.07x if x > $50,000 


a. If the salesperson’s total sales for the month are $35,500, what is her 
commission according to the function? 

b. To reach the next level in the commission structure, how much more in 
sales will she need? 


64. A rental boat costs $32 for one hour, and each additional hour or partial hour 
costs $8. Graph the cost of the rental boat and determine the cost to rent the 


boat for 4 + hours. 


PART C: DISCUSSION BOARD 


65. Explain to a beginning algebra student what an asymptote is. 


66. Research and discuss the difference between the floor and ceiling functions. 
What applications can you find that use these functions? 
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ANSWERS 


7. {(—10) = —10,f(0) = 0,f(a) = a 
9, f(—10) = —1,000 ,f(0) = 0, f(a) = @& 
i (CS) = SO SO) =e 
13, f(-10) = 5,f(0) = 5,f(a) =5 

¥ 


Tere ee a re ee ae ee ee ee ee ee ee 


‘ley nea R: nee {5} 


17. {(-8,-2), (-1,-1), (0,0), (1,1), (8,2)} 
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10-9 -8 -7 -6 —5 -4-3 -2 en oe we ee 


-7 -6 -5 -4 -3 -2 -1 


25. 3 
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-7 -6 -5 -4 -3 -2 - 


Qi 


ae), 


~6 -5 -4 -3 -2 - 


31. 
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S35) 


S15), 


BH 


2.4 Graphing the Basic Functions 


431 


Chapter 2 Graphing Functions and Inequalities 


Si), 


Al. 


43. 
A (8) = Ol = Chay s 
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61. 


63. 


2.4 Graphing the Basic Functions 


47. 


49. 


65. 


g(-1) = -7, gC) = I, and g(4) = 2 
h(—2) = —5,h(0) = —3, and h(4) = 16 
51. f(—2) = —3,f(0) = —1,andf(3) = 2 
53. f(-4) = 1,f(—2) = 1, andf(0) = 0 

55. f(0) = 0,f(2) = 8,andf(4) = 0 

57. f(-3) = 5,f(—2) = 4, and f(2) = 2 

59. f(-2) = -1,f(0) = 0, and f(2) = 1 


a. 
by 


a. 
b. 


$3,000; 
2005 


$1,775; 
$14,500 


Answer may vary 
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2.5 Using Transformations to Graph Functions 


57. A set of operations that change 
the location of a graph ina 
coordinate plane but leave the 
size and shape unchanged. 


58. A set of operations that change 
the size and/or shape of a 
graph in a coordinate plane. 


59. A rigid transformation that 
shifts a graph up or down. 


LEARNING OBJECTIVES 


1. Define the rigid transformations and use them to sketch graphs. 
2. Define the non-rigid transformations and use them to sketch graphs. 


Vertical and Horizontal Translations 


When the graph of a function is changed in appearance and/or location we call it a 
transformation. There are two types of transformations. A rigid transformation” 
changes the location of the function in a coordinate plane, but leaves the size and 
shape of the graph unchanged. A non-rigid transformation” changes the size 
and/or shape of the graph. 


A vertical translation” is a rigid transformation that shifts a graph up or down 
relative to the original graph. This occurs when a constant is added to any function. 
If we add a positive constant to each y-coordinate, the graph will shift up. If we add 
a negative constant, the graph will shift down. For example, consider the functions 
g(x) = x* — 3 and h(x) = x” + 3. Begin by evaluating for some values of the 
independent variable x. 


Now plot the points and compare the graphs of the functions g and h to the basic 
graph of f(x) = x”, which is shown using a dashed grey curve below. 
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g (x) = x°@3 _ shift down h(x) =x°@3 shift up 


y 


The function g shifts the basic graph down 3 units and the function h shifts the 
basic graph up 3 units. In general, this describes the vertical translations; if k is any 
positive real number: 


Vertical shift up k units: | F(x) = f(x) +k 


Vertical shift down k units: | F(x) = f(x) — k 
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Example 1 
Sketch the graph of g(x) = x +4, 
Solution: 


Begin with the basic function defined by f(x) = /x and shift the graph up 4 
units. 


Answer: 


TO OAS GT 6 Om im Dm” 


A horizontal translation” is a rigid transformation that shifts a graph left or right 
relative to the original graph. This occurs when we add or subtract constants from 
the x-coordinate before the function is applied. For example, consider the functions 
defined by g(x) = (x + 3)° and h(x) = (x — 3)’ and create the following tables: 


g(x) =(x+3) h(x) =(x-3) 


x | g(x) x | h(x) 
2 | a 1| 4 
—4)] 1 2 1 
—3 | 0 3 | 0 
2) 1 4 ] 
-1| 4 514 


Here we add and subtract from the x-coordinates and then square the result. This 


et, ages Pranstormation ina produces a horizontal translation. 


shifts a graph left or right. 
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A 


shift right 


g(x)=(x#3) shift lef h(x) =(x23) 


NwWRAD Aw 


Note that this is the opposite of what you might expect. In general, this describes 
the horizontal translations; if h is any positive real number: 


Horizontal shift left h units: | F(x) = f(x + h) 


Horizontal shift right h units: | F(x) = f(x — h) 
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Example 2 
Sketch the graph of g(x) = (x — Ayes 
Solution: 


Begin with a basic cubing function defined by f(x) = x? and shift the graph 4 
units to the right. 


Answer: 


It is often the case that combinations of translations occur. 
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Example 3 
Sketch the graph of g(x) = |x + 3| —5. 
Solution: 


Start with the absolute value function and apply the following transformations. 


y=kl Basic function 
y=|x + 3| Horizontal shift left 3 units 
y=|x + 3| — 5 Vertical shift down 5 units 


Answer: 


The order in which we apply horizontal and vertical translations does not affect the 
final graph. 
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Example 4 
Sketch the graph of g(x) = — + 3. 
Solution: 


Begin with the reciprocal function and identify the translations. 


y=- Basic function 
x 


Horizontal shift right 5 units 


1 
y= ae + 3Vertical shift up 3 units 
ae — 


Take care to shift the vertical asymptote from the y-axis 5 units to the right and 
shift the horizontal asymptote from the x-axis up 3 units. 


Answer: 


saat +--+ --+-- Hs > 
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Try this! Sketch the graph of g(x) = (x — 2)? + 1. 


Answer: 


(click to see video) 


Reflections 


A reflection” is a transformation in which a mirror image of the graph is produced 
about an axis. In this section, we will consider reflections about the x- and y-axis. 
The graph of a function is reflected about the x-axis if each y-coordinate is 
multiplied by -1. The graph of a function is reflected about the y-axis if each x- 
coordinate is multiplied by -1 before the function is applied. For example, consider 


g(x) = «/=x and h(x) = -/x. 
g(x)=v-x h(x)=—vx 


x | g(x) x | h(x) 
—4\| 9 4 |-2 
-1] 1 1|-1 
o| 0 0| 0 


Compare the graph of g and h to the basic square root function defined by 
7{ay= Vx, shown dashed in grey below: 


61. A transformation that 
produces a mirror image of the 
graph about an axis. 
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reflection about reflection about 
g (x) =-x the y-axis the x-axis 


The first function g has a negative factor that appears “inside” the function; this 
produces a reflection about the y-axis. The second function h has a negative factor 
that appears “outside” the function; this produces a reflection about the x-axis. In 
general, it is true that: 


Reflection about the y-axis: | F(x) = f(—x) 


Reflection about the x-axis: | F(x) = —f(x) 


When sketching graphs that involve a reflection, consider the reflection first and 
then apply the vertical and/or horizontal translations. 
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Example 5 
Sketch the graph of g(x) = —(x + 5) + 3. 
Solution: 


Begin with the squaring function and then identify the transformations 
starting with any reflections. 


i Basic function. 

y=-x Reflection about the x-axis. 
y=—(x +5) Horizontal shift lef t 5 units. 
y=-(x +5)? + 3Vertical shift up 3 units. 


Use these translations to sketch the graph. 


Answer: 
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62. A non-rigid transformation, 
produced by multiplying 
functions by a nonzero real 
number, which appears to 
stretch the graph either 
vertically or horizontally. 


Try this! Sketch the graph of g(x) = —|x| + 3. 


Answer: 


(click to see video) 


Dilations 


Horizontal and vertical translations, as well as reflections, are called rigid 
transformations because the shape of the basic graph is left unchanged, or rigid. 
Functions that are multiplied by a real number other than 1, depending on the real 
number, appear to be stretched vertically or stretched horizontally. This type of 
non-rigid transformation is called a dilation®. For example, we can multiply the 
squaring function f(x) = x” by 4 and + to see what happens to the graph. 


1 
g(x)=4x° W(x)=73" 
x [a(3) x [h(x) 
=] | -4 2) 1 
O| 0 0] 0 
1| 4 2| 1 


Compare the graph of g and h to the basic squaring function defined by f(x) = x7, 
shown dashed in grey below: 
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6 75 4-3 72 “1p 1 2 38 45 


The function g is steeper than the basic squaring function and its graph appears to 
have been stretched vertically. The function h is not as steep as the basic squaring 
function and appears to have been stretched horizontally. 


In general, we have: 


If the factor a is a nonzero fraction between -1 and 1, it will stretch the graph 
horizontally. Otherwise, the graph will be stretched vertically. If the factor a is 
negative, then it will produce a reflection as well. 
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Example 6 
Sketch the graph of g(x) = —2|x — 5| — 3. 
Solution: 


Here we begin with the product of -2 and the basic absolute value function: 
y = —2|x|. This results in a reflection and a dilation. 


x ly y = —2IA| < Dilation and reflection 


4S 9) 1S, 1S 0 
0} Oly = -2|0] = -2-0=0 
1}-2ly = -2|1| = -2-1 = -2 


Use the points {(-1, -2), (0, 0), (1, -2)} to graph the reflected and dilated function 
y = —2|x|. Then translate this graph 5 units to the right and 3 units down. 


—2Ixl Basic graph with dilation and 


Il 


reflection about the x — axis. 
y = -—2|x-5| Shift right 5 units. 
—2|x —5|-—3 Shiftdown3 units. 


Answer: 
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x 
Sel lS se re Pk a SU ee ee ah 


1 
$27 @ 


In summary, given positive real numbers h and k: 


Vertical shift up k units: | F(x) = f(x) +k 
Vertical shift down k units: | F(x) = f(x) — k 


Horizontal shift left h units: | F(x) = f(x + h) 


Horizontal shift right h units: | F(x) = f(x — h) 


Reflection about the y-axis: | F(x) = f(—x) 


Reflection about the x-axis: | F(x) = —f(x) 
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Dilation: | F(x) = a - f(x) 


KEY TAKEAWAYS 


* Identifying transformations allows us to quickly sketch the graph of 
functions. This skill will be useful as we progress in our study of 
mathematics. Often a geometric understanding of a problem will lead to 
a more elegant solution. 

* Ifa positive constant is added to a function, f(x) + k, the graph will 
shift up. If a positive constant is subtracted from a function, f(x) — k, 
the graph will shift down. The basic shape of the graph will remain the 
same. 

+ Ifa positive constant is added to the value in the domain before the 
function is applied, f(x + h), the graph will shift to the left. If a 
positive constant is subtracted from the value in the domain before the 
function is applied, f(x — h), the graph will shift right. The basic shape 
will remain the same. 

* Multiplying a function by a negative constant, —f(X), reflects its graph 
in the x-axis. Multiplying the values in the domain by -1 before applying 
the function, f (—x), reflects the graph about the y-axis. 

* When applying multiple transformations, apply reflections first. 

* Multiplying a function by a constant other than 1, a - f(x), produces a 
dilation. If the constant is a positive number greater than 1, the graph 
will appear to stretch vertically. If the positive constant is a fraction less 
than 1, the graph will appear to stretch horizontally. 
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TOPIC EXERCISES 


PART A: VERTICAL AND HORIZONTAL TRANSLATIONS 


Match the graph to the function definition. 


y 


a. 
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1 fa) = yxt4 
SfON= 2-2 
3. f(x) = ¥xt1-1 
4. f@) =|x-2 +1 
5. fa) =xt4+1 


i) 
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6. f(x) = |x + 2|-2 


Graph the given function. Identify the basic function and translations 
used to sketch the graph. Then state the domain and range. 


Gh Co i 8) 

8. f(x) =x-2 
eC Soe s5 

il, G9) = ee 

uu. g(x) = (x — 5)” 

12. g(x) = (w+ 1)? 

13) 24) = = 5) 2 
14, g(x) = (x +2)" —5 
15. h(x) =|x +4 

16. h(x) = |x -4| 

Ws 15168) |e — (Ns 
18. h(x) = |x + 2|-—5 
19K) f/x —5 

Lo), fC) = a 

eile fA 8) ‘Ven 1 
22, g(x) = sfx +2 +3 
23, h(x) = (x — 2)° 

24, h(x) =x? +4 

25, h(x) =(x- 1)? -—4 
26. h(x) = (x+ 1)? +3 
27 


1 
x-2 
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Zi, iC 
29. f(x) = 
30. f(x) = 
31. f@) = -2 


2, 0) = =e ae 


33. g(x) = —4 
ga) — 2 


35. f(x) = v/x-2 +6 
36. f(x) = V/x+8 —4 
Graph the piecewise functions. 


Xo? at 4 = 0 
x+2 if x>0 


Uy —~3 if x<0 
x3 


37. Xe 


aC J¥-3 if x20 


He —1 it y¥<0 
a, Woe) — 
[x — 3|-4 if ee) 


3 : 
fi x=<0 
20 — a aa 
(x-1)°-1 if x>0 


alent 
Piece x ieee 0 
Z if x0 


ney 0? iligee<1 0) 
(e= 2)7itx =] 0 
CaO), at ee 8 
43, h(x) =<4x4+4 if -—-8<x<-4 
Vxt4 te oe a 
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x+ 10 if x <—-10 
AA [x — 5] — 15 if —10<x< 20 
10 if > 20 


Write an equation that represents the function whose graph is given. 
3 


45. 


46. 
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47. 


48. 


49. 
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2 4 6 8 10 12 14 16 18 


50. 
y 
2.4.6.8 10.12 14.16 18 
Sil, 
2.4.6.8 10.12 14.16 18 
52. 
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PART B: REFLECTIONS AND DILATIONS 


Match the graph the given function definition. 
a. vy 
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e. 


53. f(x) = —3\r| 

Wy ie) = er Sy 1 
55. fx) = —-lx+ 1/42 
56. f(x) = —x? +1 

57. f(x) = — +f 
se (2 


2.5 Using Transformations to Graph Functions 


459 


Chapter 2 Graphing Functions and Inequalities 


Use the transformations to graph the following functions. 
59. f(x) = —x+5 
60. f(x) = —|x| — 3 
61. g(x) = —-|x - 1 
f= —@ 2) 
63. h(x) = «/—-x +2 
Cae —4/x +2 
65. g(x) = —a+ 2) 
667/15) — = 1 
67. g(x) = —x? +4 
68. f(x) = —x? + 6 
69. f(x) = —3)|x| 
ke, Co) = Ee: 
n. A(x) = >(@-1P 
7 . (x + 2)" 
73. gx)=- - Vn 
74, f(x) = —5a/x+2 
75. f(x) =4/x-142 
76. h(x) = —2x+1 
7. g(x) =—4(x+3)> -1 
78. f(x) = —5(x — 3)? +3 
79. h(x) = —3|\x + 4| —2 
80. f(x) =—+ 
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81. f(x) = — s 
B2ey) = --+2 


PART C: DISCUSSION BOARD 


83. Use different colors to graph the family of graphs defined by y = kx > where 
ke { lle 5 3 7 : r } .What happens to the graph when the denominator of 


k is very large? Share your findings on the discussion board. 


84. Graph f(x) = f/x and g(x) = — v/. X onthe same set of coordinate axes. 
What does the general shape look like? Try to find a single equation that 
describes the shape. Share your findings. 


85. Explore what happens to the graph of a function when the domain values are 
multiplied by a factor a before the function is applied, f (ax). Develop some 
rules for this situation and share them on the discussion board. 
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ANSWERS 


ph eat a SCP th a: 


By Sea i Ms arse Seg ay’ et U2 2S a Fo Ol aS 


9, y = x7; Shift up 1 unit; domain: R; range: [ 1, «) 
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we Bag Me ae ie ar’ hain © 7s 4s Oe Om ero 


ile SY se 2. shift right 5 units; domain: R; range: [O, «) 
y 


es Bl er Be Bie a May ee IE [2s 4 ore Onn se 


eee 2. shift right 5 units and up 2 units; domain: R; range: [2, «) 


i13), 
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y= |x|; Shift left 4 units; domain: R; range: [0, 0) 
y 


17. y = |x|; Shift right 1 unit and down 3 units; domain: R; range: [—3, «) 
y 


eee a ORei G a Oo nL Oe eaiic 


oy fx: Shift down 5 units; domain: [0, 0) ; range: [—5, «) 
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ee Sh ey ae ty RR IR ps 


2 v/ X; Shift right 2 units and up 1 unit; domain: [2, 0) ; range: [ 1, «0) 
= 


23 — >. Shift right 2 units; domain: R; range: R 
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25, y = x; Shift right 1 unit and down 4 units; domain: R; range: R 
VW A. 


2 — +; Shift right 2 units; domain: (—o, 2) U (2, «) ; range: 
(Sco. 0) U (0, 0) 
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2 — +; Shift up 5 units; domain: (—2, 0) U (0, «) ; range: 
(Sa. 1) U (CIE ce) 


i) +; Shift left 1 unit and down 2 units; domain: (—«, —1) U (—1, ~) ; 
range: (—2%, —2) U (—2, ~) 
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—- NW kaa 


Ries ee Pe ee eg so 4 On TLS 


33. Basic graph y = —4; domain: R; range: {-4} 
iy 


a v/ X; Shift up 6 units and right 2 units; domain: RR; range: R 


) 


7 


Se ee eas 2s 4 On eG 


37. SAS, 
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(hk DY Ul yy 
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47. f(x) = (x — 15)? — 10 
49. f(x) = — +4 


x+8 
51. f(x) = V/x+ 16 —4 
53, D 
55. d 
Syl oe 


Be), 


61. 
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63. 


65. 


67. 
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69. 


Ml 


Wo 
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Vhey 


Vie 


TD, 
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2 3) 43.67 8) 9 


10 11 


12 
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81. 


83, Answer may vary 


85. Answer may vary 
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2.6 Solving Absolute Value Equations and Inequalities 


LEARNING OBJECTIVES 


1. Review the definition of absolute value. 
2. Solve absolute value equations. 
3. Solve absolute value inequalities. 


Absolute Value Equations 


Recall that the absolute value® of a real number a, denoted lal, is defined as the 
distance between zero (the origin) and the graph of that real number on the 
number line. For example, |—3] = 3 and |3] = 3. 


3 units 3 units 


-6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 


In addition, the absolute value of a real number can be defined algebraically as a 
piecewise function. 


a ifa>0 
lal = 
—aifa<0O 


Given this definition, 13] = 3 and |—3| = — (—3) = 3.Therefore, the equation 
xl = 3 has two solutions for x, namely {+3}. In general, given any algebraic 
expression X and any positive number p: 


Tf \X| = p then X = —p or X =p. 


63. The distance from the graph of 
a number a to zero ona 
number line, denoted lal . 
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In other words, the argument of the absolute value™ X can be either positive or 
negative p. Use this theorem to solve absolute value equations algebraically. 


Example 1 
Solve: |x + 2| = 3. 
Solution: 


In this case, the argument of the absolute value is x + 2 and must be equal to 3 


On=33 
an de 


+3 


Therefore, to solve this absolute value equation, set x + 2 equal to +3 and solve 
each linear equation as usual. 


Answer: The solutions are -5 and 1. 


To visualize these solutions, graph the functions on either side of the equal sign on 
the same set of coordinate axes. In this case, f (x) = |x + 2| is an absolute value 
function shifted two units horizontally to the left, and g (x) = 3 is a constant 
function whose graph is a horizontal line. Determine the x-values where 


f@) = gQ). 


64. The number or expression 
inside the absolute value. 
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From the graph we can see that both functions coincide where x = -5 and x = 1. The 
solutions correspond to the points of intersection. 
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Example 2 


Solve: |2x + 3| = 4. 
Solution: 


Here the argument of the absolute value is 2x + 3 and can be equal to -4 or 4. 


|2x + 3|=4 
2x+3=-4 or2x +3=4 
2x=—7] ex 
y 1 
Sa a 


Check to see if these solutions satisfy the original equation. 


2x + 3|=4 2x + 3|=4 


2(-5)+3|=4 [2 (>) +3/=4 
|-7 + 3|=4 [1 + 3|=4 
|-4|=4 41=4 

4=4 JV 4=4 J 


Answer: The solutions are — fand ~ ; 
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To apply the theorem, the absolute value must be isolated. The general steps for 
solving absolute value equations are outlined in the following example. 


2.6 Solving Absolute Value Equations and Inequalities 
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Example 3 
Solve: 2 |5x — 1|-3 = 9. 
Solution: 


Step 1: Isolate the absolute value to obtain the form |X| = p. 


2|5x—1|-—3=9 Add 3to both sides. 
2 |5x — 1|=12 Divide both sides by 2. 
[5x — 1|=6 


Step 2: Set the argument of the absolute value equal to +p. Here the argument is 


5x — landp = 6. 


5x -— 1=-—6 or 5x-1=6 


Step 3: Solve each of the resulting linear equations. 


5x — 1=—6or5x — 1=6 


5x=—-5 Se 7/ 
id 

Sei Pies 
x x“ 5 


Step 4: Verify the solutions in the original equation. 
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Check x = —1 Check X = Z 


2|5x — 1] -3=9 2|5x — 1|-3=9 
2|5(-1l)-1|-3=9  |2|5 (4) - 1|-3=9 


2 | =o = 3 = 9 217-11-3=9 
2|-6| - 3=9 2|6| — 3=9 
12-—3=9 12 -—3=9 

9=9 ¥ 9=9 ¥ 


Answer: The solutions are -1 and t ; 


Try this! Solve: 2 — 7 |x + 4| = —12. 


Answer: -6, -2 


(click to see video) 


Not all absolute value equations will have two solutions. 
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Example 4 
Solve: |7x — 6|+ 3 = 3. 
Solution: 


Begin by isolating the absolute value. 


7x — 6| + 3=3 Subtract 3 on both sides. 
7x — 6|=0 


Only zero has the absolute value of zero, |0| = 0. In other words, |X| = 0 has 


one solution, namely X = 0. Therefore, set the argument 7x — 6 equal to zero 
and then solve for x. 


7x —6=0 
71x=6 

_ 6 
am 


Geometrically, one solution corresponds to one point of intersection. 
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Answer: The solution is 7 : 


2.6 Solving Absolute Value Equations and Inequalities 483 


Chapter 2 Graphing Functions and Inequalities 


Example 5 
Solve: |x + 7] +5 = 4. 
Solution: 


Begin by isolating the absolute value. 


Ix+7]+5=4 Subtract5 on both sides. 
Ix + 7J=-1 


In this case, we can see that the isolated absolute value is equal to a negative 
number. Recall that the absolute value will always be positive. Therefore, we 
conclude that there is no solution. Geometrically, there is no point of 


intersection. 
f (x)=|x+7|+5 4 
14 
: 13 
1 
g(x)=4 
“SIS AF IF 1-H 10-9 -8 =7-6 5 4-3-2 =, 12 * 
Answer: There is no solution, @. 
If given an equation with two absolute values of the form lal = [b| then b must be 


the same as a or opposite. For example, if a = 5, then b = +5 and we have: 
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[5] = [S| or [5] = [+5] 


In general, given algebraic expressions X and Y: 


If Xl= |lYl then X=—-Y or X=Y. 


In other words, if two absolute value expressions are equal, then the arguments can 


be the same or opposite. 
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Example 6 
Solve: |2x — 5| = lx —4l. 


Solution: 


Set 2x — 5 equal to + (x — 4) and then solve each linear equation. 


|2x — 5| =|x - 4| 
2x —5=-(x — 4)or2x — 5=4+(% -— 4) 
2x—-5=-x+4 2x-5=x-4 
=o ll 


ys 


To check, we substitute these values into the original equation. 


Check — ll Check x = 3 


|2x — 5|=lx — 4 2x — 5|=lx — 4 


[2 (1) = S|=I(1) = 41) (2G) — S| =1G) — 41 
I—3l=I—3] i=I—11 
SOL ae 


As an exercise, use a graphing utility to graph both f (x) = |2x — 5| and 
g(x) = Ix — 4lonthe same set of axes. Verify that the graphs intersect where 
x is equal to 1 and 3. 
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Answer: The solutions are 1 and 3. 


Try this! Solve: |x + 10| = [3x — 21. 
Answer: -2, 6 


(click to see video) 


Absolute Value Inequalities 


We begin by examining the solutions to the following inequality: 


Ixl < 3 


The absolute value of a number represents the distance from the origin. Therefore, 
this equation describes all numbers whose distance from zero is less than or equal 
to 3. We can graph this solution set by shading all such numbers. 


3 units 3 units 


-6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 


Certainly we can see that there are infinitely many solutions to lxl < 3 bounded by 
-3 and 3. Express this solution set using set notation or interval notation as follows: 


{x| -3 < x <3} Set Notation 
[—3, 3] Interval Notation 
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In this text, we will choose to express solutions in interval notation. In general, 
given any algebraic expression X and any positive number p: 


If IXl<p then —p<X <p. 


This theorem holds true for strict inequalities as well. In other words, we can 
convert any absolute value inequality involving “less than” into a compound 
inequality which can be solved as usual. 

Example 7 

Solve and graph the solution set: |x + 2| < 3. 


Solution: 


Bound the argument x + 2 by -3 and 3 and solve. 


lx + 2| <3 
—-3<x4+2<3 
—-3-2<x+2-2<3-2 
—-5<x<l 


Here we use open dots to indicate strict inequalities on the graph as follows. 


Dl, 
= <7) = sy SS a ill 6) 2 35 54: 


Answer: Using interval notation, (-5, 1) : 
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The solution to |x + 2| < 3 can be interpreted graphically if we let f (x) = |x + 2| 


and g (x) = 3 and then determine where f(x) < g (x) by graphing both fand g on 
the same set of axes. 


‘ f(x)=|x+2| 


manne - 


(B <= 


| 
oo 
we 
_ 

| 
ron 

| 


be ame iar uae 
three deeetbeeedeee breeders bad 


The solution consists of all x-values where the graph of f is below the graph of g. In 
this case, we can see that |x + 2| < 3 where the x-values are between -5 and 1. To 
apply the theorem, we must first isolate the absolute value. 
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Example 8 
Solve: 4 |x + 3| —7 < 5. 
Solution: 


Begin by isolating the absolute value. 


Alesis 
Alx + 3|<12 
lx + 3|<3 


Next, apply the theorem and rewrite the absolute value inequality as a 
compound inequality. 


Ree 2) | 2) 
=) Shee SS 


Solve. 


=) 66a SS 
Salem 6) BS 9 OR oo SSB) NS, 
SOs 77 SY 
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Shade the solutions on a number line and present the answer in interval 
notation. Here we use closed dots to indicate inclusive inequalities on the graph 
as follows: 


OS ah SC =e) cr sh Se Sk tT hs} 


Answer: Using interval notation, [-6, 0| 


Try this! Solve and graph the solution set: 3 + |4x — 5| < 8. 


Answer: Interval notation: (0, >) 
-4-2-3-2-2-7-1-f0 5 13233 44 


(click to see video) 


Next, we examine the solutions to an inequality that involves “greater than,” as in 
the following example: 


Ixl > 3 


This inequality describes all numbers whose distance from the origin is greater 
than or equal to 3. On a graph, we can shade all such numbers. 


3 units 3 units 


There are infinitely many solutions that can be expressed using set notation and 
interval notation as follows: 
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{xx <-30rx> 3} Set Notation 


(—2, 3 i [3, <0) Interval Notation 


In general, given any algebraic expression X and any positive number p: 


If Xl > p then X < —p or X >p. 


The theorem holds true for strict inequalities as well. In other words, we can 
convert any absolute value inequality involving “greater than” into a compound 
inequality that describes two intervals. 
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Example 9 
Solve and graph the solution set: |x + 2| > 3. 
Solve 


The argument x + 2 must be less than -3 or greater than 3. 


ie 2|> 3 
x+2<-3 or x+2>3 
x<—5 x> Il 


Answer: Using interval notation, (—20, —5) U (ie 20) : 


The solution to |x + 2| > 3 can be interpreted graphically if we let f (x) = |x +2| 
and g (x) = 3 and then determine where f(x) > g (x) by graphing both f and g on 
the same set of axes. 


P f(x)=|x+2| 


4 3 2 ol 1 2 3 
bebee ede eee b ese deeeeb eee dese ch eee beed Pere beesdeseebeeedee 


fees) Sere 
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The solution consists of all x-values where the graph of f is above the graph of g. In 
this case, we can see that |x + 2| > 3 where the x-values are less than -5 or are 
greater than 1. To apply the theorem we must first isolate the absolute value. 
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Example 10 
Solve: 3 + 2 14x — 7| > 13. 


Solution: 


Begin by isolating the absolute value. 


epee aoe ea lle 
Pee eid INE) 
l4x — 71>5 


Next, apply the theorem and rewrite the absolute value inequality as a 
compound inequality. 


l4x — 71> 5 


4x -7<—-5 or 4x-7>5 


Solve. 


4x —7<-—Sor4x —7>5 


4x<2 4x>12 
D) 
Ax<— >3 
“S74 XZ 
1 
A4x< — 
far) 
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Shade the solutions on a number line and present the answer using interval 
notation. 


Answer: Using interval notation, (x, | U [3, 0) 


Try this! Solve and graph: 3 |6x + 5| — 2 > 13. 


Answer: Using interval notation, (—<, = >) U (0, 00) 


(click to see video) 


Up to this point, the solution sets of linear absolute value inequalities have 
consisted of a single bounded interval or two unbounded intervals. This is not 
always the case. 
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Example 11 


Solve and graph: |I2x — 11+ 5 > 2. 
Solution: 


Begin by isolating the absolute value. 


[2x — 11+5>2 
rp Ila 


Notice that we have an absolute value greater than a negative number. For any 
real number x the absolute value of the argument will always be positive. 
Hence, any real number will solve this inequality. 


Geometrically, we can see that f (x) = |I2x — 11+ 5 is always greater than 
g (x) = 2. 


f (x) =|2x-1]+5 


y 


8 7.26.75 4.3.72 -1,[..1..2..3.4..5..6.7..8 


=) 


Answer: All real numbers, R. 
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Example 12 
Solve and graph: |x + 1|+4 < 3. 
Solution: 


Begin by isolating the absolute value. 


lx + 1) +4<3 
peeled 


In this case, we can see that the isolated absolute value is to be less than or 
equal to a negative number. Again, the absolute value will always be positive; 
hence, we can conclude that there is no solution. 


Geometrically, we can see that f (x) = |x + 1| + 4is never less than 


g (x) = 3. 
i f (x)=|x+1/+4 
10 
9 
8 
7 
4 giax)=3 
a 
7.675 4-3-2511 1.2.3.4.5.67.8. 
5 a) 
Answer: © 


In summary, there are three cases for absolute value equations and inequalities. 
The relations =, <<, <, >, and > determine which theorem to apply. 
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Case 1: An absolute value equation: 


If Xl =p 


thenX = —p or X =p 


Case 2: An absolute value inequality involving “less than.” 


If IXl < p 
then —-p<X <p 


Case 3: An absolute value inequality involving “greater than.” 


If Xl > p 


thenX < —porX >p 


2.6 Solving Absolute Value Equations and Inequalities 499 


Chapter 2 Graphing Functions and Inequalities 


KEY TAKEAWAYS 


* To solve an absolute value equation, such as |X| = p, replace it with 
the two equations X = —p and X = P and then solve eachas usual. 
Absolute value equations can have up to two solutions. 

* To solve an absolute value inequality involving “less than,” such as 
IX| < p, replace it with the compound inequality —p < X < p and 
then solve as usual. 

* To solve an absolute value inequality involving “greater than,” such as 
IX| > p, replace it with the compound inequality 
X <-p or X > p andthen solve as usual. 

* Remember to isolate the absolute value before applying these theorems. 
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TOPIC EXERCISES 


PART A: ABSOLUTE VALUE EQUATIONS SOLVE. 


i le——O 
bap | 
ei —3 
4, Ix-—21=5 
5. |x +12| =0 
6. |x + 8| =0 
D. e--@) = =| 
8. Ix — 21 = —5 
9, |2y — 1| = 13 
10. |3y — 5| = 16 


11. |—5¢+ 1| = 6 
12. |-6t+ 2| = 8 


a! i 1 
.jox-s}= 5 
De Baa 6 

2 oe 
Ne ly 


15. |0.2x + 1.6| = 3.6 
16. 10.3x — 1.2] = 2.7 
17. |5 (y—4) + 5| = 15 
is. [2 (y— 1) —3y| =4 
19. [5x — 7| +3 = 10 
20. 3x — 81-2 =6 

2. 9+ |7x+1/=9 
22, 4— |2x-31=4 
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23, 3lx-—81+4= 25 
24, 2|x+6|-—3=17 
2.9+5k-1l=4 
2. 11+6kx-—41=5 
27, 8-2kk+1/=4 
2s. 12-—S5lx-21=2 


2 1 

es ee eee 
29 5 | 3 G 
+5|+1 2 

2y0), = = =— 
me 2 


Gi, S| ibese |= 4S 
32. —3|5x —3|+2=5 
33, 1.2|t-—2.81-—4.8 = 1.2 
34, 3.6|t + 1.8] — 2.6 = 8.2 


1 
I2@x—1)-3|/41=4 


35}, 7 


36. I4(3x+1)-1]/-5 =3 
37. |5Sx —7| = |4x - 2I 

38. I8x — 31 = I7x - 121 

39. [Sy + 8] = |2y + 3] 

40. |7y + 2| = [Sy —2| 

Ale |S — 2) |= 13x 

AQ |e (eI) — ale 


z +5[= [5 | 
TI ys Mine ee 
B i E 4 
44, |—-x-— —|= |= _ 
5° ee eG 


45. |1.5¢ — 3.5] = |2.5¢ + 0.5 
46. 13.2 —1.4l = |1.8¢ + 2.8] 
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47, [5 —3(2x + L)| = [5x +2 
48. |3 —2(3x —2)| = |4x - ll 
Assume all variables in the denominator are nonzero. 


49. Solve for x:p |ax + b| - gq = 0 
50. Solve for x:|ax +b] = |p +q] 


PART B: ABSOLUTE VALUE INEQUALITIES 


Solve and graph the solution set. In addition, give the solution set in 
interval notation. 


Si) 

52. Ixl < 2 

53. |x+3/ < 1 
54, x —71< 8 
55. |x -—5| < 0 
56. |x + 8| < —7 
57 2 — 5 9 
58. [3x — 9| < 27 
59. |5x — 3| < 0 
60. [10x + 5| < 25 


| 
Res 


Sea ea) 
eek el | 
65. |x +2|>8 
66. Ix— 71> 11 
Gi, Bea 3) 22 
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68. 


69. 


70. 


vale 


72. 


Sy, 


76. 


Ws 


78. 


WS), 


80. 


81. 


82. 


83. 


84. 


85. 


86. 


87. 


88. 


89. 


90. 


Oil. 


Ix — 12| > —4 
2x —5| > 9 
[2x + 3| > 15 
l4x-—31>9 
Bx— 7 > 2 
7B. : 
7 
74, : 
2) 


Solve and graph the solution set. 


Bie Ai s5 
B= s)= 71 
—5lx-—4| > -15 
—3 |x + 8| < -18 
6-—3lx-4| <3 

J pear ah) x) 
= Por4- 3) < — 5 
25 — |3x —7| > 18 
2x + 25|-4>9 
[3 (x — 3)| -—8 < -2 
2|9x+5|/+8>6 
3 |4x -9| +4 < -1 
514 — 3xl1- 10 < 0 
611 — 4xl — 24 > 0 
f= ies Te 7 
9-—7lx-4l < -12 
I5(«-—4)+5| > 15 
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92. [3 (x —9) + 6| < 3 
i a 2 1 
ae Dy ee 
93 ee) 4 3 2=-% 
1 1 3 1 
94, wo td-s|+>5 
9, 12+412x—-11< 12 
9%. 3-—613x — 21 >3 
7. + I2x-11+3<4 
98, 2|-x+4|-3 <-1 
soy Ge ELE) (CS hss 
10. 9— |64+3(2x-1)|>8 
3 1 1 
ee P= Sa = 
101 >) | a >) 
i 5) ; 1 Re 
A i “| > 


Assume all variables in the denominator are nonzero. 
103. Solve forxwherea,p > 0:plax+bl-— q <0 
104. Solve forx where a, p > 0:p|ax + b| — q > 0 


Given the graph of f and g, determine the x-values where: 


a. f (x) = g@) 
b. f &) > g @) 
c. f (x) < g@) 
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PART C: DISCUSSION BOARD 


109. Make three note cards, one for each of the three cases described in this section. 
On one side write the theorem, and on the other write a complete solution to a 
representative example. Share your strategy for identifying and solving 
absolute value equations and inequalities on the discussion board. 


110. Make your own examples of absolute value equations and inequalities that 
have no solution, at least one for each case described in this section. Illustrate 
your examples with a graph. 
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ANSWERS 


i, 9 
3. 4,10 
5, =I 


7. © 
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47. 0,4 
bg 
a9, x = ate 
ple 
BS}, 
Don 
Bye 
— One) a4 Se ee l 2 3 4 > 6 
ae 
0. {5} 
Pe Os a ss as a es | Se oes Snr os 
4 3 2 | i] 2 3 4 
re ass eg es 
61. [-1.5]; 
sss 
6 5 4 3 2 en!) l 2 3 4 5 6 


63. (—20, —5| U [5. ~) : 


3) =30 25 =A) S115 = ss; (0) 5 Ii) Is) 2A) Bey si 3} 
65; (—00, -10) U (6, 0) ; 


yarn (ar O42) 024 46 WUETRTSTRTE ES 


67. R; 


= Sen 4 ee, 1 0 1 2 3 4 #5 _ 


69. (—-0, —2| U [7. ~) i 


——— Ols saa O 7 BS = 
3 


Tks 


de 
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75. (—o«, —2) U (3, ~) ; 


Tie Klee) 


SU StS Sas) t sa) al Se) BY OG) Tf oY, 
79. (—0o, 3) U Eno 


7. Se eo ee, 1 0 1 2 30 4 7 


81. (—2%,-8) U (3,0) ; 


KO S37 —G = way OI By 4b SO 7 SO Il 
83. (—, -19] U [-6, 0) ; 


AY il Al 1b a ale 8 6 4 2 O 


=19) 


85. 


87. 


89. (—12, —2); 


—14-12-10-8 -6 -4-2 0 2 4 6 8 10 12 14 16 18 20 22 
91. (—0o, 0) U (6, ~) : 


— -6-4-2 0 2 4 6 8 10 12 14 16 18 20 = 


93. [0, 3| : 


OB, 


= 
7. (-4+,5); 


i) 
tN 
Nie 
NI 


99. (0, +); 
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101. (—»,3) U (9,0) ; 


103. Ss ss 
105. 2, =, OF 
(—20, —6) U (0, ~) 9 
c (—6, 0) 
107. a. @; 
b. R; 
c. © 


109. Answer may vary 
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2.7 Solving Inequalities with Two Variables 


LEARNING OBJECTIVES 


1. Identify and check solutions to inequalities with two variables. 
2. Graph solution sets of linear inequalities with two variables. 


Solutions to Inequalities with Two Variables 


We know that a linear equation with two variables has infinitely many ordered pair 
solutions that form a line when graphed. A linear inequality with two variables”, 
on the other hand, has a solution set consisting of a region that defines half of the 
plane. 


Linear Equation Linear Inequality 


65. An inequality relating linear For the inequality, the line defines the boundary of the region that is shaded. This 
expressions with two variables. |. ,. ke Acned wat iaihe shaded vestom weld) ie Woupdaie li 
The solution set is a region indicates that any ordered pair in the shaded region, including the boundary line, 
defining half of the plane. will satisfy the inequality. To see that this is the case, choose a few test points” and 


substitute them into the inequality. 
66. A point not on the boundary of 


the linear inequality used as a 
means to determine in which 
half-plane the solutions lie. 
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(0, 0) 


Also, we can see that ordered pairs outside the shaded region do not solve the linear 
inequality. 


= 
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The graph of the solution set to a linear inequality is always a region. However, the 
boundary may not always be included in that set. In the previous example, the line 
was part of the solution set because of the “or equal to” part of the inclusive 
inequality <. If given a strict inequality <, we would then use a dashed line to 
indicate that those points are not included in the solution set. 


Non-Inclusive Boundary Inclusive Boundary 


Consider the point (0, 3) on the boundary; this ordered pair satisfies the linear 
equation. It is the “or equal to” part of the inclusive inequality that makes the 
ordered pair part of the solution set. 


y<sx+3 ys x43 


3< 4 (0)4+3)3< 3 O43 
3<0+3 
a oe 
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So far we have seen examples of inequalities that were “less than.” Now consider 
the following graphs with the same boundary: 


Greater Than (Above) Less Than (Below) 


Given the graphs above, what might we expect if we use the origin (0, 0) as a test 
point? 
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Example 1 


Determine whether or not (2 + )is a solution to 5x — 2y < 10. 


Solution: 


Substitute the x- and y-values into the equation and see if a true statement is 
obtained. 


5x — 2y<10 
1 
5)-2(+) <0 
2 
10-—1<10 
9<10 V 


Answer: (2, + )is a solution. 


These ideas and techniques extend to nonlinear inequalities with two variables. For 


example, all of the solutions to y > x? are shaded in the graph below. 


LS ‘ A 
..l. 1 
: 1 1 
: 1 : 4A 
: r a] 
: 1 ; ; i] 
: 4 i 
aie re | Be 
‘ \ a 

1 a 
; ‘ 7A 
i 4: 
x 
-6 -5 -4 -3 -2 -1 
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The boundary of the region is a parabola, shown as a dashed curve on the graph, 
and is not part of the solution set. However, from the graph we expect the ordered 
pair (-1,4) to be a solution. Furthermore, we expect that ordered pairs that are not 
in the shaded region, such as (-3, 2), will not satisfy the inequality. 


Check (-1,4) | Check (-3, 2) 


A>1V/2>9 x 


Following are graphs of solutions sets of inequalities with inclusive parabolic 
boundaries. 


You are encouraged to test points in and out of each solution set that is graphed 
above. 
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Try this! Is (—3, —2)a solution to 2x — 3y < 0? 


Answer: No 


(click to see video) 


Graphing Solutions to Inequalities with Two Variables 


Solutions to linear inequalities are a shaded half-plane, bounded by a solid line or a 
dashed line. This boundary is either included in the solution or not, depending on 
the given inequality. If we are given a strict inequality, we use a dashed line to 
indicate that the boundary is not included. If we are given an inclusive inequality, 
we use a solid line to indicate that it is included. The steps for graphing the solution 
set for an inequality with two variables are shown in the following example. 
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Example 2 


Graph the solution set y > —3x + 1. 


Solution: 


* Step 1: Graph the boundary. Because of the strict inequality, we 
will graph the boundary y = —3x + | using a dashed line. We can 


see that the slope ism = —3 = = = “and the y-intercept is (0, 


1 run 
1). 


* Step 2: Test a point that is not on the boundary. A common test 
point is the origin, (0, 0). The test point helps us determine which 
half of the plane to shade. 


0 > -—3(0) + 1 
(0, 0) 
Os il 5 


* Step 3: Shade the region containing the solutions. Since the test 
point (0, 0) was not a solution, it does not lie in the region 
containing all the ordered pair solutions. Therefore, shade the half 
of the plane that does not contain this test point. In this case, 
shade above the boundary line. 


Answer: 
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Consider the problem of shading above or below the boundary line when the 
inequality is in slope-intercept form. If y > mx + b, then shade above the line. If 
y < mx + b, then shade below the line. Shade with caution; sometimes the 
boundary is given in standard form, in which case these rules do not apply. 
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Example 3 
Graph the solution set 2x — Sy > —10. 
Solution: 


Here the boundary is defined by the line 2x — Sy = —10. Since the inequality 
is inclusive, we graph the boundary using a solid line. In this case, graph the 
boundary line using intercepts. 


To find the x-intercept, set y= | To find the y-intercept, set x = 
0. 0. 


2x —5y = -10 2x —5y = -10 


2x —5(0)=-10 2 (0) —5y=-10 
2x=-10 —5y=-10 
x=-5 va! 


x-intercept: (-5, 0) y-intercept: (0, 2) 
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Next, test a point; this helps decide which region to shade. 


Test point 2x —5y > -10 


2(0)—3(0)2=—10 
0>-10 ¥ 


Since the test point is in the solution set, shade the half of the plane that 
contains it. 


Answer: 


In this example, notice that the solution set consists of all the ordered pairs below 
the boundary line. This may seem counterintuitive because the original inequality 
involved “greater than” >. This illustrates that it is a best practice to actually test a 
point. Solve for y and you see that the shading is correct. 
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24 = DS¥S=—10 
2x — Sy — 2x>-10 — 2x 
—Sy>-2x — 10 
—Sy _-2x-10 
= = . 5 Reverse the inequality. 
<=x+2 


In slope-intercept form, you can see that the region below the boundary line should 
be shaded. An alternate approach is to first express the boundary in slope-intercept 


form, graph it, and then shade the appropriate region. 
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Example 4 
Graph the solution set y < 2. 
Solution: 


First, graph the boundary line y = 2 with a dashed line because of the strict 
inequality. Next, test a point. 


Test point| y <2 


(0,0) |0<2 Vo 


In this case, shade the region that contains the test point. 


Answer: 


Sith odty | Grate Sah Sales Sse ell 
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Try this! Graph the solution set 2x — 3y < 0. 


Answer: 


4 

S) o 
eae: 

1 


~6 -5 -4 3 2 =p 
ee 


a 


(click to see video) 


The steps are the same for nonlinear inequalities with two variables. Graph the 
boundary first and then test a point to determine which region contains the 
solutions. 
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Example 5 
Graph the solution set y < (x + ro Il, 
Solution: 


The boundary is a basic parabola shifted 2 units to the left and 1 unit down. 
Begin by drawing a dashed parabolic boundary because of the strict inequality. 


Next, test a point. 


Test point | y < (x +2) —1 


O02) =i 
O24—1 
Oa Ss 


In this case, shade the region that contains the test point (0, 0) . 


Answer: 
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Example 6 
Graph the solution set y > x? + 3. 
Solution: 


The boundary is a basic parabola shifted 3 units up. It is graphed using a solid 
curve because of the inclusive inequality. 


= =) 2 


Next, test a point. 


Test point | y > x7 + 3 


In this case, shade the region that does not contain the test point (0, 0). 


Answer: 
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5 S38 =2 3 =9 i 


Try this! Graph the solution set y < lx — Il —3. 


Answer: 


re Sab Ser a el 
S, 
eal of 


(click to see video) 
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KEY TAKEAWAYS 


* Linear inequalities with two variables have infinitely many ordered pair 
solutions, which can be graphed by shading in the appropriate half of a 
rectangular coordinate plane. 

* To graph the solution set of an inequality with two variables, first graph 
the boundary with a dashed or solid line depending on the inequality. If 
given a strict inequality, use a dashed line for the boundary. If given an 
inclusive inequality, use a solid line. Next, choose a test point not on the 
boundary. If the test point solves the inequality, then shade the region 
that contains it; otherwise, shade the opposite side. 

* Check your answer by testing points in and out of the shading region to 
verify that they solve the inequality or not. 
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TOPIC EXERCISES 


PART A: SOLUTIONS TO INEQUALITIES WITH TWO 
VARIABLES 


Is the ordered pair a solution to the given inequality? 
1. 5x —y > —2; (—3, -4) 
Aa 8 (3, = 10) 


i 
ee ee 
Se os (5 ;) 

2 

3 


TS eS eID) 

5) Se es (2) 

9 y> (a5). +l G,4) 

I Ge = (i=) 
1. y>3- lal; (-4, -3) 

12, y< lxl—8; ef 7) 

13. y> I2x— 11-3; (-1,3) 
14, y< [3x —21+2; (—2, 10) 


PART B: GRAPHING SOLUTIONS TO INEQUALITIES WITH 


TWO VARIABLES. 


Graph the solution set. 


15. y< 2x-1 
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16. 


y>—-4x+1 
y>-4x+3 


y<ix-3 


2e 4) = 15 
. x+2y <8 
. 6x —5y > 30 
. 8x — by < 24 
. 3x -—4y < 0 
.x-3y>0 
sar 221) 
.x-y2O0 
ys 2 
.y>-3 

1x <2 
poh es 8 


. 9x < —4y- 12 
. —4x < 12 - 3y 
. 4y4+2 < 3x 
. 8x < 9 - by 


5 > 3x— 1Sy 
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Sill : + ! < 
5 Be i= 
Sales 
My = = 
oe = 
1 i 
3. 4 GY 
34 : : = 
oe 
Be 
40. 2x > 6 — 9y 
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Al. 


42. 


43. 


44, 


45. 


46. 


Write an inequality that describes all points in the upper half-plane above the 
X-axis. 


Write an inequality that describes all points in the lower half-plane below the 
x-axis. 


Write an inequality that describes all points in the half-plane left of the y-axis. 


Write an inequality that describes all points in the half-plane right of the y- 
axis. 


Write an inequality that describes all ordered pairs whose y-coordinate is at 
least k units. 


Write an inequality that describes all ordered pairs whose x-coordinate is at 
most k units. 


Graph the solution set. 
y¥sx243 
Sy = 2 
eX 
» jy 22 38 
op es Ged De 
OS) 
3) Sra yr ae 
oY SS ST 
-y<—x7 41 
LS Spa yr 
yee le 
-y< kl+i1 
5 Ky 8) 
ye 
-y>-i|xt+ i] 
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72. 


SS he 2 
.y> fx+3]/-2 
Sy ee bs = 2) ll 


» Se bese | ae 
-y>-ix-—4l-1 
yer =] 


oe 


ye 


Ve ae = Il 


. Arectangular pen is to be constructed with at most 200 feet of fencing. Write a 


linear inequality in terms of the length | and the width w. Sketch the graph of 
all possible solutions to this problem. 


A company sells one product for $8 and another for $12. How many of each 
product must be sold so that revenues are at least $2,400? Let x represent the 
number of products sold at $8 and let y represent the number of products sold 
at $12. Write a linear inequality in terms of x and y and sketch the graph of all 
possible solutions. 
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ANSWERS 


1. No 
3. Yes 


5. Yes 
9. No 


11. No 


13. Yes 


15% 


Wa 
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19. 
8 > f 
7 wf 
5 af 
4 Fa 
3 + 
2 ” 
| ” 
28 
10-98-76 -5.-4-3-2=1, 1-2 3. 4% 6-7. -8 -9. 10-1 12. 
? 
21. 
x: 
Dey, 
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K—K- NW HhND 


~8 -7 -6 -5 -4 -3 -2 -1 


27. | = 


Me), 
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Vv 


a Se ae a 


~2 
-3 
-4 
5 
-6 
a, 
y 
6 
--§ 
4 
3 
ie. ov 
oa ooo. 
oe s..9 10. 
oo" 
33, 
x 
35, 
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S/o 


Hey oe <1) 
4, y>k 
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47. 


49. 


Sil, 
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So 


B50 


Dn 
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52), 


61. 


63. 
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aa Ome 


65. 


67. 


69. 
Tiel ae OU, 
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REVIEW EXERCISES 
RELATIONS, GRAPHS, AND FUNCTIONS 
Determine the domain and range and state whether the function is a 
relation or not. 
1, {(-4, -1), (-5, a (10, a) (11, 2); (15, 1} 


2. {(-3, 0), (-2, 1), (1, 3), (2, 7), (2, 5)} 
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eS OMS 
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= 7h) =i) St Ac) ko) = 200) il 
—10 


10 20X30 40 50 


S40) 
—30 


8. eae es 
Evaluate. 
9. h(x) = +x —3;h(-8),h(3),andh (4a + 1) 
10. p(x) = 4 —x;p(—10), p (0), and p (5a — 1) 
u. f (x) = 2x* —x + 3; find f (—5),f (0), andf (x + h) 
12. g(x) = x? — 9; find f (-3),f (2), and f (x + 1) 
13. g(x) = 2x — 1; find g (5),g (1), (13) 
14. h(x) = \/x + 6; find h (-7),h (—6) ,and h (21) 
15. f (x) = 8x + 3; find x where f (x) = 10. 
16. g(x) = 5 — 3x; find x where g (x) = —4. 
17. Given the graph of f (x) below, find f (—60) ,f (0), and f (20) . 
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40 —30 —20 —10 


—10 


18. 


LINEAR FUNCTIONS AND THEIR GRAPHS 


Graph and label the intercepts. 
19. 4x —8y = 12 
20. 9x +4y = 6 


Ale 


Ute 


Graph the linear function and label the x-intercept. 
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23. g(x) = 2x4 10 
24. g(x)=- ox 3 
25. f (x) = 4x +5 
26. f (x) = 3x—-—5 
7, Ne) = — = x 
28. h(x) = —6 
Find the slope of the line passing through the given points. 
29, (—5,3) and (—4, 1) 
30. (7, —8) and (—9, —2) 


33. (-14, 7) and (—10, 7) 
34, (6, —5) and (6, —2) 


Graph f and g on the same rectangular coordinate plane. Use the graph 
to find all values of x for which the given relation is true. Verify your 
answer algebraically. 


35. f(x) = £x-2,¢@) =-3x4+4,f@ =8@) 


36. f (x) =5x-2,g (x) = 3;f @) = g(x) 
37. f (x) = —444+3,2(x%) = -—x + 6;f &) < g(x) 


38. f(x) = 2x-1.g@) =-2x+5:f@) <9) 


MODELING LINEAR FUNCTIONS 


Find the linear function passing through the given points. 


39. Uk, —5) and (4 : —4) 
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40. (+ ,-3) and (—2, 8) 
41. (i —6) and (5, -7) 
42. (—5,—6) and (—3, —9) 


43. Find the equation of the given linear function: 
y 


=e 


je Se 


44, Find the equation of the given linear function: 
y 


=) =23) =A) lS = 5 10 15 20 25 30 


Find the equation of the line: 


45. Parallel to 8x — 3y = 24 and passing through (—9, 4) . 
46. Parallel to 6x + 2y = 24 and passing through (+ : —2) : 


47. Parallel to + x © y = | and passing through (—4, —1). 
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48. 


49. 


50. 


Bul 


52. 


Bia 


54, 


55. 


56. 


Sys 


Perpendicular to 14x + 7y = 10 and passing through (8, —3) . 


Perpendicular to 15x — 3y = 6 and passing through (—3, 1). 


Perpendicular to 5 x+ + y= + and passing through (2, —7) . 


Use algebra to solve the following. 


A taxi fare in a certain city includes an initial charge of $2.50 plus $2.00 per 
mile driven. Write a function that gives the cost of a taxi ride in terms of the 
number of miles driven. Use the function to determine the number of miles 
driven if the total fare is $9.70. 


A salesperson earns a base salary of $1,800 per month and 4.2% commission on 
her total sales for that month. Write a function that gives her monthly salary 
based on her total sales. Use the function to determine the amount of sales for 
a month in which her salary was $4,824. 


A certain automobile sold for $1,200 in 1980, after which it began to be 
considered a collector’s item. In 1994, the same automobile sold at auction for 
$5,750. Write a linear function that models the value of the automobile in 
terms of the number of years since 1980. Use it to estimate the value of the 
automobile in the year 2000. 


A specialized industrial robot was purchased new for $62,400. It has a lifespan 
of 12 years, after which it will be considered worthless. Write a linear function 
that models the value of the robot. Use the function to determine its value 
after 8 years of operation. 


In 1950, the U.S. Census Bureau estimated the population of Detroit, MI to be 
1.8 million people. In 1990, the population was estimated to have decreased to 
1 million. Write a linear function that gives the population of Detroit in 
millions of people, in terms of years since 1950. Use the function to estimate 
the year in which the population decreased to 700,000 people. 


Online sales of a particular product are related to the number of clicks on its 
advertisement. It was found that 100 clicks in a week result in $112 of online 
sales, and that 500 clicks result in $160 of online sales. Write a linear function 
that models the online sales of the product based on the number of clicks on its 
advertisement. How many clicks are needed to result in $250 of weekly online 
sales from this product? 


The cost in dollars of producing n bicycles is given by the formula 
C (n) = 80n + 3,380. If each bicycle can be sold for $132, write a 
function that gives the profit generated by producing and selling n bicycles. 
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Use the formula to determine the number of bicycles that must be produced 
and sold to profit at least $10,000. 


58. Determine the breakeven point from the previous exercise. 


BASIC FUNCTIONS 


Find the ordered pair that specifies the point P. 


52) 


60. 
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40) SU ns 20 


61. 


-40 -30 


62. 


Graph the piecewise defined functions. 


2 


r= Roe NE ae eee 
10h eS 

a —-5 if x<-5 
xl if x > —-5 

S eit x —1 
ae ie 
5 cas VWs ie 

oS We tas o 
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ie it x= —3 


i, (CSS pe ee ee 

—6 if x>3 

i eel 

Oe x’ if -1<x<0 

1 

Si 0 

aXe 

1 if x<-l 
698 (0) — Oh lee <I 

Slit xl 


70. g(x) = [x] +2 
Evaluate. 
ae 5x-—2 if x<-6 
Tike x)= 
Fito 
Find f (-10),f (—6), andf (0). 


2—5x if x <0 
ies = 


x? ifx>0 


Find h(—1),h(0),andh (+). 


—-5 if x<-4 
kh, eH] a eae il Swe 
fx i xO 


Find g (—10), ¢ (0) and g (8). 


1 
a ee | 
= aX 
BNE oe i eal 
Pes ca a 


Find g (- 2),q(1) and q (16) : 
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TRANSFORMATIONS 


Sketch the graph of the given function. 
15. f («) = (x+5)° — 10 
76. g(x) = /x — 6 fo 
77, p(x) —=x—9 
7. h(x) =x +5 
79. f (x) = lx — 20! — 40 


SO ue — 
oe C3 — =; —6 


82) Vena ae 


oun: = 
eos (x+4)° if x < -—2 
x+2 ifx>-2 


(x) =) it 4+< 6 
84. 36) = 
. een eG 


8. g(x)=—|x+4|-8 
86. h(x) = —x? + 16 
87. f (x) =1/-x -—2 

88. r(x)=—-++42 

89. g(x) = —2|x + 10/+ 8 
90. f (x) = —Saf/xt1 

a. f(~)=-fx? +1 


92, (x)= = (x- 1)? +2 


Write an equation that represents the function whose graph is given. 
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93. 
| 10 20 30 40 
94, 
y 
=19=10 | 6 § 10 12 14 16 
95. 


2.8 Review Exercises and Sample Exam 557 


Chapter 2 Graphing Functions and Inequalities 


96. 


Wa 


98. 
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~6 -5 -4 -3 -2 


oY), 


100. 


SOLVING ABSOLUTE VALUE EQUATIONS AND 


INEQUALITIES 
Solve. 
101. [5x — 4| = 14 
102. 14 — 3xl = 4 


103. 9—-Sk-41=4 
104. 6+2|x+ 10] = 12 
105. [3x —6|+5=5 
106. 0.2 lx — 1.81 = 4.6 
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Bl wit 


109. [3x -—9| = |4x +3] 
110. [9x — 7| = |3 + 8 


Solve. Graph the solutions on a number line and give the corresponding 


interval notation. 
111. [2x +3] < 1 
1122) (On S15 |< 25 
113. |6x — 1] < 11 
114, Ix — 12] > 7 
115. 6-4|x—- =| La) 
lle. S— |x +6/>4 
117. [3x + 1]/+7<4 
118s, 2Ix-—31+6>4 


1 
119. 5|5 


120. 6.4 — 3.2 |x + 1.6| > 0 


INEQUALITIES WITH TWO VARIABLES 


Is the ordered pair a solution to the given inequality? 


121. 9x — 2y < —1;(—1, —3) 


122. 4x + zy >0.( 5 —12) 


3 


ey cl ene 
ea ele a) 


124. x —y < —6;(-1,7) 
15s ep ee (-3, 5) 


126. y> |x — 6| + 10;(—4, 12) 
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We, ees Dy eel) 
128. y> /x + 4;(-3, 4) 
Graph the solution set. 


129. x+y <6 
130. 2x —3y > 9 


137. y< —lxl+9 
138. y> Ik-—1214+3 


Tes, ) ae 


140. y> -—(x- Dy? 
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ANSWERS 


1. Domain: {-5, -4, 10, 11, 15}; range:{-1, 1, 2, 3}; function: yes 
3. Domain: {-5, 5, 15, 30}; range: {-5, 0,5, 10, 15}; function: no 
5. Domain: (—0, ~) ; range: [-6, ~) ; function: yes 

7. Domain: (-~, 3 ; range: ie 0) ; function: yes 


9. h(-8) = -7,h(3) = — 4,andh (4a + 1) = 2a - 3 


tit (= 58 O) — Sand 
f (x+h) = 2x? + 4xh + 2h? —x-—h+3 


Gio) =s.e() = 1. aCe) 5 
is. f (4) = 10 
f ( 


Ws, 


oY 


12), 
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Als 


UNOS EIEN See Gy ee! 


23s 


M9, 
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49. y=-ixte 


51. C(x) = 2x + 2.5 ;3.6 miles 

53. V(t) = 325t + 1, 200; $7,700 

55. p(x) = —0.02x + 1.8 ; 2005 

57. P(n) = 52n — 3, 380; 258 bicycles 


fe) 
59. (4,4 
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61. (—25, 25) 


63. 
65. 
=ie =15°=|2 =0 =< 
-9 
67. 12 
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69. 
71. f (-10) = -52,f (-6) = 36,f (0) = 0 


73. g(—10) = —5,g(—4) = -13,¢ (8) = 21/2 
VE 


1D 


18) 195120 —9 05 6 


VI. 
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10 20 30 40 50 


TD, 


81. 


-8 -7 -6 -5 -4 -3 -2 -1 


83. 
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LS =16= 14-12, =10 


85. 


87. 


89. 
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-8 -7 -6 -5 -4 -3 


93. FO) = @—4)? —6 
95. f (x) = —x7 +4 
Oy FC) = a 


99. f (x) = —10 
18 
101, =2, = 
163203)5 
105. 2 
3 
107s 
6 
hie, =) 
111. (—2, —-1); 
ee 
6 -5 -4 -3 —-2 -1 0 1 2 3 4 5 6 
ao | 
113. | yo Z| 
et htt ip 
6 -5 -4 -3 -2,-1 0 1 2 3 4 5 6 


m1 1155, (—x, - 4| U [+ .~); 


plil7/, (4) 
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119. (—-0, 1) U (2 ~) : 


121. Yes 


123. Yes 


125. Yes 


127. No 


Skis Sy ls) Si ay Sos 


129) 


131. 
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ace ONO Oa 


1833 
x 
1B 
oe 
—-18 -—15 -13,7-9 —-6 -3 
# x 
2 x 
2 x 
¢ x 
+ -6 s 
2 s 
¢ x 
Pe =O » 
4 = 
BS37/, =i) 
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SAMPLE EXAM 


1. Determine whether or not the following graph represents a function or not. 
Explain. 


3. Given g (x) = x* — 5x + 1, find g (—1),g (0), and g (x +h). 


4. Given the graph of a function /: 
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10. 


a. Find f (—6) ,f (0), andf (2). 
b. Find x where f (x) = 2. 


Graph f (x) = — - x + 7 and label the x-intercept. 
Find a linear function passing through (- “ = 1) and (2, —2). 


Find the equation of the line parallel to 2x — 6y = 3 and passing through 
(—1,-2). 


Find the equation of the line perpendicular to 3x — 4y = 12 and passing 
through (6, 1) : 


The annual revenue of a new web-services company in dollars is given by 

R (n) = 125n, where n represents the number of users the company has 
registered. The annual maintenance cost of the company’s registered user base 
in dollars is given by the formula C (n) = 85n + 22,480 where n 
represents the users. 


a. Write a function that models the annual profit based on the number of 
registered users. 
b. Determine the number of registered users needed to break even. 


A particular search engine assigns a ranking to a webpage based on the 
number of links that direct users to the webpage. If no links are found, the 
webpage is assigned a ranking of 1. If 40 links are found directing users to the 
webpage, the search engine assigns a page ranking of 5. 


a. Find a linear function that gives the webpage ranking based on the number 
of links that direct users to it. 
b. How many links will be needed to obtain a page ranking of 7? 
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Use the transformations to sketch the graph of the following functions 
and state the domain and range. 


11. g(x) = Ix +4|/-5 
12, VQ) = Vesa Sy) 
a ie) 


14. Given the graph, determine the function definition and its domain and range: 


—x ifx<1l 
15. Sketch the graph: h (x) = oe : 
if XxX => 1 
16. Sketch the graph: g (x) = — +x? + 9. 


Solve. 

7. x-W+2=7 
1s, 10 —512x —31=0 
19. [7x +4] = [9x — 1 


Solve and graph the solution set. 


20. 2x -41-5 <7 
21. 6+ |3x —5| > 13 
22. 5-—3lx—4l > -10 
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23. 317x-114+5<2 


Graph the solution set. 
1 2 
24. > x= 3 y > 4 


cay 2) et 
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ANSWERS 


1. The graph is not a function; it fails the vertical line test. 


Se) — 7, 2 (Oy land 
g(x+h) = 4° | 2h bh — 5x — 5h + | 


9. a. P(n) = 40n — 22,480; 
b. 562 users 


11. Domain: (—0, 0) ree eS: ~) 
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1B, 
7/, 


iQ), 


Al 
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29. 
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3.1 Linear Systems with Two Variables and Their Solutions 


b 


i) 


Go 


nN 


. A set of two or more equations 


with the same variables. 


. Aset of two or more linear 


equations with the same 
variables. 


. Given a linear system with two 


equations and two variables, a 
solution is an ordered pair that 
satisfies both equations and 
corresponds to a point of 
intersection. 


. Used when referring to a 


solution of a system of 
equations. 


LEARNING OBJECTIVES 


1. Check solutions to systems of linear equations. 
2. Solve linear systems using the graphing method. 
3. Identify dependent and inconsistent systems. 


Definition of a Linear System with Two Variables 


Real-world applications are often modeled using more than one variable and more 
than one equation. A system of equations’ consists of a set of two or more 
equations with the same variables. In this section, we will study linear systems” 
consisting of two linear equations each with two variables. For example, 


2x — 3y = 0 
—4x+2y=-8 


A solution to a linear system’, or simultaneous solution’, is an ordered pair (x, y) 
that solves both of the equations. In this case, (3, 2) is the only solution. To check 
that an ordered pair is a solution, substitute the corresponding x- and y-values into 
each equation and then simplify to see if you obtain a true statement for both 
equations. 
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Check: (3, 2) 


Equation 1:2x — 3y = Q | Equation 2: —4x + 2y = —8 


2 (3) —3(2)=0 —4 (3) + 2(2)=-8 
6 —6=0 =(044=28 
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Example 1 
Determine whether or not (1, 0) is a solution to the system { 


Solution: 


Substitute the appropriate values into both equations. 


Check: (1, 0) 


Equation 1:x — y = 1 | Equation 2: -2x + 3y = 5 


dG) - @=1 —2(1) +3 (@0)=5 
1—0=1 —2+0=5 
l=l v —2=5 x 


Answer: Since (1, 0) does not satisfy both equations, it is not a solution. 


x-y == 0, 


Try this! Is (-2, 4) a solution to the system ? 
zs 2 { —2x + 3y= 16 


Answer: Yes 


(click to see video) 
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Solve by Graphing 


Geometrically, a linear system consists of two lines, where a solution is a point of 
intersection. To illustrate this, we will graph the following linear system with a 
solution of (3, 2): 


2x —-3y=0 
—4x+2y = -8 


First, rewrite the equations in slope-intercept form so that we may easily graph 
them. 


2x — 3y=0 —4x + 2y=-8 
2x — 3y — 2x=0 — 2x) —4x 4+ 2y + 4x=—-8 + 4x 
—3y=—2x 2y=4x — 8 


—3y — =2x 2y _ Ax-8 
-3 = 3 


y=2x -—4 


Next, replace these forms of the original equations in the system to obtain what is 
called an equivalent system’. Equivalent systems share the same solution set. 


Original system Equivalent system 
2 
2x — 3y = 0 = 
4 i =) 3" 
—4x + 2y = -8 oo 


5. A system consisting of 
equivalent equations that 
share the same solution set. 
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6. A means of solving a system by 
graphing the equations on the 
same set of axes and 
determining where they 
intersect. 


If we graph both of the lines on the same set of axes, then we can see that the point 
of intersection is indeed (3, 2), the solution to the system. 


To summarize, linear systems described in this section consist of two linear 
equations each with two variables. A solution is an ordered pair that corresponds to 
a point where the two lines intersect in the rectangular coordinate plane. 
Therefore, one way to solve linear systems is by graphing both lines on the same set 
of axes and determining the point where they cross. This describes the graphing 
method’ for solving linear systems. 


When graphing the lines, take care to choose a good scale and use a straightedge to 
draw the line through the points; accuracy is very important here. 
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Example 2 


x-y =—4 


Solve by graphing: ; 
21 y — si 


Solution: 


Rewrite the linear equations in slope-intercept form. 


Linel: y=x+4 Line2:y=—2x+ 1 


y-intercept : (0,4) y-intercept : (O, 1) 


—_ 
1 


Ope gs: ale 
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Use the graph to estimate the point where the lines intersect and check to see if 
it solves the original system. In the above graph, the point of intersection 
appears to be (-1, 3). 


Check: (-1, 3) 


Line 2: 2x + y = | 


Gl] 6)=—4 12) + Ge! 
~1-3=-4 ~2+4+3=1 
-4=-4 v l=1 v 


Answer: (-1, 3) 


3.1 Linear Systems with Two Variables and Their Solutions 587 


Chapter 3 Solving Linear Systems 


Example 3 


2x+y=2 


Solve by graphing: : 
a eee 


Solution: 


We first solve each equation for y to obtain an equivalent system where the 
lines are in slope-intercept form. 
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Check: (3, -4) 


2x + y=2 


2(3) + (-4)=2 
6-—4=2 
2=2. ~ 


Answer: (3, -4) 
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=2x + 3y=—18 

—2 (3) + 3 (-—4)=-18 

—6 — 12=-18 
—18=-18 v 
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Example 4 


3x+y=6 


Solve by graphing: 
ye 3 


Solution: 


3 — ——_ 
x+y Do y 3x+6 


Check: (3, -3) 


3x + y=6 
3 (3) + (-3)=6 
9-3=6 

6=6 v 


Answer: (3, -3) 
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7. A system with at least one 
solution. 


lo) 


. A linear system with two 
variables that consists of 
equivalent equations. It has 
infinitely many ordered pair 
solutions, denoted by 


(x, mx + b) ; 


9. A linear system with two 
variables that has exactly one 
ordered pair solution. 


The graphing method for solving linear systems is not ideal when a solution 
consists of coordinates that are not integers. There will be more accurate algebraic 
methods in sections to come, but for now, the goal is to understand the geometry 
involved when solving systems. It is important to remember that the solutions to a 
system correspond to the point, or points, where the graphs of the equations 
intersect. 


—x+y=6 


Try this! Solve by graphing: . 
: 7 ee) 5x + 2y = -2 


Answer: (-2, 4) 
(click to see video) 


Dependent and Inconsistent Systems 


A system with at least one solution is called a consistent system’. Up to this point, 
all of the examples have been of consistent systems with exactly one ordered pair 
solution. It turns out that this is not always the case. Sometimes systems consist of 
two linear equations that are equivalent. If this is the case, the two lines are the 
same and when graphed will coincide. Hence, the solution set consists of all the 
points on the line. This is a dependent system’. Given a consistent linear system 
with two variables, there are two possible results: 


Consistent Systems 


Pg all 


Independent Dependent 


Solution: (x, y) Solutions: (x, mx + 5) 


{(x,y)|_y = mx+d} 


A solution to an independent system’ is an ordered pair (x, y). The solution to a 
dependent system consists of infinitely many ordered pairs (x, y). Since any line can 
be written in slope-intercept form,y = mx + b, we can express these solutions, 
dependent on x, as follows: 
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Wee y) ly = mx + b} Set-Notation 
(x, mx + b) Shortened Form 


In this text we will express all the ordered pair solutions (x, y) in the shortened 
form (x, mx + b), where x is any real number. 
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Example 5 


—2x + 3y = -9 


Solve by graphing: F 
ae ef 4x — 6y = 18 


Solution: 


Determine slope-intercept form for each linear equation in the system. 


4x —6y=18 
4x —6y=18 
—b6y=—4x + 18 


In slope-intercept form, we can easily see that the system consists of two lines 
with the same slope and same y-intercept. They are, in fact, the same line. And 
the system is dependent. 
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Answer: (e =x-3 ) 


In this example, it is important to notice that the two lines have the same slope and 
same y-intercept. This tells us that the two equations are equivalent and that the 
simultaneous solutions are all the points on the line y = = x — 3, This is a 
dependent system, and the infinitely many solutions are expressed using the form 


(x, mx + b). Other resources may express this set using set notation, {(x, y) | 
y= = x — 3}, which reads “the set of all ordered pairs (x, y) such that y = = x — 3,” 


Sometimes the lines do not cross and there is no point of intersection. Such a 
system has no solution, @, and is called an inconsistent system”. 


Inconsistent System 


No Solution @ 


10. A system with no simultaneous 
solution. 
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Example 6 


—2x + 5y =-15 


Solve by graphing: : 
fee sees ee 10 


Solution: 


Determine slope-intercept form for each linear equation. 


—4x + 10y=10 
—4x + 10y=10 
10y=4x + 10 


— 4x+10 
~ ie 


y=ex+l 


2 
—2x + Sy = -15 ern ne 
—4 10y = 10 me 2 
Mae Ls Sion | 


In slope-intercept form, we can easily see that the system consists of two lines 


with the same slope and different y-intercepts. Therefore, the lines are parallel 
and will never intersect. 
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Answer: There is no simultaneous solution, @. 


x+y =-l 


Try this! Solve by graphing: Se on 
—2x -— y = 


Answer: (x, —x — 1) 


(click to see video) 
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KEY TAKEAWAYS 


* In this section, we limit our study to systems of two linear equations 
with two variables. Solutions to such systems, if they exist, consist of 
ordered pairs that satisfy both equations. Geometrically, solutions are 
the points where the graphs intersect. 

* The graphing method for solving linear systems requires us to graph 
both of the lines on the same set of axes as a means to determine where 
they intersect. 

* The graphing method is not the most accurate method for determining 
solutions, particularly when a solution has coordinates that are not 
integers. It is a good practice to always check your solutions. 

* Some linear systems have no simultaneous solution. These systems 
consist of equations that represent parallel lines with different y- 
intercepts and do not intersect in the plane. They are called inconsistent 
systems and the solution set is the empty set, ©. 

* Some linear systems have infinitely many simultaneous solutions. These 
systems consist of equations that are equivalent and represent the same 
line. They are called dependent systems and their solutions are 


expressed using the notation (x, TAX, 1 b) , where x is any real 
number. 
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TOPIC EXERCISES 


PART A: DEFINITIONS 


Determine whether or not the given ordered pair is a solution to the 
given system. 


1. (3, -2); 
cy = | 
{ —2x—2y=2 
Zn 5,.0); 
a 
{ —2x-—2y=2 
a, (a2 =a) 
= by —4 
{ 3x-y=-12 
4 (2-7); 
5 (0-3): 


1 
ST 
27-4) — 0 
al 
a |G» a} 
= =) = =| 
—4x -—8y =5 
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8. (-3, 4); 
1 
a ae a | 
3 x 5} y 
2 5) 
ee 
9. (-5, -3); 
= —3 
5x — 10y=5 
10, (4; 2): 
y= 4 
—7x+4y=8 


Given the graphs, determine the simultaneous solution. 


iil, 


3.1 Linear Systems with Two Variables and Their Solutions 599 


Chapter 3 Solving Linear Systems 


y 


72, 


18), 


14. 
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By, 


16. 


WY, 
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18. 


19), 


20. 
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PART B: SOLVE BY GRAPHING 


Solve by graphing. 
3) 
== 6 
21 : aw 
te 
: +2 
=—x 
22 : : 
: D 
=-—-—x- 
en 
y=x-4 
DBs 
y=-x4+2 
y=—-5x4+4 
2a, 
es SD) 
eee +1 
25 5 
3 
=—x 
=—-=x+6 
26 : 54 
| z + 10 
=—x 
eas 
Se > 
27 
y=x+1 
y = 
28. 
x=-3 
y=0 
29. y) 
=—x-4 
c=) 
30. 
sy = Se 
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3 
=—x-6 
31 : 5” 
, 3 
y==x-3 
1 
=-— | 
7 y as 
| See ae 
2x+ 3y = 18 
33. 
—6x + 3y = -6 
—3x + 4y = 20 
34, 
2x+8y = 8 
—2x+y= 
35. 
Ly) 
2) — 
36. 
ay 
4x + 6y = 36 
37, 
2x —-3y=6 
2x —3y= 18 
38. 
6x — 3y = -6 


. 3x + 5y = 30 
, —6x — 10y = -10 
A oy — 
40. 
5x — 15y = -15 
x-y=0 
41, 
—x+y=0 


aa 
42. 
y-x=1 
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3x+2y =0 
x=2 
Hee ae 
44, 2 = 
ae 
10 7 So ps 
1 1 
-35 se a 
tote) 
ee 5 
1 1 
a a 
1 oe 
47. git gr" 
1 ee! 
yr 
48. 16 oe 
5 1 5 
ie mo 
| ee, 
49. 6° 2° 2 
1 1 
ee hie, a 
1 Ne 
50. 2° 4°" 2 
1 a 
as 
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53. 
y = 
54. 
55. pe . 


II 
on 


56. 
= 
57. 
rn ee 


58. 


0) 
4x + 6y = 3 
32), 
— hy —2 
—2x + 20y = 20 
60. 
3x + 10y = -10 
y=mx+b 
61. Assuming m is nonzero solve the system: 
y=-mx+b 
y=mx+b 
62. Assuming b is nonzero solve the system: 
y=mx—b 
63. Find the equation of the line perpendicular to y = —2x + 4 and passing 


through (3, 3). Graph this line and the given line on the same set of axes and 
determine where they intersect. 


64. Find the equation of the line perpendicular to y — x = 2 and passing 
through (-5, 1) . Graph this line and the given line on the same set of axes 
and determine where they intersect. 


65. Find the equation of the line perpendicular to y = —5 and passing through 
(2: —5 ) . Graph both lines on the same set of axes. 
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66. 


67. 


68. 


Find the equation of the line perpendicular to the y-axis and passing through 
the origin. 


Use the graph of y = — = x + 3 to determine the x-value where y = —3. 
Verify your answer using algebra. 


Use the graph of y = 2 x — 3 to determine the x-value where y = 5. Verify 


your answer using algebra. 


PART C: DISCUSSION BOARD TOPICS 


69. 


70. 


ale 


Discuss the weaknesses of the graphing method for solving systems. 


Explain why the solution set to a dependent linear system is denoted by 


es mx + b) : 


Draw a picture of a dependent linear system as well as a picture of an 
inconsistent linear system. What would you need to determine the equations 
of the lines that you have drawn? 
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ANSWERS 


1. No 
3. No 
5. Yes 


Wo INO 
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3.2 Solving Linear Systems with Two Variables 


11. A means of solving a linear 
system by solving for one of 
the variables and substituting 
the result into the other 
equation. 


LEARNING OBJECTIVES 


1. Solve linear systems using the substitution method. 
2. Solve linear systems using the elimination method. 
3. Identify the strengths and weaknesses of each method. 


The Substitution Method 


In this section, we review a completely algebraic technique for solving systems, the 
substitution method"". The idea is to solve one equation for one of the variables 
and substitute the result into the other equation. After performing this substitution 
step, we are left with a single equation with one variable, which can be solved using 
algebra. 
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Example 1 
2x + y=-3 
Solve by substitution: : 
3x — 2y=-8 
Solution: 


Solve for either variable in either equation. If you choose the first equation, you 
can isolate y in one step. 


2x + y=-3 
y=—2x —3 


Substitute the expression —2x — 3 for the variable y in the other equation. 


(= 3) 


This leaves us with an equivalent equation with one variable, which can be 
solved using the techniques learned up to this point. Solve for the remaining 
variable. 
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3x — 2 (—2x — 3)=-8 
3x +4x+6=-8 


7x +6=—8 
7x=—-14 
x=-—2 


Back substitute’’ to find the other coordinate. Substitute x = -2 into either of 
the original equations or their equivalents. Typically, we use the equivalent 
equation that we found when isolating a variable in the first step. 


Remember to present the solution as an ordered pair: (—2, 1). Verify that these 
coordinates solve both equations of the original system: 


12. Once a value is found for a 
variable, substitute it back into 
one of the original equations, 
or its equivalent, to determine 
the corresponding value of the 
other variable. 
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Equation 1 Equation 2 


2x+y=-3 3x —2y=-8 

2(-2)+ ()D=-3 |[3(-2)-2()=-8 

—4+1=-3 —6 —2=-8 
—3=-3 v —8=-8 v 


The graph of this linear system follows: 


2X V3 , sx 2y=—-8 


The substitution method for solving systems is a completely algebraic method. 
Thus graphing the lines is not required. 


Answer: (-2, 1) 
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Example 2 


| 
\o 


3x — Sy 


Solve by substitution: 
4x + 2y 


Il 
| 
a 


Solution: 


It does not matter which variable we choose to isolate first. In this case, begin 
by solving for x in the first equation. 


3x — S5y=9 
3x=Sy +9 
oy? 
— 3 
5 
=-yt+3 
x ne 


» 
3x — Sy => 
4x+2y=-1 


Next, substitute into the second equation and solve for y. 
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20 
Sy +124 2y=-1 
26 
a eS 
a 
3 
eye pee 
y=-13 (35) 
= >) 


Back substitute into the equation used in the substitution step: 


& 
Il 


wl Mm wlwn 
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5x — 4y=3 


Try this! Solve by substitution: ’ 
x + 2y=2 


Answer: (1, +) 


(click to see video) 


As we know, not all linear systems have only one ordered pair solution. Next, we 
explore what happens when using the substitution method to solve a dependent 
system. 
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Example 3 
—5x + y=-1 
Solve by substitution: , 
10x — 2y=2 
Solution: 


Since the first equation has a term with coefficient 1, we choose to solve for 
that first. 


—Sxt+y=-1 => y=5x-1 
10x — 2y=2 


Next, substitute this expression in for y in the second equation. 


10x — 2y=2 

10x — 2 (5x —1)=2 

10x — 10x + 2=2 
2=2" True 


This process led to a true statement; hence the equation is an identity and any 
real number is a solution. This indicates that the system is dependent. The 


simultaneous solutions take the form (x, mx + b), or in this case, (x, 5x — 1), 


where x is any real number. 


Answer: (x, 5x — 1) 
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To have a better understanding of the previous example, rewrite both equations in 
slope-intercept form and graph them on the same set of axes. 


—5x+y=-1 y=5x-1 
10x — 2y=2 y=5x-1 


We can see that both equations represent the same line, and thus the system is 
dependent. Now explore what happens when solving an inconsistent system using 
the substitution method. 


3.2 Solving Linear Systems with Two Variables 618 


Chapter 3 Solving Linear Systems 


Example 4 


—7x + 3y=3 
Solve by substitution: : 
14x — 6y=-16 


Solution: 


Solve for y in the first equation. 


—7x + 3y=3 
—7x + 3y=3 
3y=7x + 3 
_ les 
— 3 
y=sx4+1 
7 
—71x + 3y=3 => Sars 
14x — 6y=-16 


Substitute into the second equation and solve. 
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7 
l4x— 6 - ee 
1 
14x — 14x —- 6=-16 
—6=-16 False 


Solving leads to a false statement. This indicates that the equation is a 
contradiction. There is no solution for x and hence no solution to the system. 


Answer: © 
A false statement indicates that the system is inconsistent, or in geometric terms, 


that the lines are parallel and do not intersect. To illustrate this, determine the 
slope-intercept form of each line and graph them on the same set of axes. 
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In slope-intercept form, it is easy to see that the two lines have the same slope but 
different y-intercepts. 


2x — 5y=3 


Try this! Solve by substitution: : 
4x — 10y=6 


Moo 


) 


Answer: Ge 2 a 


(click to see video) 


The Elimination Method 


In this section, the goal is to review another completely algebraic method for 
solving a system of linear equations called the elimination method” or addition 
method™. This method depends on the addition property of equations”: given 
algebraic expressions A, B, C, and D we have 


If A= BandC =D, thenA+C=B+D 


Consider the following system: 


x+y=5 
x-y=1 
13. A means of solving a system by 

adding equivalent equations in 


such a way as to eliminate a 


enol: We can add the equations together to eliminate the variable y. 


14. Often used when referring to 
the elimination method for 
solving systems. 


15. If A, B, C, and D are algebraic 
expressions, where A =B and C 
=D,thenA+C=B+D. 
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x+y=5 
+x-yEl 
2x =6 


This leaves us with a linear equation with one variable that can be easily solved: 


2x =6 
x=3 


At this point, we have the x-coordinate of the simultaneous solution, so all that is 


left to do is back substitute to find the corresponding y-value. 


x+y=5 
3+ y=5 
v=" 


The solution to the system is (3, 2). Of course, the variable is not always so easily 
eliminated. Typically, we have to find an equivalent system by applying the 
multiplication property of equality to one or both of the equations as a means to 
line up one of the variables to eliminate. The goal is to arrange that either the x 


terms or the y terms are opposites, so that when the equations are added, the terms 


eliminate. 
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3.2 Solving Linear Systems with Two Variables 


Example 5 


3x — 3y=-1 


Solve by elimination: 
3x + 2y=7 


Solution: 


We choose to eliminate the terms with variable y because the coefficients have 
different signs. To do this, we first determine the least common multiple of the 
coefficients; in this case, the LCM(3, 2) is 6. Therefore, multiply both sides of 
both equations by the appropriate values to obtain coefficients of -6 and 6. This 
results in the following equivalent system: 


5x—3y=-1 3 10x — 6y=—2 
3x + 2y=7 = 9x + 6y=21 


The terms involving y are now lined up to eliminate. Add the equations 
together and solve for x. 


10x — 6y =—2 
+ 9x + 6y=21 
19x =19 

= 


Back substitute. 
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3x + 2y=7 
3 (1) + 2y=7 
34+ 2y=7 
2y=4 

y—2 


Therefore the simultaneous solution is (1, 2). The check follows. 


Equation 1: Equation 2: 


5x — 3y=-1 3x + 2y=7 

5(1) -—3(Q)=-1 3(1) +2 (2)=7 

5 —6=-] 34+4=7 
—l=-l v a 


Answer: (1, 2) 


Sometimes linear systems are not given in standard form ax + by = c. When this is 
the case, it is best to rearrange the equations before beginning the steps to solve by 
elimination. Also, we can eliminate either variable. The goal is to obtain a solution 
for one of the variables and then back substitute to find a solution for the other. 
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Example 6 


12x + 5y=11 
Solve by elimination: : 
3x=4y + 1 


Solution: 


First, rewrite the second equation in standard form. 


3x=4y + 1 
3x — 4y=1 


This results in an equivalent system in standard form, where like terms are 
aligned in columns. 


12x + 5y=11 sig 12x + 5y=11 
3x=4y + 1 3x — 4y=1 


We can eliminate the term with variable x if we multiply the second equation 
by -4. 


ee, 12x+5y=l1l 


3x-4y=1 2D |-12x+16y=-4 


Next, we add the equations together, 
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ey — lh 
+  —12x+ l6y=—-4 
2ly=7 


Back substitute. 


1S) 

fe) 

II 

aN 
Lo 
Wl Re 
QU 

af 

— 


4 
3x=-—+1 
“3 
Zi 
3x=> 
= 
7 il 
—— 
Sy a8) 
a 
x=— 
9 
Answer: (2 ; +) 
2x + 5Sy=5 
Try this! Solve by elimination: : 
3x + 2y=-9 


Answer: (-5, 3) 


(click to see video) 
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At this point, we explore what happens when solving dependent and inconsistent 
systems using the elimination method. 
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Example 7 


3x —y=7 
Solve by elimination: : 
6x — 2y=14 


Solution: 


To eliminate the variable x, we could multiply the first equation by -2. 


3x-y=7 “S) [-Ox+2y=-14 
6x-2y=14 6x-2y =14 


Now adding the equations we have 


—6x + 2y=-14 
+ 6x—-—2y=14 
0=0 True 


A true statement indicates that this is a dependent system. The lines coincide, 
and we need y in terms of x to present the solution set in the form (x, mx + b). 
Choose one of the original equations and solve for y. Since the equations are 
equivalent, it does not matter which one we choose. 


3x —y=7 
—y=—-3x+7 
—1 (-y) =-1 (-3x +7) 
y=3x -—7 
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Answer: (x, 3x — 7) 


3x + 15y=-15 


Try this! Solve by elimination: 
2x + 10y=30 


Answer: No solution, @ 


(click to see video) 


Given a linear system where the equations have fractional coefficients, it is usually 
best to clear the fractions before beginning the elimination method. 
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Example 8 
1 il -—, @ 
10° 2s 5 
Solve: ; ' 5: 
Te ee) er 
Solution: 


Recall that we can clear fractions by multiplying both sides of an equation by 
the least common multiple of the denominators (LCD). Take care to distribute 


and then simplify. 


Equation 1 Equation 2 


This results in an equivalent system where the equations have integer 
coefficients, 


Cf) oa a 
Bite uo as * (eee 

1 1 2 — 3x + Ty=—-2 

— —y=- — 21 

ee oe ie 


Solve using the elimination method. 
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-x+5y=8 3 [-3x+15y=24 
3x+7Ty=-2 3x+7y=-2 


—3x + 15y=24 
+ 3x +7y=—2 
22y=22 
y=1 
Back substitute. 
3x + Ty=—2 
3x +7(1)=-2 
3x + 7=-2 
3x=-9 
x=-3 


Answer: (-3, 1) 


We can use a similar technique to clear decimals before solving. 


| 


Try this! Solve using elimination: 


Wl wl 
Se 

| 
woo W 


Answer: (5, -2) 


(click to see video) 
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Summary of the Methods for Solving Linear Systems 


We have reviewed three methods for solving linear systems of two equations with 
two variables. Each method is valid and can produce the same correct result. In this 
section, we summarize the strengths and weaknesses of each method. 


The graphing method is useful for understanding what a system of equations is and 
what the solutions must look like. When the equations of a system are graphed on 
the same set of axes, we can see that the solution is the point where the graphs 
intersect. The graphing is made easy when the equations are in slope-intercept 
form. For example, 


The simultaneous solution (-1, 10) corresponds to the point of intersection. One 
drawback of this method is that it is very inaccurate. When the coordinates of the 
solution are not integers, the method is practically unusable. If we have a choice, we 
typically avoid this method in favor of the more accurate algebraic techniques. 


The substitution method, on the other hand, is a completely algebraic method. It 
requires you to solve for one of the variables and substitute the result into the other 
equation. The resulting equation has one variable for which you can solve. This 
method is particularly useful when there is a variable within the system with 
coefficient of 1. For example, 
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10x + y=20 
7x + 5y=14 


Choose the substitution method. 


In this case, it is easy to solve for y in the first equation and then substitute the 
result into the other equation. One drawback of this method is that it often leads to 
equivalent equations with fractional coefficients, which are tedious to work with. If 
there is not a coefficient of 1, then it usually is best to choose the elimination 
method. 


The elimination method is a completely algebraic method which makes use of the 
addition property of equations. We multiply one or both of the equations to obtain 
equivalent equations where one of the variables is eliminated if we add them 
together. For example, 


2x — 3y=9 
5x — 8y=-—16 


Choose the elimination method. 


To eliminate the terms involving x, we would multiply both sides of the first 
equation by 5 and both sides of the second equation by -2. This results in an 
equivalent system where the variable x is eliminated when we add the equations 
together. Of course, there are other combinations of numbers that achieve the same 
result. We could even choose to eliminate the variable y. No matter which variable 
is eliminated first, the solution will be the same. Note that the substitution method, 
in this case, would require tedious calculations with fractional coefficients. One 
weakness of the elimination method, as we will see later in our study of algebra, is 
that it does not always work for nonlinear systems. 
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KEY TAKEAWAYS 


The substitution method requires that we solve for one of the variables 
and then substitute the result into the other equation. After performing 
the substitution step, the resulting equation has one variable and can be 
solved using the techniques learned up to this point. 

The elimination method is another completely algebraic method for 
solving a system of equations. Multiply one or both of the equations in a 
system by certain numbers to obtain an equivalent system where at 
least one variable in both equations have opposite coefficients. Adding 
these equivalent equations together eliminates that variable, and the 
resulting equation has one variable for which you can solve. 

It is a good practice to first rewrite the equations in standard form 
before beginning the elimination method. 

Solutions to systems of two linear equations with two variables, if they 
exist, are ordered pairs (x, y). 

If the process of solving a system of equations leads to a false statement, 
then the system is inconsistent and there is no solution, ©. 

If the process of solving a system of equations leads to an identity, then 
the system is dependent and there are infinitely many solutions that can 


be expressed using the form (2%, mx + b) : 
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TOPIC EXERCISES 


PART A: SUBSTITUTION METHOD 


Solve by substitution. 


x=2y-—3 
x+3y=-8 
ie 
. 2x + 3y = 10 
1 1 
A nats 
x-6y=4 
y=4x4+1 
ds 4 
es 
Sy = 
ele 
‘ 2x-y=-3 
a 
8 na! 
6x —9y = 0 
{ = 2 
9. 
—2x-—y=-6 
1 
ee es 
7x —-5y=9 
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2x+y= 
13. 
a7 — 2) — 17 
—3y=-11 
14. 
3x + 5y =—-5 
eae I) =) 
15. 
3x — 4y = —2 


3x-y= 
21. 

4x+3y=-1 

2x-y=5 
a 

a 

2x — Dy = 
23. 

4x+ 10y = 2 

3x —Ty = -3 
24. 

6x + 14y = 0 
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yy —3x + 4y = 20 
2x+ 8y = 8 
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5 — as 
oh 

5 es 

y=4 
38. 

a) = 20) 


PART B: ELIMINATION METHOD 


Solve by elimination. 
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—2x + l4y = 28 
47. 
x—Ty=21 


4x +10y = 14 


{ Ax + 3y = —10 
Syl, 


3x —9y = 15 

i 

8x + 3y = -15 
-_ eee 
4x —2y = -112 


54, 
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5x — 3y = -7 
60. 

—7x + 6y = 11 

2x+9y = 8 
61. 

3x+7y=-1 


2x +2y =5 
‘ 3x + 3y = —-5 


—3x + 6y = -12 
2x—-4y=8 
25x + 15y = -1 
15x + 10y = -1 
25 oy 
65. 
18% — 125 
y= —2x-3 
66. 
—3x — 
seers 
67. 
4x —15 
See 
68. 
y=-5x+5 
2x —3y = 
69. 
5x — 8y = -16 
1 1 1 
—-x- -— =_— 
no 5 06 
ars in Se! 
ae 
1 1 = 
ae eae 
. 3 
os = — 
a 
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1 tad 
72. 2 eae 

1 1 19 

a ea oh 

== i 2y—4 
a ee 

a at 


O.11x + 0.04y = —0.2 
{ 1.3x + 0.ly = 0.35 
ia 


{ 0.025x + 0.ly = 0.5 
7A 


0.5x + y = —2.75 


2 x+ty=5 
' | 0.02x + 0.03y = 0.125 


PART C: MIXED PRACTICE 


Solve using any method. 
6x = 12y+7 
ies 
6x + 24y+5=0 


y=2x-3 
78. 
3x+y = 12 
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2) 
Ty = -—2x-1 
7x = 2y + 23 
ae on 0 


7 =~ x+10 
te 


=-ort 12 
88. 


= 6 


2(x-—3)+y=0 
89, 
3(2x+y—-—1) = 15 


3-2(x-y) =-3 
90. 
4x-3(y+1) =8 
» ae 


Be y= = Gy 2) 


x oy 
ce Be ey) 
92 = 3 
ty eee 
a 
an 2 
——xX — — — 
ie Fe ea 
: Val 
A oe 


3.2 Solving Linear Systems with Two Variables 


Chapter 3 Solving Linear Systems 


0.1x + 0.3y = 0.3 
0.05x — 0.5y = —0.63 

0.15x — 0.25y = —0.3 
—0.75x + 1.25y = —4 


4 ~0.15x + 1.25y = 0.4 
100. 


ce 0.43 
0.3x + 0.ly = -0.3 


W050 Uy — 0s 


PART D: DISCUSSION BOARD 


101. Explain to a beginning algebra student how to choose a method for solving a 


system of two linear equations. Also, explain what solutions look like and why. 


102. Make up your own linear system with two variables and solve it using all three 


methods. Explain which method was preferable in your exercise. 
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ANSWERS 


1. (-2, 11) 
ey) 

5. O 

7. (x, 2x + 3) 
9. (4, -2) 

11. (3, -2) 


13. (3, -4) 


i, (Ge ee 3) 


19. © 


21. (2, -3) 


25. © 


M7, (le 1) 


33. (0, 0) 
35, (G2) 


37. © 


41. (-4, 2) 


43. (-8,-1) 
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47. 


Sil, 


58, 


Sis 


32), 


61. 


69. 


Wo 


sy 


83. 


85. 


(120, 77) 


(0.5, -3) 


(-2, -10) 


(3; =1) 
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i 
63, (%, 5x 2) 
; 3 16 
PN Se 1G 


WI. 


Vion 


81. 
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$7, (32,0) 
89. (x, —2x + 6) 
91. (-4, 3) 


93. © 


97. (0.8, -5.4) 
99. © 


101. Answer may vary 
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3.3 Applications of Linear Systems with Two Variables 


LEARNING OBJECTIVES 


1. Set up and solve applications involving relationships between two 
variables. 

2. Set up and solve mixture problems. 

3. Set up and solve uniform motion problems (distance problems). 


Problems Involving Relationships between Two Variables 


If we translate an application to a mathematical setup using two variables, then we 


need to form a linear system with two equations. Setting up word problems with 
two variables often simplifies the entire process, particularly when the 
relationships between the variables are not so clear. 
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Example 1 


The sum of 4 times a larger integer and 5 times a smaller integer is 7. When 


twice the smaller integer is subtracted from 3 times the larger, the result is 11. 


Find the integers. 


Solution: 


Begin by assigning variables to the larger and smaller integer. 


Let x represent the larger integer. 


Let y represent the smaller integer. 


When using two variables, we need to set up two equations. The first sentence 
describes a sum and the second sentence describes a difference. 


4 times alarger 5 times a smaller 
~_ — 


4x + Sy a 
3 times the larger twice the smaller 
“_ — 


3x - 2y = ih) 


This leads to the following system: 


4x+5y=7 
3x —2y = 11 


Solve using the elimination method. To eliminate the variable y multiply the 
first equation by 2 and the second by 5. 
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4x+5y=7 ges 8x + 10y = 14 
3x —2y = 11 Re 15x — 10y = 55 
Add the equations in the equivalent system and solve for x. 


8x + 10y=14 

+15x — 10y=55 

23x Se) 

_ 69 

ES 
oo 


x 


Back substitute to find y. 


4x +5y=7 
4(3) + 5y=7 
12 + 5y=7 


Answer: The larger integer is 3 and the smaller integer is -1. 
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Try this! An integer is 1 less than twice that of another. If their sum is 20, find 
the integers. 


Answer: The two integers are 7 and 13. 


(click to see video) 


Next consider applications involving simple interest and money. 
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3.3 Applications of Linear Systems with Two Variables 


Example 2 
A total of $12,800 was invested in two accounts. Part was invested ina CD ata 


| < Yannual interest rate and part was invested in a money market fund at a 


- - Y%annual interest rate. If the total simple interest for one year was $465, 
then how much was invested in each account? 


Solution: 

Begin by identifying two variables. 

Let x represent the amount invested at 3 ool Seo — 05125 
Let y represent the amount invested at 4 - % = 4.75% = 0.0475 


The total amount in both accounts can be expressed as 


x+y = 12,800 


To set up a second equation, use the fact that the total interest was $465. Recall 
that the interest for one year is the interest rate times the principal 

(I = prt = pr- | = py: Use this to add the interest in both accounts. Be sure 
to use the decimal equivalents for the interest rates given as percentages. 


interestfromtheCD + interest from the fund= total interest 
0.03125x + 0.0475y = 465 


These two equations together form the following linear system: 
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x+y = 12,800 
0.03125x + 0.0475y = 465 


Eliminate x by multiplying the first equation by -0.03125. 


x+ y=12,800 “ON (_-9.03125x — 0.03125 y = 400 
0.03125x+ 0.0475 y = 465 0.03125x + 0.0475y = 465 


Next, add the resulting equations. 


~0.03125x — 0.03125y=—400 
+ 0.03125x + 0.0475y=465 
0.01625y=65 
65 


~ 0.01625 
y=4,000 


vy 


Back substitute to find x. 


x + y=12,800 
x + 4000 = 12,800 
x=8,800 


Answer: $4,000 was invested at 4 7 %and $8,800 was invested at 3 x % 
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Example 3 


A jar consisting of only nickels and dimes contains 58 coins. If the total value is 
$4.20, how many of each coin is in the jar? 


Solution: 
Let n represent the number of nickels in the jar. 
Let d represent the number of dimes in the jar. 


The total number of coins in the jar can be expressed using the following 
equation: 


n+d=58 


Next, use the value of each coin to determine the total value $4.20. 


value of nickels + valueof dimes = total value 
0.05n + 0.10d = 4.20 


This leads us to following linear system: 


n+d=58 
0.05n + 0.10d = 4.20 
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Here we will solve using the substitution method. In the first equation, we can 


solve for n. 


n+d=58 = n=58-d 
0.051 +0.10d = 4.20 


Substitute m = 58 — d into the second equation and solve for d. 


0.05 (58 — d) + 0.10d=4.20 
2.9 — 0.05d + 0.10d=4.20 
2.9 + 0.05d=4.20 
0.05d=1.3 
d=26 


Now back substitute to find the number of nickels. 


n=58 —d 
=58 — 26 
=o 


Answer: There are 32 nickels and 26 dimes in the jar. 
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Try this! Joey has a jar full of 40 coins consisting of only quarters and nickels. If 
the total value is $5.00, how many of each coin does Joey have? 


Answer: Joey has 15 quarters and 25 nickels. 


(click to see video) 


Mixture Problems 


Mixture problems often include a percentage and some total amount. It is 
important to make a distinction between these two types of quantities. For 
example, if a problem states that a 20-ounce container is filled with a 2% saline 
(salt) solution, then this means that the container is filled with a mixture of salt and 
water as follows: 


fre] tm 
2% =0.02 | 0.02(20 ounces) = 0.4 ounces 


98% = 0.98 | 0.98(20 ounces) = 19.6 ounces 


In other words, we multiply the percentage times the total to get the amount of 
each part of the mixture. 
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Example 4 


A 1.8% saline solution is to be combined and mixed with a 3.2% saline solution 
to produce 35 ounces of a 2.2% saline solution. How much of each is needed? 


Solution: 
Let x represent the amount of 1.8% saline solution needed. 
Let y represent the amount of 3.2% saline solution needed. 


The total amount of saline solution needed is 35 ounces. This leads to one 
equation, 


x+y=35 


The second equation adds up the amount of salt in the correct percentages. The 
amount of salt is obtained by multiplying the percentage times the amount, 
where the variables x and y represent the amounts of the solutions. The amount 
of salt in the end solution is 2.2% of the 35 ounces, or .022(35). 


salt in 1.8% solution +. salt in3.2% solution = salt in the end solution 
0.018x + 0.032y 0.022(35) 


The algebraic setup consists of both equations presented as a system: 
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x+y=35 
0.018x + 0.032y = 0.022(35) 


Solve. 


x+y=35 AO) —0.018x —0.018y =—0.63 
0.018x + 0.032 y = 0.022(35) 0.018x + 0.032y =0.77 


Add the resulting equations together 


—0.018x — 0.018y= —0.63 
+ 0.018x + 0.032y= 0.77 


0.014y= 0.14 

_ 0.14 

Toi 

eel 
Back substitute to find x. 

x+y=35 
x+ 10=35 
= D5) 


Answer: We need 25 ounces of the 1.8% saline solution and 10 ounces of the 
3.2% saline solution. 
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Example 5 


An 80% antifreeze concentrate is to be mixed with water to produce a 48-liter 
mixture containing 25% antifreeze. How much water and antifreeze 
concentrate is needed? 


Solution: 
Let x represent the amount of 80% antifreeze concentrate needed. 
Let y represent the amount of water needed. 


The total amount of the mixture must be 48 liters. 


x+y =48 


The second equation adds up the amount of antifreeze from each solution in 
the correct percentages. The amount of antifreeze in the end result is 25% of 48 
liters, or 0.25(48). 


antif reeze in 80% concentrate + antifreeze in water=antif reeze in the end mixture 
0.80x + 0 =0.25(48) 


Now we can form a system of two linear equations and two variables as follows: 


x+y=48 ae x+y=48 
0.80x = 0.25(48) 0.80x = 12 
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3.3 Applications of Linear Systems with Two Variables 


Use the second equation to find x: 


0.80x=12 
_ i 
*= 0.80 
x=15 


Back substitute to find y. 


x+ y=48 
15 + y=48 
y= 33 


Answer: We need to mix 33 liters of water with 15 liters of antifreeze 
concentrate. 


Try this! A chemist wishes to create 100 ml of a solution with 12% acid content. 
He uses two types of stock solutions, one with 30% acid content and another 
with 10% acid content. How much of each does he need? 


Answer: The chemist will need to mix 10 ml of the 30% acid solution with 90 ml 
of the 10% acid solution. 


(click to see video) 
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Uniform Motion Problems (Distance Problems) 


Recall that the distance traveled is equal to the average rate times the time traveled 
at that rate, D = r - t These uniform motion problems usually have a lot of data, so 
it helps to first organize that data in a chart and then set up a linear system. In this 
section, you are encouraged to use two variables. 
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Example 6 


An executive traveled a total of 4 hours and 875 miles by car and by plane. 
Driving to the airport by car, she averaged 50 miles per hour. In the air, the 
plane averaged 320 miles per hour. How long did it take her to drive to the 
airport? 


Solution: 


We are asked to find the time it takes her to drive to the airport; this indicates 
that time is the unknown quantity. 


Let x represent the time it took to drive to the airport. 
Let y represent the time spent in the air. 


Fill in the chart with the given information. 


Distance = Rate x Time 


Travel by car Lo 50 mph ag 
Travel by air Sj 320 mph y 


Total | 875 mi 4 hours 


Use the formula D = r - fto fill in the unknown distances. 


Distance traveled inthe car: D=r-t=50-x 
Distance traveled inthe air: D=r-t=320-y 


Distance = Rate x Time 


Travel by car 50 mph > 
Travel by air 320y 320 mph y 


Total | 875 mi 4 hours 
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The distance column and the time column of the chart help us to set up the 


following linear system. 


Distance = Rate x Time 
[atmo 
=[ 320mm 


Travel by car 
Travel by air a 
Total | & 


50x + 320y = 875 


x+ty=4 


x+y = 4 < total time traveled 
50x + 320y =875 < total distance traveled 


Solve. 


x+y=4 ‘> [-s0x-s0y =-200 
50x +320y =875 50x +320y =875 


~50x-—S50y =—200 
+ 50x+320y=875 


270y =675 

_ 6B 

250 
B 
a 


Now back substitute to find the time x it took to drive to the airport: 
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x+y=4 
5 
gee 
8S 
5D 
ao 
ASD 


Answer: It took her 1 + hours to drive to the airport. 


It is not always the case that time is the unknown quantity. Read the problem 
carefully and identify what you are asked to find; this defines your variables. 


16 
17 


18 


16. Applications involving simple 
interest and money. 


17. Applications involving a 
mixture of amounts usually 
given as a percentage of some 
total. 


18. Applications relating distance, 
average rate, and time. 
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Example 7 


Flying with the wind, a light aircraft traveled 240 miles in 2 hours. The aircraft 
then turned against the wind and traveled another 135 miles in | + hours. Find 
the speed of the airplane and the speed of the wind. 


Solution: 

Begin by identifying variables. 

Let x represent the speed of the airplane. 
Let w represent the speed of the wind. 


Use the following chart to organize the data: 


Distance = Rate x Time 


Sioa | en 
Flight against wind | 135mi | | 1.5 hrs 


Total 


With the wind, the airplane’s total speed is x + w. Flying against the wind, the 
total speed is x — w. 


Distance = Rate x Time 


Flight with wind 2 hrs 
Flight against wind 1.5 hrs 


Total 


Use the rows of the chart along with the formula D = r - fto construct a linear 
system that models this problem. Take care to group the quantities that 
represent the rate in parentheses. 


Distance = Rate x Time 


Flight with wind 240 = (x + w) a2 


Flight against wind 135= (x - w) “1.5 


Total 
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240 = (x+w)-2 < distance traveled with the wind 
135 = («-—w)- 1.5< distance traveled against the wind 


If we divide both sides of the first equation by 2 and both sides of the second 
equation by 1.5, then we obtain the following equivalent system: 


W0= @tw)2 => iH Spek oe 
135 = («-w)-1.5 ae 90 =x-w 


Here wis lined up to eliminate. 


x + w=120 

ee ele 
24 =210 
210 
are 
105 

Back substitute. 

x+w=120 
105 + w=120 

w=15 
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Answer: The speed of the airplane is 105 miles per hour and the speed of the 
wind is 15 miles per hour. 


Try this! A boat traveled 27 miles downstream in 2 hours. On the return trip, 
which was against the current, the boat was only able to travel 21 miles in 2 
hours. What were the speeds of the boat and of the current? 


Answer: The speed of the boat was 12 miles per hour and the speed of the 
current was 1.5 miles per hour. 


(click to see video) 


KEY TAKEAWAYS 


* Use two variables as a means to simplify the algebraic setup of 
applications where the relationship between unknowns is unclear. 

* Carefully read the problem several times. If two variables are used, then 
remember that you need to set up two linear equations in order to solve 
the problem. 

* Be sure to answer the question in sentence form and include the correct 
units for the answer. 
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TOPIC EXERCISES 


PART A: APPLICATIONS INVOLVING TWO VARIABLES 


Set up a linear system and solve. 


1. The sum of two integers is 45. The larger integer is 3 less than twice the 
smaller. Find the two integers. 


2. The sum of two integers is 126. The larger is 18 less than 5 times the smaller. 
Find the two integers. 


3. The sum of two integers is 41. When 3 times the smaller is subtracted from the 
larger the result is 17. Find the two integers. 


4. The sum of two integers is 46. When the larger is subtracted from twice the 
smaller the result is 2. Find the two integers. 


5. The difference of two integers is 11. When twice the larger is subtracted from 3 
times the smaller, the result is 3. Find the integers. 


6. The difference of two integers is 6. The sum of twice the smaller and the larger 
is 72. Find the integers. 


7. The sum of 3 times a larger integer and 2 times a smaller is 15. When 3 times 
the smaller integer is subtracted from twice the larger, the result is 23. Find 
the integers. 


8. The sum of twice a larger integer and 3 times a smaller is 10. When the 4 times 
the smaller integer is added to the larger, the result is 0. Find the integers. 


9. The difference of twice a smaller integer and 7 times a larger is 4. When 5 
times the larger integer is subtracted from 3 times the smaller, the result is -5. 
Find the integers. 


10. The difference of a smaller integer and twice a larger is 0. When 3 times the 
larger integer is subtracted from 2 times the smaller, the result is -5. Find the 
integers. 


11. The length of a rectangle is 5 more than twice its width. If the perimeter 
measures 46 meters, then find the dimensions of the rectangle. 


12. The width of a rectangle is 2 centimeters less than one-half its length. If the 
perimeter measures 62 centimeters, then find the dimensions of the rectangle. 
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13. A partitioned rectangular pen next to a river is constructed with a total 136 
feet of fencing (see illustration). If the outer fencing measures 114 feet, then 
find the dimensions of the pen. 


y 
14. A partitioned rectangular pen is constructed with a total 168 feet of fencing 
(see illustration). If the perimeter measures 138 feet, then find the dimensions 
of the pen. 


ax + by =8 
15. Find a and b such that the system has solution (2, 1). 
bx +ay=7 


(Hint: Substitute the given x- and y-values and solve the resulting linear system 
in terms of a and b.) 


ax — by = 11 
16. Find a and b such that the system has solution (3, —1). 
bx + ay = 13 


17. A line passes through two points (5, —9) and (—3, 7). Use these points and 


y = mx + D toconstruct a system of two linear equations in terms of m and 
b and solve it. 


18. A line passes through two points (2, 7) and (5 , —2). Use these points and 


y = mx + D toconstruct a system of two linear equations in terms of m and 
b and solve it. 
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iG), 


20. 


Ble 


Das 


23. 


24, 


293 


26. 


2k 


285 


29. 


A $5,200 principal is invested in two accounts, one earning 3% interest and 
another earning 6% interest. If the total interest for the year is $210, then how 
much is invested in each account? 


Harry’s $2,200 savings is in two accounts. One account earns 2% annual 
interest and the other earns 4%. His total interest for the year is $69. How 
much does he have in each account? 


Janine has two savings accounts totaling $6,500. One account earns 2 - % 


annual interest and the other earns 3 7 %. If her total interest for the year is 
$211, then how much is in each account? 


Margaret has her total savings of $24,200 in two different CD accounts. One CD 
earns 4.6% interest and another earns 3.4% interest. If her total interest for the 
year is $1,007.60, then how much does she have in each CD account? 


Last year Mandy earned twice as much interest in her Money Market fund as 
she did in her regular savings account. The total interest from the two 
accounts was $246. How much interest did she earn in each account? 


A small business invested $120,000 in two accounts. The account earning 4% 
annual interest yielded twice as much interest as the account earning 3% 
annual interest. How much was invested in each account? 


Sally earns $1,000 per month plus a commission of 2% of sales. Jane earns $200 
per month plus 6% of her sales. At what monthly sales figure will both Sally 
and Jane earn the same amount of pay? 


The cost of producing specialty book shelves includes an initial set-up fee of 
$1,200 plus an additional $20 per unit produced. Each shelf can be sold for $60 
per unit. Find the number of units that must be produced and sold where the 
costs equal the revenue generated. 


Jim was able to purchase a pizza for $12.35 with quarters and dimes. If he uses 
71 coins to buy the pizza, then how many of each did he have? 


A cash register contains $5 bills and $10 bills with a total value of $350. If there 
are 46 bills total, then how many of each does the register contain? 


Two families bought tickets for the home basketball game. One family ordered 
2 adult tickets and 4 children’s tickets for a total of $36.00. Another family 
ordered 3 adult tickets and 2 children’s tickets for a total of $32.00. How much 
did each ticket cost? 
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30. Two friends found shirts and shorts on sale at a flea market. One bought 4 
shirts and 2 shorts for a total of $28.00. The other bought 3 shirts and 3 shorts 
for a total of $30.75. How much was each shirt and each pair of shorts? 


31. A community theater sold 140 tickets to the evening musical for a total of 
$1,540. Each adult ticket was sold for $12 and each child ticket was sold for $8. 
How many adult tickets were sold? 


32. The campus bookstore sells graphing calculators for $110 and scientific 
calculators for $16. On the first day of classes 50 calculators were sold for a 
total of $1,646. How many of each were sold? 


33. A jar consisting of only nickels and quarters contains 70 coins. If the total value 
is $9.10, how many of each coin are in the jar? 


34. Jill has $9.20 worth of dimes and quarters. If there are 68 coins in total, how 
many of each does she have? 


PART B: MIXTURE PROBLEMS 


Set up a linear system and solve. 


35. A17% acid solution is to be mixed with a 9% acid solution to produce 8 gallons 
of a 10% acid solution. How much of each is needed? 


36. A nurse wishes to obtain 28 ounces of a 1.5% saline solution. How much of a 1% 
saline solution must she mix with a 4.5% saline solution to achieve the desired 
mixture? 


37. A customer ordered 4 pounds of a mixed peanut product containing 12% 
cashews. The inventory consists of only two mixes containing 10% and 26% 
cashews. How much of each type must be mixed to fill the order? 


38. One alcohol solution contains 10% alcohol and another contains 25% alcohol. 
How much of each should be mixed together to obtain 2 gallons of a 13.75% 
alcohol solution? 


39. How much cleaning fluid concentrate, with 60% alcohol content, must be 
mixed with water to obtain a 24-ounce mixture with 15% alcohol content? 


40. How many pounds of pure peanuts must be combined with a 20% peanut mix 
to produce 2 pounds of a 50% peanut mix? 


41. A50% fruit juice concentrate can be purchased wholesale. Best taste is 
achieved when water is mixed with the concentrate in such a way as to obtain 
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a 15% fruit juice mixture. How much water and concentrate is needed to make 
a 60-ounce fruit juice drink? 


42. Pure sugar is to be mixed with a fruit salad containing 10% sugar to produce 65 
ounces of a salad containing 18% sugar. How much pure sugar is required? 


43. A custom aluminum alloy is created by mixing 150 grams of a 15% aluminum 
alloy and 350 grams of a 55% aluminum alloy. What percentage of aluminum is 
in the resulting mixture? 


44. A research assistant mixed 500 milliliters of a solution that contained a 12% 
acid with 300 milliliters of water. What percentage of acid is in the resulting 
solution? 


PART C: UNIFORM MOTION PROBLEMS 


Set up a linear system and solve. 


45. The two legs of a 432-mile trip took 8 hours. The average speed for the first leg 
of the trip was 52 miles per hour and the average speed for the second leg of 
the trip was 60 miles per hour. How long did each leg of the trip take? 


46. Jerry took two buses on the 265-mile trip from Los Angeles to Las Vegas. The 
first bus averaged 55 miles per hour and the second bus was able to average 50 
miles per hour. If the total trip took 5 hours, then how long was spent in each 
bus? 


47. An executive was able to average 48 miles per hour to the airport in her car 
and then board an airplane that averaged 210 miles per hour. The 549-mile 
business trip took 3 hours. How long did it take her to drive to the airport? 


48. Joe spends 1 hour each morning exercising by jogging and then cycling for a 
total of 15 miles. He is able to average 6 miles per hour jogging and 18 miles 
per hour cycling. How long does he spend jogging each morning? 


49. Swimming with the current Jack can swim 2.5 miles in “- hour. Swimming 


back, against the same current, he can only swim 2 miles in the same amount 
of time. How fast is the current? 


50. A light aircraft flying with the wind can travel 180 miles in 1 ‘ hours. The 


aircraft can fly the same distance against the wind in 2 hours. Find the speed of 
the wind. 
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51. A light airplane flying with the wind can travel 600 miles in 4 hours. On the 
return trip, against the wind, it will take 5 hours. What are the speeds of the 
airplane and of the wind? 


52. A boat can travel 15 miles with the current downstream in | + hours. 
Returning upstream against the current, the boat can only travel 8 - miles in 


the same amount of time. Find the speed of the current. 


53. Mary jogged the trail from her car to the cabin at the rate of 6 miles per hour. 
She then walked back to her car at a rate of 4 miles per hour. If the entire trip 
took 1 hour, then how long did it take her to walk back to her car? 


54. Two trains leave the station traveling in opposite directions. One train is 8 
miles per hour faster than the other and in 2 + hours they are 230 miles apart. 
Determine the average speed of each train. 


55. Two trains leave the station traveling in opposite directions. One train is 12 
miles per hour faster than the other and in 3 hours they are 300 miles apart. 
Determine the average speed of each train. 


56. A jogger can sustain an average running rate of 8 miles per hour to his 
destination and 6 miles an hour on the return trip. Find the total distance the 


jogger ran if the total time running was 1 - hour. 


PART E: DISCUSSION BOARD 


57. Compose a number or money problem of your own and share it on the 
discussion board. 


58. Compose a mixture problem of your own and share it on the discussion board. 


59. Compose a uniform motion problem of your own and share it on the discussion 


board. 
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ANSWERS 


1. The integers are 16 and 29. 

3. The integers are 6 and 35. 

5. The integers are 25 and 36. 

7. The integers are -3 and 7. 

9. The integers are -5 and -2. 
11. Length: 17 meters; width: 6 meters 
13. Width: 22 feet; length: 70 feet 
Ge = 3 
it — 2,0 — 
19. $3,400 at 3% and $1,800 at 6% 


21. $2,200 at 2 - % and $4,300 at 3 ‘ % 


23. Savings: $82; Money Market: $164. 

25. $20,000 

27. 35 quarters and 36 dimes 

29. Adults $7.00 each and children $5.50 each. 

31. 105 adult tickets were sold. 

33. The jar contains 42 nickels and 28 quarters. 

35. 7 gallons of the 9% acid solution and 1 gallon of the 17% acid solution 
37. 3.5 pounds of the 10% cashew mix and 0.5 pounds of the 26% cashew mix 
39. 6 ounces of cleaning fluid concentrate 

41. 18 ounces of fruit juice concentrate and 42 ounces of water 

43. 43% 


45. The first leg of the trip took 6 hours and the second leg took 2 hours. 
47. It took her 7 hour to drive to the airport. 


49. 0.5 miles per hour. 


3.3 Applications of Linear Systems with Two Variables 673 


Chapter 3 Solving Linear Systems 


51. Airplane: 135 miles per hour; wind: 15 miles per hour 
3 
53. 5 hour 


55. One train averaged 44 miles per hour and the other averaged 56 miles per 
hour. 


57. Answer may vary 


59. Answer may vary 
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3.4 Solving Linear Systems with Three Variables 


LEARNING OBJECTIVES 


Check solutions to linear systems with three variables. 
Solve linear systems with three variables by elimination. 
Identify dependent and inconsistent systems. 

Solve applications involving three unknowns. 


BP WH Ff 


Solutions to Linear Systems with Three Variables 


Real-world applications are often modeled using more than one variable and more 
than one equation. In this section, we will study linear systems consisting of three 
linear equations each with three variables. For example, 


3x+2y— z=-7 (1) 
6x — y+ 3z=-4 (2) 
x + 10y — 2z=2 (3) 


A solution to sucha linear system is an ordered triple” (x, y, z) that solves all of 
the equations. In this case, (-2, 1, 3) is the only solution. To check that an ordered 
triple is a solution, substitute in the corresponding x-, y-, and z-values and then 
simplify to see if you obtain a true statement from all three equations. 


19. Triples (x, y, z) that identify 
position relative to the origin 
in three-dimensional space. 
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Check: (—2, 1, 3) 


Equation (1) : Equation (2) : Equatioi 
3x + 2y+z=-7 6x —y + 3z=—4 x + 10) 


3(-2) + 2(1) -(3)=-7__ |6(-2) — (1) - 3(3)=-4  |(—-2) + 101) - 
—6+2-3=-7 ~12-1-9=-4 aed 
ja 9 —4=-4/ 


Because the ordered triple satisfies all three equations we conclude that it is indeed 
a solution. 
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Example 1 


Determine whether or not (te 4, <)is a solution to the following linear system: 


9x +y—-—6z=5 
—6x —-3y+3z=-14. 
3x+2y—7z= 15 


Solution: 


Check: Uh 4, +) 


Equation (1) : Equation (2) : Equat 
9x + y — 6z=5 —6x — 3y + 3z=-14 3x + 


6(1) — 3(4) +3 (4) =14 BC) + 2(4) - 
~6 —12+4=-14 a 
-14=-14V 


Answer: The point does not satisfy all of the equations and thus is not a 
solution. 


An ordered triple such as (2; 4, 5) can be graphed in three-dimensional space as 
follows: 
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The ordered triple indicates position relative to the origin (0, 0, 0), in this case, 2 
units along the x-axis, 4 units parallel to the y-axis, and 5 units parallel to the z-axis. 
A linear equation with three variables” is in standard form if 


ax+ by+cz=d 


where a, b, c, and d are real numbers. For example, 6x + y + 2z = 26 isin 
standard form. Solving for z, we obtain z = —3x — + y + 13 and can consider both 
x and y to be the independent variables. When graphed in three-dimensional space, 
its graph will form a straight flat surface called a plane”’. 


20. An equation that can be 


written in the standard form : ; F 
ax + by + cz = d where a, Therefore, the graph of a system of three linear equations and three unknowns will 


b, ¢ and dave real numbers, consist of three planes in space. If there is a simultaneous solution, the system is 


consistent and the solution corresponds to a point where the three planes intersect. 
21. Any flat two-dimensional 


surface. 
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Graphing planes in three-dimensional space is not within the scope of this textbook. 
However, it is always important to understand the geometric interpretation. 


Try this! Determine whether or not (3, -1, 2) a solution to the system: 
2x—-3y-z=7 
3x + Sy — 3z=-2. 
4x-y+2z =17 


Answer: Yes, it is a solution. 


(click to see video) 


Solve Linear Systems with Three Variables by Elimination 


In this section, the elimination method is used to solve systems of three linear 
equations with three variables. The idea is to eliminate one of the variables and 
resolve the original system into a system of two linear equations, after which we 
can then solve as usual. The steps are outlined in the following example. 
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Example 2 


oy =), (1) 
Solve:} 6x —y+3z =-4 (2). 
x + 10y — 2z=2 (3) 


Solution: 


All three equations are in standard form. If this were not the case, it would be a 
best practice to rewrite the equations in standard form before beginning this 
process. 


Step 1: Choose any two of the equations and eliminate a variable. In this case, 
we can line up the variable z to eliminate if we group 3 times the first equation 
with the second equation. 


3 
(@ ‘Qri2y-ca-7 = (9x46y—32=-21 
(2) 6x—y+3z=—4 6x-y+3z=—-4 


Next, add the equations together. 


9x + 6y — 3z=21 
+ 6x—-y + 3z=-4 
15x + 5y =—25 of 


Step 2: Choose any other two equations and eliminate the same variable. We 
can line up z to eliminate again if we group -2 times the first equation with the 
third equation. 


2) 
() leona: es ares 


(3) x+10y—2z7=2 x+10y—2z=2 
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And then add, 


—6x —4y + 2z=14 
+ x4+10y-—2z=2 
—5x + 6y =16 Vv 


Step 3: Solve the resulting system of two equations with two unknowns. Here 
we solve by elimination. Multiply the second equation by 3 to line up the 
variable x to eliminate. 


15x+S5y =-25 15x+5y =-25 
—5x+6y=16 => —15x+18y =48 


Next, add the equations together. 


15x + 5y=—25 
+—15x + 18y=48 
23y—23 
7—I 


Step 4: Back substitute and determine all of the coordinates. To find x use the 
following, 


15x + 5y=—25 
15x +5 (1)=—-25 
15x=—-30 

x=-2 
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Now choose one of the original equations to find z, 


3x + 2y —z=-7 (1) 
3 (-—2) +2(1) —-z=-7 


—6+2-7z=-7 
4 7=—7 
== =o 

z=3 


Hence the solution, presented as an ordered triple (x, y, z), is (-2, 1, 3). This is 
the same system that we checked in the beginning of this section. 


Answer: (-2, 1, 3) 


It does not matter which variable we initially choose to eliminate, as long as we 
eliminate it twice with two different sets of equations. 
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Example 3 


—6x — 3y + 3z = —-14 
Solve: 9x+y—6z=5 
3x + 2y—7z=15 


Solution: 


Because y has coefficient 1 in the second equation, choose to eliminate this 
variable. Use equations 1 and 2 to eliminate y. 


(1) —6x-3y+3z=-14 -6x-3y+3z=-14 
(2) 9x+y-6z=5 3 27x+3y—-18z=15 
2ix -l5z=1 V 


Next use equations 2 and 3 to eliminate y again. 


2 
Q) aaa ote) eae 


(3) 3x+2y-—7z=15 3x+2y-7z=15 


-15x +5z=5 Vv 


This leaves a system of two equations with two variables x and z, 


21x = l5z= 1 
—I5% + 527 = 5 


Multiply the second equation by 3 and eliminate the variable z. 


21x-15z=1 21x-15z=1 
-15x+5z=5 a —45x+15z=15 
—24x =16 
malo) 
24 
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Now back substitute to find z. 


21x -— 15z=1 
2 
21{—— })-15z=1 
(-3)-1s 
—14—- 15z=1 
—15z=15 
z=-l 


Finally, choose one of the original equations to find y. 


—6x — 3y + 3z=-14 


~6 (- 5) —3y +3(-1)=-14 


4-—3y-—3=-14 
1 —3y=-14 
—3y=-15 

y= 5 


Answer: (- 7 5s —1) 
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Example 4 
2x + 6y + 7z=4 
Solve: 4 —3x — 4y + 5z=12 
5x + 10y — 3z=—13 


Solution: 


In this example, there is no obvious choice of variable to eliminate. We choose 
to eliminate x. 


(1) 2x + 6y+7z=4 3 6x + 18y + 21z = 12 
(2) SSPE) oe 3) ts Ns ee —6x — 8y + 10z = 24 


10y + 31z = 36V 


Next use equations 2 and 3 to eliminate x again. 


(2) {( -3x—4y+5z=12 33 ( —15x— 20y + 25z = 60 
(3) 5x + 10y — 32 = -13 = 15x + 30y — 9z = —39 


10y + 16z = 21V 


This leaves a system of two equations with two variables y and z, 


10y + 31z = 36 
10y + 16z = 21 
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Multiply the first equation by -1 as a means to eliminate the variable y. 


x(-1) 
10y+31z=36 => -10y-3lz=-36 
10y+16z=21 10y+16z=21 


—15z=-15 


Zl 


Now back substitute to find y. 


10y + 31z=36 

10y + 31 (1)=36 

10y + 31=36 
10y=5 


Choose any one of the original equations to find x. 


2x + 6y + 7z=4 
1 
2x +6 (5) +7(1)=4 


2x+3+7=4 
2x + 10=4 
2x=—-6 


x=-3 
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Dependent and Inconsistent Systems 


Just as with linear systems with two variables, not all linear systems with three 
variables have a single solution. Sometimes there are no simultaneous solutions. 


ay) 


Nie 


Answer: (-3, 


2x—3y-z=7 
Try this! Solve: 4 3x + 5y — 3z 
4x—y+2z =17 


Answer: (3, -1, 2) 


(click to see video) 
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Example 5 


4x—-—y+3z =5 
Solve the system: 4 21x —4y + 18z= 7. 
ooo 


Solution: 


In this case we choose to eliminate the variable y. 


@) 4x —-y+3z=5 
(3) | -9x+y-—9z=-8 


—5x -—6z = -—3V 


Next use equations 2 and 3 to eliminate y again. 


(2) 21x—4y+18z=7 21x—4y+18z=7 
(3) -9x+y-9z=-8 FZ —36x+4y—36z =—32 
-15x  - 18z=-25 Vv 


This leaves a system of two equations with two variables x and z, 


—5x -— 6z = -3 
—15x — 18z = —25 


Multiply the first equation by -3 and eliminate the variable z. 
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x(3) 
(ane = Lec 


—15x-18z=-25 —15x—-18z =-25 


0=-16 * 


Adding the resulting equations together leads to a false statement, which 
indicates that the system is inconsistent. There is no simultaneous solution. 


Answer: © 


A system with no solutions is an inconsistent system. Given three planes, no 
simultaneous solution can occur in a number of ways. 


Inconsistent Systems 


No simultaneous solution, @ 


Just as with linear systems with two variables, some linear systems with three 
variables have infinitely many solutions. Such systems are called dependent 
systems. 
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Example 6 
7x —4y+z=-—15 
Solve the system: Shes = 8) 
5x + 12y —5z=—-5 


Solution: 


Eliminate z by adding the first and second equations together. 


3x+2y-—z=-5 


(1) ean 


10x -2y=-20 V 


Next use equations 1 and 3 to eliminate z again. 


5 
a) | teeOrteste 5 Pee opssss 5 
(3) 5x+12y—5z=-5 $Sx+12y—5z=-5 


40x-8y =-80 Vv 


This leaves a system of two equations with two variables x and y, 


Line up the variable y to eliminate by dividing the first equation by 2 and the 
second equation by -8. 
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10x = 2y = 20 == ( 5x9 ==10 
40x — 8y = a Uaereasa —5x+y=10 


O=0 #£True 


A true statement indicates that the system is dependent. To express the infinite 
number of solutions ic y, z) in terms of one variable, we solve for y and z both 
in terms of x. 


10x — 2y=—20 
—2y=-—10x — 20 
—2y  -—10x -—20 
ea) a 
y=5x+ 10 


Once we have y in terms of x, we can solve for z in terms of x by back 
substituting into one of the original equations. 


7x —4y + z=-15 

ix —4 (5x oo 10) +z=—15 

Tx — 20x — 40+ z=-15 

—13x — 40+ z=-15 
zZ=13x4+25 


Answer: (x, 5x + 10, 13x + 25). 
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A consistent system with infinitely many solutions is a dependent system. Given 
three planes, infinitely many simultaneous solutions can occur in a number of ways. 


Dependent Systems 


TIx+y—-2z =-4 
Try this! Solve: 4 —21x —7y+ 8z= 4. 
7x + 3y-—3z =0 


; i des 
Answer: ( ee 4, yar 4) 


(click to see video) 


Applications Involving Three Unknowns 


Many real-world applications involve more than two unknowns. When an 


application requires three variables, we look for relationships between the variables 
that allow us to write three equations. 
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Example 7 


A community theater sold 63 tickets to the afternoon performance for a total of 
$444, An adult ticket cost $8, a child ticket cost $4, and a senior ticket cost $6. If 
twice as many tickets were sold to adults as to children and seniors combined, 
how many of each ticket were sold? 


Solution: 

Begin by identifying three variables. 

Let x represent the number of adult tickets sold. 
Let y represent the number of child tickets sold. 
Let z represent the number of senior tickets sold. 


The first equation comes from the statement that 63 tickets were sold. 


(I) x+y+z=63 


The second equation comes from total ticket sales. 


(2) 8x+4y+6z = 444 


The third equation comes from the statement that twice as many adult tickets 
were sold as child and senior tickets combined. 
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x=2(y+z) 
x=2y + 2z 
(Gla = 0 


Therefore, the problem is modeled by the following linear system. 


x+y+z=63 
8x + 4y + 67=444 
x — 2y — 2z7=0 


Solving this system is left as an exercise. The solution is (42, 9, 12). 


Answer: The theater sold 42 adult tickets, 9 child tickets, and 12 senior tickets. 


KEY TAKEAWAYS 


* A simultaneous solution to a linear system with three equations and 
three variables is an ordered triple (x, y, z) that satisfies all of the 
equations. If it does not solve each equation, then it is not a solution. 

* We can solve systems of three linear equations with three unknowns by 
elimination. Choose any two of the equations and eliminate a variable. 
Next choose any other two equations and eliminate the same variable. 
This will result in a system of two equations with two variables that can 
be solved by any method learned previously. 

* Ifthe process of solving a system leads to a false statement, then the 
system is inconsistent and has no solution. 

* Ifthe process of solving a system leads to a true statement, then the 
system is dependent and has infinitely many solutions. 

* To solve applications that require three variables, look for relationships 
between the variables that allow you to write three linear equations. 
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TOPIC EXERCISES 


PART A: LINEAR SYSTEMS WITH THREE VARIABLES 


Determine whether or not the given ordered triple is a solution to the 
given system. 


1. (3, -2,-1); 
ya 
2x — 3y + 2z7=10 
iese 42 eS 3, 
2 (—8, -1,5); 
ye) 
| wn 
3x — 9y + 4z7=5 
ya Oe 4) 
o> 
| naan 
x—-—yt+9z=28 
4, (—4, 1, —3); 
3x+2y—z=-7 
peree 
ey lo 
5. (6.5.- 5) 
x+6y —4z=12 
eaeeeoe 
a 
« (F.-1-3) 
2x —y —2z=3 
4x + 5y — 8z=2 
x—2y-—7z=3 
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7. (3, -2, 1); 
4x — 5y=22 
2y—z=8 
—5x + 2z=-13 
5 1 
SaaS), 
2y — 6z=8 
3x —4z7=5 
18z=-9 
9 (+ .-2,6) 
a-—b+c=9 
4a 2p eo — 14 
1 
2Za+tbt+ Ae 
10. (—1,5,-7); 
1 1 
3 b+—=c=- = 
@) =F a 3 
1 3 
8 2b+—=—-c=-= 
@)1 oF +r 7 © 5 


25a+5b+c=-7 


PART B: SOLVING LINEAR SYSTEMS WITH THREE 


VARIABLES 


Solve. 


2x —3y+z=4 

Ml SB Se AV 2 Pee 

x+4y -3z=7 

5x —-2y+z=-9 

12: 2x + y —3z=-5 
7x + 3y + 2z7=6 
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3.4 Solving Linear Systems with Three Variables 


x+5y —2z=15 
a ee 


2x + 4y — 3z=21 
x —4y + 2z=3 


2x + 3y —3z=9 
3x + 2y +4z=-1 


| 
| 
| 
| 


ih 
14. 


4x-—y+3z=14 


6x + 3y — 5z=-12 
2x + 3y —2z=—-4 


3x + 5y + 3z=17 


Diese Vi SA a 
ean) =e) 


9x — 3y + 6z7=2 


—6x + 2y — 4z7=-2 
5x — 8y+z=5 


15. 


16 


WW 


ies —3x + Sy —z=-3 


—l1x+ 18y — 3z=-5 
x—-—yt2z=3 


19. ee 


SN = 3) a aI 
hy so 


| x-yt4z7=-7 

—x-—y+2z=1 
4x —y+2z=3 

21.4 6x+ 3y —4z=-1 
3x — 2y + 3z=4 
ey o7— | 
3x + 8y — 2z=2 
5x + 2y —3z=-5 


(bbe 
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3x — 4y — z=7 
5x — 8y + 3z=11 


2x + 6y + z=9 
3x + y —4z7=6 


23% 


7x — 6y+ z=8 
Ay ot 
x+2y —2z=14 
—9x + 3y+ z=3 
12 
—6x + 2y+ z=8 


a-—b+c=9 
= 4a -—2b+c=14 


29% 


20s 


24. | sen 
9x + 3y — 4z=10 


oi 
28. 1 3 
by 
25a+5b+c=-7 
3x — 5y — 4z=-5 
29. 4 4x — 6y + 3z=-—22 


6x + 8y — 5z=20 
Tx + 4y —2z=8 


OU, AG UV ae 3 


3x — 6by —7z=8 
oy a3 


31, 1) 0c — 


—5x+2y+ 3z=4 
So0ee Isp gS — I 


825 5444) 4+ 37—) 
2x — 3y + 5z=—-4 
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4x — 3y=1 
230 Dy 322 


3x 4- 27=3 
Sy — 3z=—28 


34. 4 3x+2y=8 


4y —7z=—-27 
2x+ 3y+z=1 


6y+z=4 


8y + 3z=0 
5x + Ty + 2z7=4 


12x + 1l6y + 4z7=15 

10x + 13y + 3z=14 
8x + 12y — 8z=5 
2x + 3y —2z=2 
4x —2y+5z=-1 


| 
| 
| 


3), 


40. 


1 9 
5x+—y—2z=-— 
Se Ke >) 


2x + 5y — 4z=-13 
7 


Al. 


oe 
ie ee 
1 
X-y->Z=- = 
2= 5 7 9 


3x —8y+z=11 


42. 
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4a —2b+ 3c=9 
43. 3a + 3b —5c=-6 


10a — 6b + 5c=13 
6a — 2b 4+ 5c=-2 


44. § 4a+ 3b -—3c=-1 
3a+5b+ 6c=24 


PART C: APPLICATIONS 


45. 


46. 


47. 


48. 


49. 


50. 


Bil, 


Set up a system of equations and use it to solve the following. 


The sum of three integers is 38. Two less than 4 times the smaller integer is 
equal to the sum of the others. The sum of the smaller and larger integer is 
equal to 2 more than twice that of the other. Find the integers. 


The sum of three integers is 40. Three times the smaller integer is equal to the 
sum of the others. Twice the larger is equal to 8 more than the sum of the 
others. Find the integers. 


The sum of the angles A, B, and C of a triangle is 180°. The larger angle C is 
equal to twice the sum of the other two. Four times the smallest angle A is 
equal to the difference of angle C and B. Find the angles. 


The sum of the angles A, B, and C of a triangle is 180°. Angle C is equal to the 
sum of the other two angles. Five times angle A is equal to the sum of angle C 
and B. Find the angles. 


A total of $12,000 was invested in three interest earning accounts. The interest 
rates were 2%, 4%, and 5%. If the total simple interest for one year was $400 
and the amount invested at 2% was equal to the sum of the amounts in the 
other two accounts, then how much was invested in each account? 


Joe invested his $6,000 bonus in three accounts earning 4 +% interest. He 


invested twice as much in the account earning 4 +% as he did in the other two 


accounts combined. If the total simple interest for the year was $234, how 
much did Joe invest in each account? 


A jar contains nickels, dimes, and quarters. There are 105 coins with a total 
value of $8.40. If there are 3 more than twice as many dimes as quarters, find 
how many of each coin are in the jar. 
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52. A billfold holds one-dollar, five-dollar, and ten-dollar bills and has a value of 
$210. There are 50 bills total where the number of one-dollar bills is one less 
than twice the number of five-dollar bills. How many of each bill are there? 


53. A nurse wishes to prepare a 15-ounce topical antiseptic solution containing 3% 
hydrogen peroxide. To obtain this mixture, purified water is to be added to the 
existing 1.5% and 10% hydrogen peroxide products. If only 3 ounces of the 10% 
hydrogen peroxide solution is available, how much of the 1.5% hydrogen 
peroxide solution and water is needed? 


54, A chemist needs to produce a 32-ounce solution consisting of 8 59% acid. He 


has three concentrates with 5%, 10%, and 40% acid. If he is to use twice as 
much of the 5% acid solution as the 10% solution, then how many ounces of the 
40% solution will he need? 


55. A community theater sold 128 tickets to the evening performance for a total of 
$1,132. An adult ticket cost $10, a child ticket cost $5, and a senior ticket cost 
$6. If three times as many tickets were sold to adults as to children and seniors 
combined, how many of each ticket were sold? 


56. James sold 82 items at the swap meet for a total of $504. He sold packages of 
socks for $6, printed t-shirts for $12, and hats for $5. If he sold 5 times as many 
hats as he did t-shirts, how many of each item did he sell? 

57. A parabola passes through three points (—1, 7), (1, —1) and (2, —2). Use 
these points and y = ax > +4 bx + to construct a system of three linear 
equations in terms of a, b, and c and then solve the system. 

58. A parabola passes through three points (—2, 11), (—1, 4) and (1, 2). Use 


these points and y = ax > +4 bx + € to construct a system of three linear 
equations in terms of a, b, and c and solve it. 


PART D: DISCUSSION BOARD 


59. Ona note card, write down the steps for solving a system of three linear 
equations with three variables using elimination. Use your notes to explain to 
a friend how to solve one of the exercises in this section. 


60. Research and discuss curve fitting. Why is curve fitting an important topic? 
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ANSWERS 


il, 
Sa 
S) 


Io 


Ws 


1), 


Dds 
29. 
31. 
33), 
55: 
BYo 
3), 
Al. 
43. 


45. 
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No 


Yes 


Yes 


No 


No 


. (2,-1, -3) 
. (4,1,-3) 


. (1,-1, 3) 


© 


(5, -10, -6) 


(1, -2, 6) 

(-1, 2, -2) 

(1-355) 

(i, 1,0) 

(0, 1, -2) 

(5, 0, 6) 

@ 

(x, 2x — 1,3x + 2) 
Cle) 


8, 12, 18 
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47. A=20°, B= 40°, and C= 120° 


49. The amount invested at 2% was $6,000, the amount invested at 4% was $2,000, 
and the amount invested at 5% was $4,000. 


51. 72 nickels, 23 dimes, and 10 quarters 

53. 10 ounces of the 1.5% hydrogen peroxide solution and 2 ounces of water 
55. 96 adult tickets, 20 child tickets, and 12 senior tickets were sold. 

57 a= b= —4 sande = 2 


59. Answer may vary 
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3.5 Matrices and Gaussian Elimination 


22. A linear system consisting of 
equations with three variables 
in standard form arranged so 
that the variable x does not 
appear after the first equation 
and the variable y does not 
appear after the second 
equation. 


LEARNING OBJECTIVES 


1. Use back substitution to solve linear systems in upper triangular form. 
2. Convert linear systems to equivalent augmented matrices. 
3. Use matrices and Gaussian elimination to solve linear systems. 


Back Substitution 


Recall that a linear system of equations consists of a set of two or more linear 
equations with the same variables. A linear system consisting of three equations 


in 


standard form arranged so that the variable x does not appear in any equation after 
the first and the variable y does not appear in any equation after the second is said 


to be in upper triangular form”. For example, 


Notice that the system forms a triangle where each successive equation contains 
one less variable. In general, 


Linear Systems in Upper Triangular Form 


xt by +cjz=d; 

ax+byy=cy 
boy + c2Z=dy 

boy=c2 
32=03 


If a linear system is in this form, we can easily solve for one of the variables and 
then back substitute to solve for the remaining variables. 
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Solution: 


Recall that solutions to linear systems with two variables, if they exist, are 
ordered pairs (x, y). We can determine the y-value easily using the second 
equation. 


Next, use the first equation 3x — y = 7 and the fact that y = —1 to find x. 


3x—y=7 
3x — (-1)=7 
3x+1=7 
o_o 

—e 


Answer: (2, —1) 
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Example 2 
x — 6y + 2z7=16 
Solve: Sy og — ee 
z=-1 
Solution: 


Recall that solutions to linear systems with three variables, if they exist, are 
ordered triples (x, y, z). Use the second equation 3y — 9z = 5 and the fact that 
z= -—lItofindy. 


Next substitute y and z into the first equation. 


x — 6y + 2z7=16 
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23. A rectangular array of numbers 
consisting of rows and 
columns. 


24. The matrix of coefficients of a 
linear system in standard form 
written as they appear lined up 
without the variables or 
operations. 


. The coefficient matrix with the 
column of constants included. 


2 


On 


Answer: (10, exe —1) 


4x —-y + 3z=1 
Try this! Solve: 2y — 9z=—2. 
37—2 
Answer: (+ ee 2) 


(click to see video) 


Matrices and Gaussian Elimination 


In this section the goal is to develop a technique that streamlines the process of 
solving linear systems. We begin by defining a matrix”, which is a rectangular 
array of numbers consisting of rows and columns. Given a linear system in standard 
form, we create a coefficient matrix” by writing the coefficients as they appear 
lined up without the variables or operations as follows. 


Linear System Coefficient Matrix 
ax+bytez=d a by c 
mx + boy +o.z = dh => ay by cz 
wx + bsy +.c3z = a3 a3 b3.¢3 


The rows represent the coefficients in the equations and the columns represent the 
coefficients of each variable. Furthermore, if we include a column that represents 
the constants we obtain what is called an augmented matrix”. For a linear system 
with two variables, 
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Linear System Augmented Matrix 
Qaxtbhy=c, ay by |c 
y 2, | 
Mx + bry = c2 dy bz |c2 


And for a linear system with three variables we have 


Linear System Augmented Matrix 
axtby+ez=d ay by cy |d 
ax + boy +022 = dh S ay by C2 |dy 
a3x + b3y +032 = ds as b3 €3 |d3 


Note: The dashed vertical line provides visual separation between the coefficient 
matrix and the column of constants. In other algebra resources that you may 
encounter, this is sometimes omitted. 


3.5 Matrices and Gaussian Elimination 


708 


Chapter 3 Solving Linear Systems 


Example 3 


9x — 6y = 0 


Construct the augmented matrix that corresponds to: : 
—x+2y=1 


Solution: 


This system consists of two linear equations in standard form; therefore, the 
coefficients in the matrix appear as they do in the system. 


9x —- 6y = 0 9 —610 
> 
—-x+2y=1 -1211 
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Example 4 
x+2y-—4z=5 
Construct the augmented matrix that corresponds to: 2x+y—6z=8 
4x —y — 12z= 13 


Solution: 


Since the equations are given in standard form, the coefficients appear in the 
matrix as they do in the system. 


x+2y-—47=5 1 2 -4| 5 
2x+y—6z=8 = 2 1 -6| 8 
Ag y= 122 = 13 A= e\i8 


A matrix is in upper triangular form if all elements below the leading nonzero 
element in each successive row are zero. For example, 


Notice that the elements below the main diagonal are zero and the coefficients 
above form a triangular shape. In general, 


Upper Triangular Form 
b 
ahh ay C| 
Ob» C2 
0 bo 
0 0c3 
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26. Operations that can be 
performed to obtain equivalent 
linear systems. 


27. Steps used to obtain an 
equivalent linear system in 
upper triangular form so that it 
can be solved using back 
substitution. 


This is important because in this section we outline a process by which certain 
operations can be made to produce an equivalent linear system in upper triangular 


form so that it can be solved by using back substitution. An overview of the process 
is outlined below: 


Linear System Augmented Matrix 
x+2y-4z=5 12 -4!5 
2x+y-6z2=8 = |2 1 -61 8 
4x-y-12z=13 4 -1 -12;13 
Y 

x+2y—4z=5 1 2 4! 5 
-3y+2z=-2 = |0 -3 21-2 
-2z=-1 0 0 -2;-1 

Equivalent System Upper Triangular Form 


Once the system is in upper triangular form, we can use back substitution to easily 
solve it. It is important to note that the augmented matrices presented here 
represent linear systems of equations in standard form. 


The following elementary row operations” result in augmented matrices that 
represent equivalent linear systems: 


1. Any two rows may be interchanged. 
2. Each element in a row can be multiplied by a nonzero constant. 


3. Any row can be replaced by the sum of that row and a multiple of 
another. 


Note: These operations are consistent with the properties used in the elimination 
method. 


To efficiently solve a system of linear equations first construct an augmented 
matrix. Then apply the appropriate elementary row operations to obtain an 
augmented matrix in upper triangular form. In this form, the equivalent linear 
system can easily be solved using back substitution. This process is called Gaussian 
elimination”’, named in honor of Carl Friedrich Gauss (1777-1855). 
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Figure 3.1 


Carl Friedrich Gauss (Wikipedia) 


The steps for solving a linear equation with two variables using Gaussian 
elimination are listed in the following example. 
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Example 5 


re 9x — by = 0 
Solve using matrices and Gaussian elimination: : 
—x+2y=1 


Solution: 


Ensure that the equations in the system are in standard form before beginning 
this process. 


Step 1: Construct the corresponding augmented matrix. 


9x — 6y = 0 9 —610 
S> 
—x+2y= -1211 


Step 2: Apply the elementary row operations to obtain upper triangular form. 
In this case, we need only to eliminate the first element of the second row, -1. 
To do this, multiply the second row by 9 and ad4d it to the first row. 


9 -610 9 6 0 
! x 
aj Ain| & 4-9 © se 


OZ 


Now use this to replace the second row. 


9-610 
012 |9 


This results in an augmented matrix in upper triangular form. 
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Step 3: Convert back to a linear system and solve using back substitution. In 
this example, we have 


iy) 
2 
70 
—3 
a 


9x — 6y=0 
2 

roel 2 a6 
*~6(7) 
9 

0) 
oS) 

9 

Ops 

9) 

i 

a) 
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ieee 2 
Answer: (4 5 +) 


The steps for using Gaussian elimination to solve a linear equation with three 
variables are listed in the following example. 
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Example 6 
x+2y—4z=5 
Solve using matrices and Gaussian elimination: 4 2x + y—6z = 8 
4x —y — 12z = 13 
Solution: 


Ensure that the equations in the system are in standard form before beginning 
this process. 


Step 1: Construct the corresponding augmented matrix. 


x+2y—42=5 1 2 -4| 5 
2x+y-6z=8 => 2 1 -6| 8 
4x -—y— 12z= 13 4—1-12|13 


Step 2: Apply the elementary row operations to obtain upper triangular form. 
We begin by eliminating the first element of the second row, 2 in this case. To 
do this multiply the first row by -2 and then add it to the second row. 


x(-2 
| 2 4) 5 == 4s 10 
2 1 6) 9 eg 8 
4—1-12 |13 0-3 2 -2 


Use this to replace the second row. 
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| 2 =1| S 
O30) 
4—1-12| 13 


Next, eliminate the first element of the third row, 4 in this case, by multiplying 
the first row by -4 and adding it to the third row. 


x(-4 
1 2 -4| 5 —-4-8 16-20 
0-3 2 |-2 + 4-1-12 13 
4—1-12 | 13 0-9 4 -7 

Use this to replace the third row. 

1 2-4| 5 

0-3 2|-2 

0-9 4|-7 


This results in an augmented matrix where the elements below the first 
element of the first row are zero. Next eliminate the second element in the 
third row, in this case -9. Multiply the second row by -3 and add it to the third 


row. 
1 24! 5 
0 3 21-2) 4) +0 9 6 6 
4 => 
0-9 4)-7 0-9 4 -7 
y oS 
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Use this to replace the third row and we can see that we have obtained a matrix 
in upper triangular form. 


eles 
U3 2-2 
1) =) en 


Step 3: Convert back to a linear system and solve using back substitution. In 
this example, we have 


1 2-4] 5 xt 2y —42=5 
0-3 2|-2] = ~3y + 2z¢=-2 
0 01 -2z=-1 


Answer: It is left to the reader to verify that the solution is (5 elie +) 


Note: Typically, the work involved in replacing a row by multiplying and adding is 
done on the side using scratch paper. 
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Example 7 
2x — 9y + 3z=-—18 
Solve using matrices and Gaussian elimination: x — 2y —3z=-8 
—4x + 23y + 12z=47 


Solution: 


We begin by converting the system to an augmented coefficient matrix. 


2x — 9y + 3z=-18 2-9 3|-18 
x — 2y — 3z=-8 = 1-2-3| -8 
—4x + 23y + 12z=47 —4 23 12| 47 


The elementary row operations are streamlined if the leading nonzero element 
in a row is 1. For this reason, begin by interchanging row one and two. 


(rowl)>| 2 -9 31-18 
=) EY ib) 24) 


io} 12 -3! i 


Replace row two with the sum of -2 times row one and row two. 


1 2 -3!-8 
-2(rowl)+(row2) > 0-5 9 —2 
1 


-4 23 12) 47 
Replace row three with the sum of 4 times row one and row three. 


1 =2 -31-8 
0-5 91-2 


ccmment 15 0} 15 
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Next divide row 3 by 15. 


i =) =31=8 
0 -5 91-2 
(row3)+15>|0 1 Oj 1 
Interchange row three with row two. 


1-2 -3!-8 
(row2)>}0 1 O01 1 


(row3)>|0 -5 94-2 


Next replace row 3 with the sum of 5 times row two and row three. 


1-2 -31!-8 
eae eae ea | 
5(row2)+(row3)> 0 0 9; 3 


This results in a matrix in upper triangular form. A matrix is in row echelon 

form”’ if it is in upper triangular form where the leading nonzero element of 
each row is 1. We can obtain this form by replacing row three with the results 
of dividing it by 9. 


i] Sy ease 
1 
@ i OF 4 


cook 0 1! 4 


Convert to a system of linear equations and solve by back substitution. 


(3/8 x —2y — 3z=-8 
Di Of i) os y=1 

1 _ il 
0 0 1| 3 a5 


_ Beit eee 
ji kiebixintiendalaean Here y=1and z = =. Substitute into the first equation to find x. 


where the leading nonzero 
element of each row is 1. 
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x—-2-—l1=-8 
x—3=-8 
x=—5 


Answer: Therefore the solution is (-5 a lle =), 


Technology note: Many modern calculators and computer algebra systems can 
perform Gaussian elimination. First you will need to find out how to enter a matrix. 
Then use the calculator’s functions to find row echelon form. You are encouraged to 
conduct some web research on this topic for your particular calculator model. 


x — 3y + 2z7=16 
Try this! Solve using Gaussian elimination: 4 4x — lly — z=69 . 
2x — Sy — 4z7=36 


Answer: (6, -4, -1) 


(click to see video) 


Recall that some consistent linear systems are dependent, that is, they have 
infinitely many solutions. And some linear systems have no simultaneous solution; 
they are inconsistent systems. 
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Example 8 
x-—2y+7z=4 
Solve using matrices and Gaussian elimination: 4 2x — 3y + 4z=7 
4x — Ty + 6z=15 


Solution: 


We begin by converting the system to an augmented coefficient matrix. 


x—-2y+z=4 1-21| 4 
25 —3y Ag — 7 = 2-34| 7 
4x — Ty + 6z=15 4—76|15 


Replace row two with —2 (row 1) + (row 2) and replace row three with 
—4 (row 1) + (row 3). 


21] 2! 
Dial 
D 13)Al 


Replace row three with —1 (row 2) se (row 3 ). 


Sil] 4 
Q 1a)- 
0 00| 0 
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The last row indicates that this is a dependent system because converting the 
augmented matrix back to equations we have, 


x—2y+z=4 
y+2z=-1 
Ox + Oy + 0z=0 


Note that the row of zeros corresponds to the following identity, 


Ox + Oy + 0z=0 
O=0 ¥ 


In this case, we can express the infinitely many solutions in terms of z. From 
the second row we have the following: 


y+2z=-1 
y=—22— | 


And from the first equation, 
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x—2y+z=4 

x —2(-2z-1)+7z=4 

x+5z+2=4 
x=-5z+2 


The solutions take the form es y, z) = (-5z + 2,-2z-1, z) where z is 
any real number. 


Answer: (—5z ae em dy z) 


Dependent and inconsistent systems can be identified in an augmented coefficient 
matrix when the coefficients in one row are all zero. 


12 3:4 12 3/4 

6 1 213 0 1 2:3 

00 0:0Je 00 0;2]e 
0=0 v 0=2 x 
Dependent Inconsistent 


If a row of zeros has a corresponding constant of zero then the matrix represents a 
dependent system. If the constant is nonzero then the matrix represents an 
inconsistent system. 


Try this! Solve using matrices and Gaussian elimination: 
5x — 2y + z=-3 
10x — y + 3z=0 
—15x + 9y — 2z=17 


Answer: © 


(click to see video) 
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KEY TAKEAWAYS 


* A linear system in upper triangular form can easily be solved using back 
substitution. 

* The augmented coefficient matrix and Gaussian elimination can be used 
to streamline the process of solving linear systems. 

* To solve a system using matrices and Gaussian elimination, first use the 
coefficients to create an augmented matrix. Apply the elementary row 
operations as a means to obtain a matrix in upper triangular form. 
Convert the matrix back to an equivalent linear system and solve it 
using back substitution. 
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TOPIC EXERCISES 


PART A: BACK SUBSTITUTION 


Solve using back substitution. 


; ee 
26 
x—-4y=1 
3; 
2y=-3 
| 
4, 
10y=-6 
4x — 3y=-16 
5. 
Wye) 
: 3x — 5y=-—10 
4y=8 
; 2x + 3y=-1 
, j= 
6x — y=-3 
8. 
4y=3 
x—y=0 
9. 
2y=0 
2 — 2 
3y—0 
x+3y—4z=1 
il, y —3z=-2 
Z=3 
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x—5y+4z=-1 
Vy, | y —7z=10 
z=-—2 
x — 6y + 8z=2 
13. | 3y —4z=—4 
2z=-1 
2 
14. | 2y + 6z=—2 
eo 


10x — 3y + z= 13 


15. | lly —3z=9 
2z=—6 


Bu = as oS 


4y + 5z=3 
4z=-—12 
x—-—yt2z=1 
17. ay +z=1 
3z=-1 
x+2y —z=2 
18. y—3z=1 
| 
x —9y + 5z=-3 
19. 2y— 0 
SK) 
4x — z=3 
20. oe el 
2z=-8 


PART B: MATRICES AND GAUSSIAN ELIMINATION 


Construct the corresponding augmented matrix (do not solve). 
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x+2y=3 
4x + 5y=6 
6x + S5y=4 
Bie ap J 


x—2y=1 
{ 2x —y=1 
x-—y=2 
{ Sap Sil 


—x + 8y=3 
Ly 


3x — 2y=4 
~y=5 


3x —2y+7z=8 
27. 4 4x—5y — 10z=6 


—x — 3y + 2z=-1 


Zils 
22s 
235 
24, 
29s 
26 


|) 

“| i 
Sie =p 4) = BS 

x —9y + 5z=-3 

29. | oy — i) 


Sea 
4x -—z=3 


30. 4 3y — 2z=-1 


2zZ=—8 
8x + 2y=-13 


at. —2y+z=1 


12x —5z=-18 
x —3z=2 


32. y+6z=4 
2x + 3y=12 
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Solve using matrices and Gaussian elimination. 
x —5y=2 
333}, 
2x —y=1 


ce 

34, 

ay al 
10x — 7y=15 
—2x + 3y=-3 
9x — 10y=2 

{ 3x + 5y=-1 
3x + 5y=8 
2x — 3y=18 
5x — 3y=-14 
7x + 2y=-1 
9x + 15y=5 

{ 3x + 5y=7 
6x — 8y=1 
—3x + 4y=-1 


x+y=0 
41, 
x—y=0 
7x — 3y=0 
42. 
3x — Ty=0 
2x — 3y=4 
43. 
—10x + 15y=—20 
6x — 10y=20 
4A, 
—3x + 5y=-10 
x+y-—2z=-1 


45. —x+2y-—z=1 
x-yt+z=2 
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6 te ea a 
46. Bao yy = = 


—x+y—2z=3 
2x—y+z=2 


47. Ri) ae 


Si 4 OS 
3x —-y+2z=7 


eo 


x+ 3y —2z=1 
x—3y+z=6 


oe oe 


2x +y+z=3 
4x —y+2z=12 


50. i ae ie 


—2x + 3y + 4z=-16 
2x — 4-672 — — 4 


51. 4 3x —2y+5z=-2 


5x —y+2z=1 
3x + 6y + 9z=6 


52. 22) Foe 


—3x + 18y — 12z=5 
ie — 
530 5 ok — 2) 4 7— | 
3x —5y —z=3 
Oy 4 
Se Ok oy loz 


2x + Sy + 8z=16 
2x —4y —5z=3 


Sey —x+y+z=1 
3x — 4y —5z=-4 
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5x — 3y — 2z=4 
56.40% OV c= —0 


Seo q5 2 = eS 
Sy 3 ao ee 
57. 4x — 5y — 10z=-1 
—x — 3y + 2z=0 
3x — 2y + 5z=10 
58. 1 4x + 3y —3z=-6 


x+y+z=2 
x+2y+z=-3 


59. 1 x+6y+3z=7 


ee 
2x—-—y+z=1 


60. 4 4x -—y+3z=5 


oe 
2x + 3y — 4z=0 


61. 4 3x —5y+ 3z=-10 


5x — 2y + 5z=-4 
3x — 2y + 9z=2 
a) 
5x — 3y + 3z=15 
8x + 2y=-13 
63. —2y+z=1 
12x — 5z=-18 
(oo 
64, y+ 6z=4 


2x + 3y=12 
9x + 3y — 11lz=6 


65. 2 oo 
7x + 2y — 8z=3 
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st) o—4 
Ge Seas yap ge 8 
6x — 2y — 2z=8 


2x — 4y + 3z=15 
67. 4 3x—S5y+ 2z=18 


5x + 2y — 6z=0 
338 = 45) = By 


68. ee ye — 
oe) 


PART C: DISCUSSION BOARD 


69. Research and discuss the history of Gaussian Elimination. Who is credited for 
first developing this process? Post something that you found interesting 
relating to this story. 


70. Research and discuss the history of modern matrix notation. Who is credited 
for the development? In what fields are they used today? Post your findings on 
the discussion board. 
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ANSWERS 


5. (-4, 0) 
See 
OS ae 
9. (0,0) 
11. (-8, 7,3) 
1 
. | -—6,-2,- 
13 ( 6 >) 
8 
, 0, -3 
e € ) 
ae 1 
17 —-,-,--— 
Sian es) 3 
19. (-3,5,9) 


a7. | 4-5-10| 6 


29. | 0 20| 10 
0 03] 27 
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37. (6,-2) 
39. @ 


41. (0,0) 


45. (2, 3,3) 
47. (0, 1,3) 


49, (1, =1 2) 


S28, 


55. (-7,-13, 7) 


61. (—1, 2, 1) 


65. @ 
67. (2, -2, 1) 


69. Answer may vary 


3.5 Matrices and Gaussian Elimination 


0 2 
31.] O-2 1] 1 
1D O=S) Sie 


a 1 1 

3 es 
3 

of ee 

=. (5.0) 
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3.6 Determinants and Cramer’s Rule 


29. A matrix with the same 
number of rows and columns. 


30. A real number associated with 
a square matrix. 


LEARNING OBJECTIVES 


1. Calculate the determinant of a 2x2 matrix. 

2. Use Cramer’s rule to solve systems of linear equations with two 
variables. 

3. Calculate the determinant of a 3x3 matrix. 

4. Use Cramer’s rule to solve systems of linear equations with three 
variables. 


Linear Systems of Two Variables and Cramer’s Rule 


Recall that a matrix is a rectangular array of numbers consisting of rows and 
columns. We classify matrices by the number of rows n and the number of columns 
m. For example, a 3x4 matrix, read “3 by 4 matrix,” is one that consists of 3 rows and 
4 columns. A square matrix” is a matrix where the number of rows is the same as 
the number of columns. In this section we outline another method for solving linear 
systems using special properties of square matrices. We begin by considering the 
following 2x2 coefficient matrix A, 


The determinant” of a 2x2 matrix, denoted with vertical lines |Al, or more 
compactly as det(A), is defined as follows: 


det (A) = . 


The determinant is a real number that is obtained by subtracting the products of 
the values on the diagonal. 
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Example 1 


ae 
2—2 


Calculate: 


Solution: 


The vertical line on either side of the matrix indicates that we need to calculate 
the determinant. 


Answer: 4 
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Example 2 
—64 

Calculate: | 
0 3 

Solution: 


Notice that the matrix is given in upper triangular form. 


~64 
=-6(3)-4(0 
| ss (3) — 4(0) 
=-18-0 
=-18 


Answer: -18 


We can solve linear systems with two variables using determinants. We begin with a 
general 2x2 linear system and solve for y. To eliminate the variable x, multiply the 
first equation by —d) and the second equation by ay. 


X(—a) 
Qx+byy=c, —— —d| x — db,y = -—ac; 
Hx + boy = C2 ea AX + abry = acz 
1 


This results in an equivalent linear system where the variable x is lined up to 
eliminate. Now adding the equations we have 
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—aa,x—a,by =—a,¢, 


+ aaxtab,y=ac, 


(a,b, —a,b,) y= a,c, — a,c, 
— 4% ~ 4G 


a,b, — a,b, 


Both the numerator and denominator look very much like a determinant of a 2x2 
matrix. In fact, this is the case. The denominator is the determinant of the 
coefficient matrix. And the numerator is the determinant of the matrix formed by 
replacing the column that represents the coefficients of y with the corresponding 
column of constants. This special matrix is denoted Dy. 


aq C| 
y= Dy — IMO] | ac2 —~ cj 
D ay by a bz — anb, 

a bo 


The value for x can be derived in a similar manner. 


ci by 
_ D, _ C2 by _ cybo — cb, 
75 ab,|  ab—-aHb 
ap b> 


In general, we can form the augmented matrix as follows: 


axtby=c ay by |c\ 
y as, | 


aX + boy =C2 ap bz |c2 
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and then determine D, D, and Dy, by calculating the following determinants. 


The solution to a system in terms of determinants described above, when D £ 0, is 
called Cramer’s rule””. 


Cramer’ s Rule 


(x.y) = (>) 


This theorem is named in honor of Gabriel Cramer (1704 - 1752). 


31. The solution to an independent 
system of linear equations 
expressed in terms of 
determinants. 
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Figure 3.2 


Gabriel Cramer 


The steps for solving a linear system with two variables using determinants 
(Cramer’s rule) are outlined in the following example. 
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Example 3 


2x+y=7 
Solve using Cramer’s rule: 


3x = Dy = =—7 
Solution: 
Ensure the linear system is in standard form before beginning this process. 


Step 1: Construct the augmented matrix and form the matrices used in 
Cramer’s rule. 


eet 27 
oS BE les 


In the square matrix used to determine D,, replace the first column of the 
coefficient matrix with the constants. In the square matrix used to determine 
Dy, replace the second column with the constants. 


Step 2: Calculate the determinants. 
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Gl 

Dy S72 eS aia = 
ees Tha) Sox) ra, i 

y= i 5|= 2-0 -3@ =-14- 21 =-35 
oi 

p= | |= 2(-2)-30)=-4-3=-7 


Step 3: Use Cramer’s rule to calculate x and y. 


Therefore the simultaneous solution (x, y) = Ub, 5). 


Step 4: The check is optional; however, we do it here for the sake of 
completeness. 
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Check : (1,5) 


Equation 1 


2x + y=7 

2(1)+ (5)=7 

2+5=7 
727 J 


Answer: (1, 5) 
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Equation 2 


3x — 2y=—7 

3(1)-2(5)=-7 

3-10=-7 
—J=-7 JV 
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Example 4 


3x —- y=—2 


Solve using Cramer’s rule: ; 
6x + 4y=2 


Solution: 


The corresponding augmented coefficient matrix follows. 


3x = y=—2 3-1|-2 
6x + 4y=2 6 4| 2 
And we have, 
—2-1 
D, = | |= -8- (-2)=-842=-6 
2 4 
3-2 
= =6- (-12)=64+12=18 
a ee 
3-1 
= = 12- (-6) =12+6=18 
6 4 


Use Cramer’s rule to find the solution. 
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(eS) TE 
» 

—_ 
Ss 


Answer: (- 


5x — 3y=-7 


Try this! Solve using Cramer’s rule: 5 
—7x + 6y=11 


) 


(click to see video) 


Answer: (- iL. 


wy 


When the determinant of the coefficient matrix D is zero, the formulas of Cramer’s 
rule are undefined. In this case, the system is either dependent or inconsistent 
depending on the values of D, and D,. When D = 0 and both D, = Oand D, = 0 
the system is dependent. When D = 0 and either D, or Dy is nonzero then the 
system is inconsistent. 


When D = 0, 
D, =0 and Dy =0 => Dependent System 
D, #0 or D, #0 = Inconsistent System 
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Example 5 


Joes zy =3 
Solve using Cramer’s rule: ; 
Sx+y=15 


Solution: 


The corresponding augmented matrix follows. 


Ae =) 1=|3 
ae aS => 5 
53x +y=15 a ils: 
And we have the following. 
1 

D, = s =3-3=0 

iS Il 

1 3 

Salts) 

1 

i 
D= e—sle—s1e—s() 

5 1 


If we try to use Cramer’s rule we have, 
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both of which are indeterminate quantities. Because D = 0 and both D, = 0 
and D, = 0 we know this is a dependent system. In fact, we can see that both 
equations represent the same line if we solve for y. 


5 


1 

+—y=3 — ah ae oy bes 
a y EX i x 
5x+y=15 


Therefore we can represent all solutions es —5x+ 15) where x is a real 


number. 


Answer: ( —5x + 15) 


3x — 2y = 10 


Try this! Solve using Cramer’s rule: ; 
6x — 4y = 12 


Answer: © 


(click to see video) 


Linear Systems of Three Variables and Cramer’s Rule 


Consider the following 3x3 coefficient matrix A, 
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ay by cy 
A= (49) bo C2 


a3 b3 c3 


The determinant of this matrix is defined as follows: 


a b Cc 
det(A) = |m@ bh oc 
a3 b3 C3 
bo © a C2 a by 
= a ae by +c] 
b3 3 B C3 a3_—b3 


ay (b2.c3 — b3c2) — by (anc3 — a3C2) + C1 (Qb3 — agb2) 


Here each 2x2 determinant is called the minor” of the preceding factor. Notice that 
the factors are the elements in the first row of the matrix and that they alternate in 
sign (+ - +). 


32. The determinant of the matrix 
that results after eliminating a 
row and column of a square 
matrix. 
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Example 6 


=a W NN 


il 3 
Calculate: | 2—1 
0 5- 


Solution: 


To easily determine the minor of each factor in the first row we line out the 
first row and the corresponding column. The determinant of the matrix of 
elements that remain determines the corresponding minor. 


=| 3 2 4 3 yl 
» ll 0 -l O 8 + 


Take care to alternate the sign of the factors in the first row. The expansion by 
minors about the first row follows: 


2 
A =) i-3[) +20 | 
' 5-1 0-1 0 5 

=1 (1-15) —3(-2-0) + 2(10 - 0) 
=1 (14) — 3 (—2) + 2(10) 
=-14+6+ 20 

=12 


Answer: 12 


Expansion by minors can be performed about any row or any column. The sign of 
the coefficients, determined by the chosen row or column, will alternate according 
the following sign array. 
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+—+ 
-—-+- 
+—+ 


Therefore, to expand about the second row we will alternate the signs starting with 
the opposite of the first element. We can expand the previous example about the 
second row to show that the same answer for the determinant is obtained. 


And we can write, 


1 
+ <0 


Po 
0-1 


aa 3.2 13 
2-1 3|=-(2) 

5-1 05 
0 5-1 
=-2(-3 - 10) - 1(-1-0) —-3 (5-0) 
= —2(-13) - 1(-1) -3 (5) 
=26+1-15 
=12 


Note that we obtain the same answer 12. 
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Example 7 
4 30 
Calculate: 652 | 
410 
Solution: 


The calculations are simplified if we expand about the third column because it 
contains two zeros. 


4 3 4 
6 4 L 6 
4 1 4 1 


The expansion by minors about the third column follows: 


uw 


iH 


4 30 He 
Bee oF; =a sey) al 
410 eal 
=0-2(4-12)+0 
=—2(-8) 
= 16 


Answer: 16 


It should be noted that there are other techniques used for remembering how to 
calculate the determinant of a 3x3 matrix. In addition, many modern calculators 
and computer algebra systems can find the determinant of matrices. You are 
encouraged to research this rich topic. 
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We can solve linear systems with three variables using determinants. To do this, we 
begin with the augmented coefficient matrix, 


axtbhyt+az=d a b,c |d\ 
x + boyy +z = dy = ay by C2 |dr 
a3x + b3y + 032 = dz ax b3 c3 |d3 


Let D represent the determinant of the coefficient matrix, 


a b,c 
D= (49) b> C2 


a3 b3 c3 


Then determine D,, D,, and D, by calculating the following determinants. 


d, db, Cl Qy d, Ci Qy b, d, 
D, = d> bo C2 Dy = |@ dy (69) D, = |@ bo dy 
a3 b3 C3 (42) a3 C3 (4) b3 a3 


When D 0), the solution to the system in terms of the determinants described 
above can be calculated using Cramer’s rule: 


Cramer’ s Rule 


(49,2) = De, Pe 
ay? D’*D’D 
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Use this to efficiently solve systems with three variables. 
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Example 8 
3x + 7y — 4z =0 
Solve using Cramer’s rule: 2x+5y—3z=1. 
—5x+2y+4z=8 


Solution: 


Begin by determining the corresponding augmented matrix. 


3x + Ty —4z =0 37-4l0 
2x + 5y —-3z=1 S 25-311 
—5x+2y+4z=8 —52 418 


Next, calculate the determinant of the coefficient matrix. 


oe 

D= 25 -3 

S52 
SS) 3) 2 5 
aed tel 
2 4 — 4 —-5 2 


= 3(20 — (—6)) — 7(8 — 15) — 44 — (-25)) 
= 3(26) — 7(-7) — 4(29) 

= 78 + 49 — 116 

lel 


Similarly we can calculate D,, Dy, and D,. This is left as an exercise. 
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0 —4 
a —3| = —44 
8 4 
3 0 -4 
Dy =| 2 1 -3/=0 
—-5 8 4 
a2 a0) 
D,= | 2 5 1||=-—33 
—-5 2 8 
Using Cramer’s rule we have, 
dD; —44 D 0 D —33 
Ty eee eS oe ee 


Answer: (—4, 0, —3) 


If the determinant of the coefficient matrix D = 0, then the system is either 
dependent or inconsistent. This will depend on D,, Dy, and D,. If they are all zero, 
then the system is dependent. If at least one of these is nonzero, then it is 
inconsistent. 


When D = 0, 
D, =0 and Dy =0 and D, =0 = Dependent System 
D, #0 or D, #0 or D, #0 => Inconsistent System 
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Example 9 
4x-y+3z =5 
Solve using Cramer’s rule: 4 21x —4y + 18z=7. 
—9x +y—9z =-8 


Solution: 


Begin by determining the corresponding augmented matrix. 


Ay —=y —32=5 4-1 3| 5 
Meo ikea 2S esis 
Boy ny eon are on eae 


Next, determine the determinant of the coefficient matrix. 


es ee 
D=|21 -4 18 

EO also 

=A 4s Die 4 
=A =(1) 43 

i 8 = =9 i 


= 4(36 — 18) + 1(—189 — (—162)) + 3(21 — 36) 
= 4(18) + 1(—27) + 3(-15) 

= 72 —27 —45 

=0 


Since D = 0, the system is either dependent or inconsistent. 
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Sell a 
Si) ih) 


However, because D,. is nonzero we conclude the system is inconsistent. There 
is no simultaneous solution. 


Answer: © 


2x+6y+7z = 4 
Try this! Solve using Cramer’s rule: 4 —3x — 4y + 5z= 12. 
5x + 10y — 3z =-13 


.1) 


(click to see video) 


wle 


Answer: (-3, 


KEY TAKEAWAYS 


* The determinant of a matrix is a real number. 

* The determinant of a 2 X 2 matrix is obtained by subtracting the 
product of the values on the diagonals. 

* The determinant of a 3 X 3 matrix is obtained by expanding the matrix 
using minors about any row or column. When doing this, take care to 
use the sign array to help determine the sign of the coefficients. 

* Use Cramer’s rule to efficiently determine solutions to linear systems. 

¢ When the determinant of the coefficient matrix is 0, Cramer’s rule does 
not apply; the system will either be dependent or inconsistent. 
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TOPIC EXERCISES 


PART A: LINEAR SYSTEMS WITH TWO VARIABLES 


Calculate the determinant. 


Solve using Cramer’s rule. 


13. 
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3.6 Determinants and Cramer’s Rule 


i135, 


18. 
19. 
2, 
Zill 
3x — 9y=3 

22: 
2x — 6y=2 


24, 


2x + y=a 
25. 
x+y=b 
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PART B: LINEAR SYSTEMS WITH THREE VARIABLES 


Calculate the determinant. 


A, Wek NS 
28. | 124 
29. 
30. | —4 
31. 
32; 
33. | — 


6 
ere || 
8 
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210 9 
36. |0 313 


00 4 
a, bi cy 


37. | Oboe 


0 0c3 
aA 0 0 


38. a b» 0) 


a3 b3 c3 


Solve using Cramer’s rule. 
x-—y+2z=-3 
39, Seg > Je 15) 


—4x —3y+z=—18 
3x + 4y — z=10 
40a Oy z= 9 
2x + 3y + 5z=3 
Seer y= SS) 
41. 2) 
=O) = Sy -p og |S 
ey eee liz 
42. a 
5x + 3y — 2z=5 
A=—y+z=—l 
43. 4 —2x + 4y — 3z=4 
3x — 3y — 2z7=2 
2x+y—4z=7 
. 4 2x -3y+2z7=—-4 
4x —5y + 2z=-5 
4x + 3y — 2z7=2 
. 4 2x4+5y + 8z=-1 
x-y-—5z=3 


44 


45 
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ed 

46. x+2y+z=1 

x —2y —2z=9 
3x — 6y + 2z=12 

47. 4 —5x —-2y +3z=4 
7x + 3y — 4z=-6 


2x —y —5z=2 
48. 3x + 2y — 4z=-3 
5x +y—9z=4 
Ax + 3y — 4z=-—13 
49. 2x + 6y — 5z=-2 
—2x — 3y + 3z=5 
x—2y+z=-1 
50. 4y — 3z=0 
3y — 2z=1 
2. oy) 
Bile x+2y=0 
3x + 10y=4 
2x — 3y — 2y=9 
52 oy ee —— 1 
ey) ee 


2 
53. x—-—y+3z=2 
oo) =I 
3) = a= Sa 
54. 4 —x+5y — 10z=3 


x—3y+4z=-1 
OF = OV oe — 


554 oh ay 4 22 — 0) 
2) 


3.6 Determinants and Cramer’s Rule 762 


Chapter 3 Solving Linear Systems 


5x + 10y — 4z=12 
56. 2x + 5y + 4z=0 


x + 5y — 8z=6 
5x + 6y + 7z=2 


57. 2y 1 oe—9 


4z7=4 
x+2z=-1 


58. 4 —Sy + 3z=10 
4x — 3y=2 
X+yt+Zz=a 
59. 4 x+2y+2z=a+b 


Nae iy sp SS 0 =P ae 
x+y+z=atbt+ec 


60. 4 X+2y4+ 2z=a 4+ 2b + 2c 
x+y+2z=a+b+ 2c 


PART C: DISCUSSION BOARD 


61. Research and discuss the history of the determinant. Who is credited for first 
introducing the notation of a determinant? 


62. Research other ways in which we can calculate the determinant of a3 X 3 
matrix. Give an example. 
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ANSWERS 


if 


3: 


5 


iil, 


1g}, 


iG), 


2s 


295 
2k 
We), 
Sil, 
38 
S35 
Bo 
39), 


Al. 


45. 
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a 


ii 


(0, =2) 
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3.7 Solving Systems of Inequalities with Two Variables 


LEARNING OBJECTIVES 


1. Check solutions to systems of inequalities with two variables. 
2. Graph solution sets of systems of inequalities. 


Solutions to Systems of Inequalities 


A system of inequalities’ consists of a set of two or more inequalities with the 
same variables. The inequalities define the conditions that are to be considered 
simultaneously. For example, 


y>x—-2 
y<2x4+2 


We know that each inequality in the set contains infinitely many ordered pair 
solutions defined by a region in a rectangular coordinate plane. When considering 
two of these inequalities together, the intersection of these sets will define the set 
of simultaneous ordered pair solutions. When we graph each of the above 
inequalities separately we have: 


y>x-2 


And when graphed on the same set of axes, the intersection can be determined. 
33. A set of two or more 


inequalities with the same 
variables. 
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The intersection is shaded darker and the final graph of the solution set will be 
presented as follows: 


The graph suggests that (3, 2) is a solution because it is in the intersection. To verify 
this, we can show that it solves both of the original inequalities as follows: 
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Check : (3,2) 


Inequality 1 : Inequality 2 : 
yox-2 y<2x+2 
2>3-2 2<2(3)+2 
2>1 vo 2<8 Vo 


Points on the solid boundary are included in the set of simultaneous solutions and 
points on the dashed boundary are not. Consider the point (-1, 0) on the solid 
boundary defined by y = 2x + 2 and verify that it solves the original system: 


Check : (—1,0) 


Inequality 1 : Inequality 2 : 
yox-2 y<2x+2 
0O>-1-2 0<2(-1)+2 
0O>-3 Vv 0<0 Vv 


Notice that this point satisfies both inequalities and thus is included in the solution 
set. Now consider the point (2, 0) on the dashed boundary defined by y = x — 2 
and verify that it does not solve the original system: 
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Check : (2,0) 


Inequality 1 : Inequality 2 : 
yox-2 y<2x+2 
0O>2-—2 0<2(2)+2 
O>0 0<6 Vv 


This point does not satisfy both inequalities and thus is not included in the solution 
set. 
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Example 1 


Determine whether or not (-3, 3) is a solution to the following system: 


2x + 6y<6 


1 
eee 
Bik 


Solution: 


Substitute the coordinates of (x, y) = (-3, 3) into both inequalities. 


Check : (—3, 3) 


Inequality 2 : 
2x + 6y<6 =F 8 

D2) SOs —+ (-3)- @)<3 
=—6 + 18<6 f=3-3 


12<6 x —2<3 / 


Inequality | : 


Answer: (-3, 3) is not a solution; it does not satisfy both inequalities. 
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We can graph the solutions of systems that contain nonlinear inequalities in a 
similar manner. For example, both solution sets of the following inequalities can be 
graphed on the same set of axes: 


And the intersection of both regions contains the region of simultaneous ordered 
pair solutions. 


From the graph, we expect the ordered pair (1, 3) to solve both inequalities. 
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Check : (1,3) 


Inequality | : Inequality 2 : 


1 
Va5 an 4t4 y>x? 


3<i (I) +4 3>(1y 
3<4i Vv 3>1 Vv 


Graphing Solutions to Systems of Inequalities 


Solutions to a system of inequalities are the ordered pairs that solve all the 
inequalities in the system. Therefore, to solve these systems we graph the solution 
sets of the inequalities on the same set of axes and determine where they intersect. 
This intersection, or overlap, will define the region of common ordered pair 
solutions. 
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Example 2 


ey et 


Graph the solution set: 
3x — 6y>6 


Solution: 


To facilitate the graphing process, we first solve for y. 


—2x+y>-4 ee 
=> 1 
3x — 6y > 6 YS ee | 


For the first inequality, we use a dashed boundary defined by y = 2x — 4 and 
shade all points above the line. For the second inequality, we use a solid 
boundary defined by y = x — land shade all points below. The intersection 
is darkened. 


Now we present our solution with only the intersection shaded. 


Answer: 
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Example 3 
—3x+2y>6 
Graph the solution set: : 
6x-—4y > 8 
Solution: 


We begin by solving both inequalities for y. 


3 
—3x+2y>6 Mee far 2 


= 3 
6x-—4y>8 y<5x-2 


Because of the strict inequalities, we will use a dashed line for each boundary. 
For the first inequality shade all points above the boundary and for the second 
inequality shade all points below the boundary. 


As we can see, there is no intersection of these two shaded regions. Therefore, 
there are no simultaneous solutions. 


Answer: © 


3.7 Solving Systems of Inequalities with Two Variables 775 


Chapter 3 Solving Linear Systems 


Example 4 

a 
Graph the solution set: 4 y <x +3 

y < -3x+3 
Solution: 


Begin by graphing the solution sets to all three inequalities. 


y 


After graphing all three inequalities on the same set of axes, we determine that 
the intersection lies in the triangular region pictured below. 


Answer: 


The graph suggests that (-1, 1) is a simultaneous solution. As a check, we could 
substitute that point into the inequalities and verify that it solves all three 
conditions. 
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Check : (-—1, 1) 


Inequality 3 : 
ys-—3x4 
Le —3(= 
1<3-+3 
1<6 Vv 


Use the same technique to graph the solution sets to systems of nonlinear 


inequalities. 


777 
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Example 5 
pie EP 
Graph the solution set: i s 
ys 7x +3 
Solution: 


The first inequality has a parabolic boundary. This boundary is a horizontal 
translation of the basic function y = x” to the left 1 unit. Because of the strict 
inequality, the boundary is dashed, indicating that it is not included in the 
solution set. The second inequality is linear and will be graphed with a solid 
boundary. Solution sets to both are graphed below. 


After graphing the inequalities on the same set of axes, we determine that the 
intersection lies in the region pictured below. 


Answer: 
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Wee |bese Iller 3 
yao 


Try this! Graph the solution set: 


Answer: 


(click to see video) 


KEY TAKEAWAYS 


* To graph solutions to systems of inequalities, graph the solution sets of 
each inequality on the same set of axes and determine where they 
intersect. 

* You can check your answer by choosing a few values inside and out of 
the shaded region to see if they satisfy the inequalities or not. While this 
is not a proof, doing so will give a good indication that you have graphed 
the correct region. 
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TOPIC EXERCISES 


PART A: SOLUTIONS TO SYSTEMS OF INEQUALITIES 


Determine whether or not the given point is a solution to the given 
system of inequalities. 


1. (-2, 1); 
y>3x+5 
Vs adel 
2. (-1, -3); 
y>3x-1 
ee 
3. (-2, -1); 
—2y>-l 
aie: 
4. (0, -5); 
Sky 25 
eran 
5. (- 5, 0); 
—8x+ 5y > 3 
{ 2x —3y <0 
6. (-1, 5); 
2x —-9y < -l 
eae 
7. (-1, -2); 
2x-y>-l 
| x-—3y <6 
2x —-3y>-1 
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10. 


iil, 


IW, 


IS), 


14. 


3), 


(5,2); 


(0,3); 


(1); 


Gl 2) 


(4, 5); 


C23) 


G2): 
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—x+5y> 10 
20 
x+3y < —2 
y+420 
1 1 
gar 3S! 


—3x+2y <6 


3 
yS-7rt2 


y> —-5x+2 


y= 0 
y>-kl+4 


y< kx-—314+2 
y22 
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16. (-4, 1); 


see 
7. (-3, 4} 


3 

18. (-3, - +); 
3x — 4y < 24 

Ve (DP ST 


ig, (2p 


Graph the solution set. 
2 
>-—x-3 
3 
Pe 
y<--x4+3 
y2=— x I 
debe 
< : Ds 
= Jo 
2 
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we ap 
—Xx 
ny 3 
y>=x-5 
ys —-5x+4 
24. 4 
y<-x-2 


25. 
pee 


—x+2y <0 
ae 3x + 5y < 15 
2x + 3y <6 

am eel > -12 


Rs Sao Ia Se | 
TV 4-3 3 
x-4y>2 
30. 
8x + 4y <3 
5x -—2y <6 
ai 
—5x+2y <2 


12x + 10y > 20 
18x + 15y < -15 


x+y<0 
33. 
y+4>0 
x>-3 
34, 
| 


: 2x —2y <0 
5. 
3x = 3y > 3 
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So 


38. 


39), 


40. 


y+1<0 
36. 
war) 220) 
Construct a system of linear inequalities that describes all points in the first 
quadrant. 
Construct a system of linear inequalities that describes all points in the second 
quadrant. 
Construct a system of linear inequalities that describes all points in the third 
quadrant. 
Construct a system of linear inequalities that describes all points in the fourth 
quadrant. 
Graph the solution set. 
a 
3 
41. >—x-3 
a) 
< 2 +1 
Eas ON 
y 5) ; 
SSS ae 
a 
Mh Nee Shea e 7) 
= : I 
2 
eae 
3x —2y>6 
43. 45x+2y>8 
—3x+4y <4 
3x —5y > -—15 
44.4 5x-—2y <8 
Rae | 
3x —2y < -1 
45.4 5x+2y>7 
y+1>0 
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3x —2y < -1 
46. 9 5x+2y <7 


y+1>0 
4x+5y-8 <0 


52. 
SS eae 
y Te 


y <(«+2)° 
53, 1 
WS Ree: 


VG eps 


5A. 3 
ae 


yet 
55. 5 
y<—-@-2)° +3 
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ye aes ir sl 
56. 3 
ee 

<=x+3 
57. none 
Wee peas of Z 
ys —x+5 
y> Ikx-—11+2 


y>—-lk-2!14+5 
59. 
yee 


= ie 


60. 1 
<— 
ee 


y> lIxl+1 
61. 
y<x-1 
y< kl4+1 
62. 
y>x-l 
y< k-3l+4+1 
63. 
Ke 
y> |x+]] 
64. 
y<x-2 
3 
< 2 
65. ea 
WS ars 
va 
66. 5 
ee) 
Bae 
67. ae 
yo ore 


w fee 


x<-l 
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ANSWERS 


il, WES 
3, MES 
5, WES 
Te MOOS 
S, Wes 
il, Wes 
13. No 
5, WES 
7, WES 


19. No 


Ale 
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233 

ar 
M5 

By 
Zils 
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Ae), 


Sil, 
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41. 


43. 
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Wo 


x>0O 


x <0 
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Fle 


tay erie a> ais laa ath Gir eis GOR Sk 


45. 


47. 


49, 
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Bil, 


Bas 


S15), 
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Me 


63. 
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65. 


67. 


69. 
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REVIEW EXERCISES 


LINEAR SYSTEMS AND THEIR SOLUTIONS 


Determine whether or not the given ordered pair is a solution to the 
given system. 


2x + 5y =2 
3x — 10y = —5 


aka 


Given the graphs, determine the simultaneous solution. 
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eh 
-14-12-10 -8 -6 - 
6. 
: ; ' . x 
-14-12-10 -8 ~-6 
-4 
—6 
7 -8 
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Solve by graphing. 


re 4x + 3y = -12 
—8x — 6y = 24 

1 

ae = 
1 re a : 

x+4y=-1 

5x + 2y = 930 
13) 

y-5=0 

5x+3y = -15 
14, 

x+3=0 

1 1 

—~x- z~y=2 
~/3 2 
‘o/c! ie 7 

eae 
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9x —2y =3 

x— sy = 17 

2 — 

3x -—4y =6 

3x —2y= 1 

2x+ 3y = -1 

Solve by elimination. 

5x — 2y = -12 
2A, 

4x + 6y = —21 

4x —5y = 12 
Oe 

8x + 3y = —2 

ax — 3) = It 
23. 

2x —4y = —4 

1x +2y =3 
24, 

3x+5y = -7 

Solve using any method. 
4x -8y=4 
x+2y=9 
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6x — 9y = 8 
26. 

x-y=1 

2x —6y = -1 
Th 

6x + 10y = -3 

2x — 3y = 36 
28. 

x-—3y=9 

5x — 3y = 10 
29. 

—10x + 6y = 3 


APPLICATIONS OF LINEAR SYSTEMS WITH TWO 
VARIABLES 


Set up a linear system and solve. 


33. The sum of two integers is 32. The larger is 4 less than twice the smaller. Find 
the integers. 


34. The sum of 2 times a larger integer and 3 times a smaller integer is 54. When 
twice the smaller integer is subtracted from the larger, the result is -1. Find 
the integers. 


35. The length of a rectangle is 2 centimeters less than three times its width and 
the perimeter measures 44 centimeters. Find the dimensions of the rectangle. 


36. The width of a rectangle is one-third of its length. If the perimeter measures 


53 < centimeters, then find the dimensions of the rectangle. 
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37. The sum ofa larger integer and 3 times a smaller is 61. When twice the smaller 
integer is subtracted from the larger, the result is 1. Find the integers. 


38. A total of $8,600 was invested in two accounts. One account earned 4 3.9% 


annual interest and the other earned 6 +% annual interest. If the total 
interest for one year was $431.25, how much was invested in each account? 


39. A jar consisting of only nickels and dimes contains 76 coins. If the total value is 
$6, how many of each coin are in the jar? 


40. A nurse wishes to obtain 32 ounces of a 1.2% saline solution. How much of a 1% 
saline solution must she mix with a 2.6% saline solution to achieve the desired 
mixture? 


41. A light aircraft flying with the wind can travel 330 miles in 2 hours. The 
aircraft can fly the same distance against the wind in 3 hours. Find the speed of 
the wind. 


42. An executive was able to average 52 miles per hour to the airport in her car 
and then board an airplane that averaged 340 miles per hour. If the total 
640-mile business trip took 4 hours, how long did she spend on the airplane? 


SOLVING LINEAR SYSTEMS WITH THREE VARIABLES 


Determine whether the given ordered triple is a solution to the given 
system. 


43. (—2,—-1, 3); 
BOG ae Ug 
x—-4y4+3z=11 
3x + 5y-—4z= 1 
4A, (5, -3, —2) ; 
x—-4y+6z=5 
2 3) 
3x —4y+z= 25 
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5x —4y+3z=7 
x+2y-6z=6 
12x — 6y + 6z = 13 
5 1 
46. (75-3) 2) 


Okey oo 
4x + 12y —4z=-7 
ee Op = eS 5 
Solve. 
i) 
See — 


Se Ms 
3% — Sy — 27 = 21 
y-—7z=18 
4z=-12 


| 4x —-Sy-z=-6 


47, 


49, Sie qs (ap ae SS 
5x — 2y —3z=-17 
x—6y+3z=-2 


5x + 4y — 2z = 24 
6x — 8y —5z = 25 


| x+2y-2z=1 


50. 


el, 2x-y-z=-2 


6x — 3y —-3z= 12 
3x +y+2z=-1 
52. 


eaten 
4x +y+4z=—-3 
3a —2b+5c = -3 
| 6a+4b-—c=-2 
—6a + 6b + 24c =7 


53. 
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25)n 


56. 


Die 


58. 


9a — 2b — 6c = 10 
54, 5a — 3b-—10c = 14 
—3a+4b+ 12c = —20 


Set up a linear system and solve. 


The sum of three integers is 24. The larger is equal to the sum of the two 
smaller integers. Three times the smaller is equal to the larger. Find the 
integers. 


The sports center sold 120 tickets to the Friday night basketball game for a 
total of $942. A general admission ticket cost $12, a student ticket cost $6, and a 
child ticket cost $4. If the sum of the general admission and student tickets 
totaled 105, then how many of each ticket were sold? 


A 16-ounce mixed nut product containing 13.5% peanuts is to be packaged. The 
packager has a three-mixed nut product containing 6%, 10%, and 50% peanut 
concentrations in stock. If the amount of 50% peanut product is to be one- 
quarter that of the 10% peanut product, then how much of each will be needed 
to produce the desired peanut concentration? 


Water is to be mixed with two acid solutions to produce a 25-ounce solution 
containing 6% acid. The acid mixtures on hand contain 10% and 25% acid. If the 
amount of 25% acid is to be one-half the amount of the 10% acid solution, how 
much water will be needed? 


MATRICES AND GAUSSIAN ELIMINATION 


Construct the corresponding augmented matrix. 


9x -—-Ty=4 
59. 
3x -y=-l 
oe es 
60. 
3y = —5 


x-—y+2z=-6 
61. 4 3x-6y-—z=3 
—x+y—5z=10 
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5x+7y-—z=0 
62. —8y+z=-l 
—x+3z=-9 


Solve using matrices and Gaussian elimination. 


Ee 4x + 5y =0 
' | 2x-3y = 22 


3x — 8y = 20 

64. 
2x4 Sy = 3 
x-yt+4z=1 


—2x + 3y —2z =0 
x—6y+8z=8 


Side SS eS 
66. 4 3x — 6y + 2z = —4 
AN Bae 2g == 
5x —3y-—z=2 
x-6y+z=7 
2x + 6by — 2z = -8 
ieee 


67. 


Jee GIS = 4 =o) 
2x+5y+4z=8 
2a+5b-—c=4 
2a+c=-2 
a+b+3c=6 
at+2b+3c =—-7 
70. 4b-—2c=8 
3a-—c=-7 


DETERMINANTS AND CRAMER’S RULE 


Calculate the determinant. 
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Solve using Cramer’s rule. 
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ile 


Wibo 


= © 


Us 


me UO 


76. 


ke | 
| 
res Oo 


| 
eon A Oh 


Wiis 


NO KF Ane Wor WV 
| 
— 


| 
Spe 


78. | abo O 


OB b3 C3 


ye 
3x+5y=1 


3x+5y=6 
6x+y=—-6 

6x — 4y = -1 
=o y= 


> 
of 
“4 
ef 
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5x+2y+4z=4 
83. 4 4x + 3y + 2z = —5 


—5x —3y —5z=0 
2x—-y+2z=1 


84. x—-3y+z=2 


3x -y-—4z= -2 
i 


85. 2x+y+6z=0 
2x + 2y+4z=-1 


x-y-z=l 
86. 4 2x —y+3z=2 
Le ybg= ol 


4x -—y+2z=-1 
87. 2x+ 3y-z=3 
Oya 


x-y+2z=1 
88. 4 2x + 2y-—z=2 
3x +y+z=l 


SYSTEMS OF INEQUALITIES WITH TWO VARIABLES 


Determine whether or not the given point is a solution to the system of 


inequalities. 
89. (-6, 1); 
Sega 2 
x—-—2y<-l 
vo. (,-3) 
4x -—2y>8 
6x + 2y < -3 
91. (-4, -2); 
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x-y>-3 
2x+3y <0 
—3x+4y>4 
92 (5,- +) 
peg = 
y>orol 
93. (-3, -2); 
Noel) 
ie Ix+1|-—3 
94 (2,- =) 


y= 0 
ge Shay es 


eed 
95. 
x-—2y>8 


x+4y>8 
96. 
2x-y<4 
y—-3<0 


97. 4 —2x+ 3y > —9 


ear iy el 
v= 0 


98. 4 2x-—6y <9 
—2x + 6y <9 


Graph the solution set. 


URS SIC 8) 
99, ; 
y>(x-2)° -—5 


wee bal 
100. ; 
ee eO 
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Ye 2y <2 
101. 5 
y<(x-4) 
y+6>0 
102. 


y< x 
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ANSWERS 


1. Yes 
3. No 


5. (-6, 2) 


15. (6,0) 


17. (2,-4) 


23. (4, 3) 


25. (5, 2) 
29. @ 


38, ILA, 210) 

35. Length: 16 centimeters; width: 6 centimeters 
BW I, AS 

39. The jar contains 32 nickels and 44 dimes. 

41. 27.5 miles per hour 


43. No 
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45. Yes 
7 
oh OG 
if € ) 
49. (-2,-1, 3) 
51. @ 
Z 1 
.{--—, —,0 
. ( ao ) 
55. 4, 8,12 


57. 6 oz of the 6% peanut stock, 8 oz of the 10% peanut stock, and 2 oz of the 50% 
peanut stock should be mixed. 


9-7| 4 
59. 
3-1|-1 
1-1 2I-6 
61. 3-6-11 3 
—1 1-5] 10 
63. (5, -4) 
65 (-2.-1 >) 
2 
67 (« BES 1,3x+ i) 
69. (-2, 2, 2) 
71. -22 
73. -14 
75. -1 
Tie. (0 
17 14 
8 @a =) 
om (- + ; 2 
83. (2,-5, 1) 
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OB, 


5) 


Wo 
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GE). 


101. 
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SAMPLE EXAM 


2x — 8y = —10 


1. Determine whether or not (-2, >) is a solution to { 3 4 3 
Oe) 


2. Determine whether or not (-3, 2. —5) is a solution to 
x-y+2z=-15 
OV eee 
3x +5y —2z = 10 


Solve by graphing. 
x-y=-5 
ch 
Ly 3 
em 
4. 1 D 
ane eee hm | 
i. 
=e SEG 
E yo 
—2x — 4y = 24 
Solve by substitution. 
x— 8y = 10 
6. 
a aed 
ae ee 
: pes : 2 
W4 2 ae! 
6 Ge 
{a Val 
8. 2 
—-= 6 
2x me 
Solve. 
3x — Dy 27 
71x + 2y = 22 
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Ze 

lO} 
5x+2y=1 

5x —3y = -1 
iL, 

—15x+9y =5 

6a — 3b+ 2c = 11 


12. 4 2a—b—4c = -—15 
4a —5b+3c = 23 


4x+y-—6z=8 
13. 4 5x+4y —2z= 10 
2 a 
Solve using any method. 
x—5y+8z=1 


14. 2x + 9y —4z = -8 


—3x + lly + 12z = 15 
a aa 


AG, x-y+3z=2 
3x —-2y+4z=5 
—5x+ 3y =2 
a eat 
PEO aa ig = 
17. 4 x+2y—3z=0 
=K=yrz=—2 
Graph the solution set. 
3x + 4y < 24 
18. 4 2x —3y <3 
was Il Ss 


x+y<4 
ae y>—(x+6)° +4 


Use algebra to solve the following. 
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20. 


Ale 


Bebe 


23 


24, 


295 


The length of a rectangle is 1 inch less than twice that of its width. If the 
perimeter measures 49 inches, then find the dimensions of the rectangle. 


Joe’s $4,000 savings is in two accounts. One account earns 3.1% annual interest 
and the other earns 4.9% annual interest. His total interest for the year is 
$174.40. How much does he have in each account? 


One solution contains 40% alcohol and another contains 72% alcohol. How 
much of each should be mixed together to obtain 16 ounces of a 62% alcohol 
solution? 


Jerry took two buses on the 193-mile trip to visit his grandmother. The first 
bus averaged 46 miles per hour and the second bus was able to average 52 
miles per hour. If the total trip took 4 hours, then how long was spent in each 
bus? 


A total of $8,500 was invested in three interest earning accounts. The interest 
rates were 2%, 3%, and 6%. If the total simple interest for one year was $380 
and the amount invested at 6% was equal to the sum of the amounts in the 
other two accounts, then how much was invested in each account? 


A mechanic wishes to mix 6 gallons of a 22% antifreeze solution. In stock he 
has a 60% and an 80% antifreeze concentrate. Water is to be added in the 
amount that is equal to twice the amount of both concentrates combined. How 
much water is needed? 
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ANSWERS 


1. Yes 


3. (-4, 1) 


iil, 


1 
icy (x22 oe 1) 


15. @ 


We, 


iG), 


21. Joe has $1,200 in the account earning 3.1% interest and $2,800 in the account 
earning 4.9% interest. 


23. Jerry spent 2.5 hours in the first bus and 1.5 hours in the second. 


25. 4 gallons of water is needed. 
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Chapter 4 Polynomial and Rational Functions 


4.1 Algebra of Functions 


BW DH FR 


LEARNING OBJECTIVES 


Identify and evaluate polynomial functions. 
Add and subtract functions. 

Multiply and divide functions. 

Add functions graphically. 


Polynomial Functions 


Any polynomial with one variable is a function and can be written in the form 


1 


f (&) = ay)x" + yx” Fo FAX +. 


Here d,, represents any real number and n represents any whole number. The 
degree of a polynomial with one variable is the largest exponent of all the terms. 
Typically, we arrange terms of polynomials in descending order based on their 
degree and classify them as follows: 


f@=2 Constant function (degree 0) 
g(x) = 3x4+2 Linear function (degree 1) 
h(x) = 4x7 +3x+2 Quadratic function (degree 2) 


r(x) = 5x? + 4x” + 3x + 2Cubic function (degree 3) 


In this textbook, we call any polynomial with degree higher than 3 an nth-degree 
polynomial. For example, if the degree is 4, we call it a fourth-degree polynomial; if 
the degree is 5, we call it a fifth-degree polynomial, and so on. 
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Example 1 
Given f (x) = x* — 8x 4+ 17, find f (2) and f (4). 
Solution: 


Replace each instance of x with the value given inside the parentheses. 


(2% -8(2)+171f4 = 4 -844+17 
4—16+17 = 16-—32+17 


re = =16217 
5 = 1 


We can write f (2) = Sand f (4) = 1.Remember that f (x) = y and so we can 
interpret these results on the graph as follows: 


f(x)=y 


Answer: f (2) = 5; f (4) = 1 


Often we will be asked to evaluate polynomials for algebraic expressions. 
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4.1 Algebra of Functions 


Example 2 
Given g(x) = x° —x +5, find g (—2u) and g (x — 2). 
Solution: 


Replace x with the expressions given inside the parentheses. 


2a) =a?) = a2) + 5 
=(x — 2) (x — 2) (x-2)- 
=(x — 2) (x? — 4x44) - 
=x? — 4x? + 4x — x? + & 
= see ileal 


2a) =Car — (2 
== on 2 


Answer: g (—2u) = —8u2 + 2u + 5and g(x — 2) = x? — 6x* + 11x—-1 


The height of an object launched upward, ignoring the effects of air resistance, can 
be modeled with the following quadratic function: 


1 
h(t) = — 5 at + vor + 50 


With this formula, the height h (t) can be calculated at any given time t after the 
object is launched. The letter g represents acceleration due to gravity on the surface 
of the Earth, which is 32 feet per second squared (or, using metric units, g = 9.8 
meters per second squared). The variable vp, pronounced “v-naught,” or sometimes 
“y-zero,” represents the initial velocity of the object, and sp represents the initial 
height from which the object was launched. 
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Example 3 


An object is launched from the ground at a speed of 64 feet per second. Write a 
function that models the height of the object and use it to calculate the objects 
height at 1 second and at 3.5 seconds. 


Solution: 


We know that the acceleration due to gravity is g = 32 feet per second squared 
and we are given the initial velocity v9 = 64 feet per second. Since the object 
is launched from the ground, the initial height is so = 0 feet. Create the 
mathematical model by substituting these coefficients into the following 
formula: 


1 
hi) = — 5 Bt + Vot +s 


Oe -5 (32) 1° + (64) ¢+0 


h(t) = -16f° + 64t 


Use this model to calculate the height of the object at 1 second and 3.5 seconds. 


h(1) = -16(1/ + 64(1) = -16 + 64 = 48 
h (3.5) = -16(3.5) + 64 (3.5) = -196 + 224 = 28 


Answer: h (t) = —16t? + 64¢ At 1 second the object is at a height of 48 feet, 
and at 3.5 seconds it is at a height of 28 feet. 
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Try this! An object is dropped from a height of 6 meters. Write a function that 
models the height of the object and use it to calculate the object’s height 1 
second after it is dropped. 


Answer: h(t) = —4.91° + 6 At 1 second the object is at a height of 1.1 meters. 


(click to see video) 


Adding and Subtracting Functions 


The notation used to indicate addition’ and subtraction’ of functions follows: 


Addition of functions: (f + g) (x) =f (x) + g() 
Subtraction of functions: (f — g) (x) =f (x) — g() 


When using function notation, be careful to group the entire function and add or 
subtract accordingly. 


1. Add functions as indicated by 
the notation: 


(f+s) MO =f@) +s} 


2. Subtract functions as indicated 
by the notation: 


(f-g) =f) -gs@} 
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4.1 Algebra of Functions 


Example 4 


Given f (x) = x? — 5x — 7and g (x) = 3x* + 7x — 2, find (f + g) (x)and 
(f—8) @). 


Solution: 


The notation f + g indicates that we should add the given expressions. 


(f+8) M=f@) +8 
=(x* —5x-7) + (3x7 + 7x — 2) 
St 
=x? + 3x7 4+2x-9 


The notation f — g indicates that we should subtract the given expressions. 
When subtracting, the parentheses become very important. Recall that we can 
eliminate them after applying the distributive property. 


(f-g) @=f@ -g@) 
=" —5x—7) — (3x7 + 7x — 2) 
SOS baa ee 


= 


Answer: (f a5 g) (x) = x3 + 3x? + 2x — 9and 
(f-—g) @) =x3 - 3x? - 12x -5 
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We may be asked to evaluate the sum or difference of two functions. We have the 
option to first find the sum or difference in general and then use the resulting 


function to evaluate for the given variable, or evaluate each first and then find the 
sum or difference. 
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Example 5 


Evaluate (f — g) (3) given f (x) = 5x* —x+4 and g(x) = x7 + 2x -3. 


Solution: 


First, find (f — g) (Cae 


(f-8) M=f@)-s@ 
= (5x? -x4+4) - (x? + 2x - 3) 
SS ee OS 
=e aye k Gl 


Therefore, 


(pare Gs) Se ea, 


Next, substitute 3 in for the variable x. 


(f —g) G=4GY -3(3)+7 
=36-9+7 
=34 


Hence (f - g) (3) = 34. 


4.1 Algebra of Functions 
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Alternate Solution: Since (f — g) (3) = f (3) — g (3) we can find f (3) and 
g (3) and then subtract the results. 


pe ae Oe 3 


53) — 3)+4}¢@3) = 3% +2(0)-3 
9+6-3 
12 


Therefore, 


(f-g) @=f 3) - 8 (3) 
=46 — 12 
=34 


Notice that we obtain the same answer. 


Answer: (f — g) (3) = 34 


Note: If multiple values are to be evaluated, it is best to find the sum or difference 
in general first and then use it to evaluate. 
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3. Multiply functions as indicated 
by the notation: 


(f-2) M=f@-s@. 


4. Divide functions as indicated 


by the notation: 


(f/g) (@e) =, where 


ga #0. 


4.1 Algebra of Functions 


Try this! Evaluate (f ae g) (—1)givenf (x) = x? +x — 8 and 
g(x) = 2x7 —x 4+ 9. 


Answer: 2 


(click to see video) 


Multiplying and Dividing Functions 


The notation used to indicate multiplication’ and division‘ of functions follows: 


Multiplication of (f . g) (x) =f () - 2%) 


functions: 


Division of functions: 
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Example 6 


Given f (x) = 15x* — 9x? + 6x2 and g (x) = 3x7, find (f . g) (x) and 
(f/g) (@). 


Solution: 


The notation f - g indicates that we should multiply. Apply the distributive 
property and simplify. 


(f-s) M=f@)-s@ 
= (15x* On 4k 6x") (3x7) 
= 15x* . 3x? — 9x? . 3x” + 6x? - 3x? 


=45x° — 27x? + 18x4 


The notation f/g indicates that we should divide. For this quotient, assume 


tee 0h 


1 Gs) 
yi = 
(f/g) @) AG 
a 15° = 9x 4 6x- 
7 3x2 


15x* 9x3 iN 6x? 
3x2 3x2 3x2 
=5x* —-3x+2 


Answer: f : g) (x) = 45x° — 27x? + 18x*and (f/g) (x) = 5x* —3x+2 
where x # 0. 
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4.1 Algebra of Functions 


Example 7 


Given f (x) = 6x — 5 and g (x) = 3x” — 2x — 1, evaluate (f . g) (O) and 
(f-g) CD 


Solution: 


Begin by finding (f . g) eae 


(f- 8) M=f@-s@ 
=(6x— 5) (3x* — 2x - 1) 
= 18x? — 12x? — 6x — 15x” + 10x +5 
S(8r° = 270 ee 


Therefore (f - g) (x) = 18x° — 27x? + 4x + 5, and we have, 


(f-g) (-l)=18(-1) - 2 


(f-g) ()=18(0" — 270) +4(0) +5 


=—18+27- 
= 
=—44 
Answer: (f : g) (O) = Sand (i : g) (—1) = —44 
830 
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Try this! Evaluate (f - g) (—1)givenf (x) = x7 + x — 8 and 
g(x) = 2x7 —x 4+ 9. 


Answer: -120 


(click to see video) 


Adding Functions Graphically 


Here we explore the geometry of adding functions. One way to do this is to use the 
fact that (f + g) (x) = f (x) + g (x) .Add the functions together using x-values 
for which both and g are defined. 
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Example 8 


Use the graphs of f and g to graph f + g. Also, give the domain of f + g. 


y 


Solution: 


In this case, both functions are defined for x-values between 2 and 6. We will 
use 2, 4, and 6 as representative values in the domain of f + g to sketch its 
graph. 


(ft+¢) D=f(2)+g2)=3+6=9 
(f+a) M=f@+e4@=24+4=6 
(f +g) (6)=f (6) +8 (6) =4+5=9 


Sketch the graph of f + g using the three ordered pair solutions (2, 9), (4, 6), 
and (6, 9) : 


2 é 
domain of f +2 
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Answer: f + g graphed above has domain [2, 6| : 
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4.1 Algebra of Functions 


Example 9 


Use the graphs of f and g to graph f + g. Also, give the domain of f + g. 


Solution: 


Another way to add nonnegative functions graphically is to copy the line 
segment formed from the x-axis to one of the functions onto the other as 
illustrated below. 


fe pee ee ee ee 


The line segment from the x-axis to the function f represents f (a) . Copy this 
line segment onto the other function over the same point; the endpoint 


represents f (a) + g (da) Doing this for a number of points allows us to obtain a 


quick sketch of the combined graph. In this example, the domain of f + g is 
limited to the x-values for which f is defined. 


Answer: Domain: [1 ; 20) 
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4.1 Algebra of Functions 


In general, the domain of f + g is the intersection of the domain of f with the 
domain of g. In fact, this is the case for all of the arithmetic operations with an 
extra consideration for division. When dividing functions, we take extra care to 
remove any values that make the denominator zero. This will be discussed in more 
detail as we progress in algebra. 


KEY TAKEAWAYS 


* Any polynomial with one variable is a function and can be written in the 
form f (X) = GyX" + dn_1x" | +... + a,x + ay.The degree of 
the polynomial is the largest exponent of all the terms. 

* Use function notation to streamline the evaluating process. Substitute 
the value or expression inside the parentheses for each instance of the 
variable. 


* The notation (f + g) (x) indicates that we should add 
f@) +8). 

* The notation (f — g) (x) indicates that we should subtract 
f@)—g). 

* The notation (f : g) (x) indicates that we should multiply 
Fa) g@). 

* The notation (f/ g) (x) indicates that we should divide 
a , where g(x) # 0. 

* The domain of the function that results from these arithmetic 
operations is the intersection of the domain of each function. The 
domain of a quotient is further restricted to values that do not evaluate 
to zero in the denominator. 
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TOPIC EXERCISES 
PART A: POLYNOMIAL FUNCTIONS 


Evaluate. 

1. Given f (x) = x” — 10x + 3, find f (—3),f (0), andf (5). 

2. Given f (x) = 2x? — x + 9, find f (—1),f (0), and f (3). 

3. Given g (x) = x? —x* +x+7, find g (—2), g (0), and g (3). 
4. Given g(x) = x> — 2x +5, find g (—5), g (0), and g (3). 

5. Given s(t) = 5t* — t? +t — 3 finds (—1),s (0), ands (2). 

6. Givenp (nN) = ne — l0n 2: find p (—3), p (—1), andp (2). 
7. Givenf (x) = x® — 64, find f (—2), f (—1), andf (0). 

8. Given f (x) = x© — x3 + 3,find f (—2),f (—1), andf (0). 

9. Given f (x) = x* — 2x — 1, find f (2f) andf (2t — 1). 

10. Given f (x) = x” — 2x + 4, find f (—32) andf (2 — 3t). 
11. Given g (x) = 2x? + 3x — 1, find g (—Sa) and g (5 — 2x) ; 
12. Given g (x) = 3x7 — 5x +4, find g (—4u) and g (3x — 1). 
13. Given f (x) = x? — 1, find f (2a) andf (x — 2). 
(Meciveny (0 ey indy (sx eemdiy, (On ee 

15. Given g(x) =x? +x? — 1 findg Ee) and g(x — 4). 


16. Given g(x) = 2x? — x + 1, find g (—2x3) and g (3x - 1). 


Given the function calculate f (x a5 h) : 
17. f(x) =5x-3 
ieh Ge) = all 
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i, l= = 


20. f (x) = x4 


Given the graph of the polynomial function f find the function values. 


2 binds (Oy; (sandy (2) 
‘ 


Das 


23. Find f (—2),f (—1), andf (0). 
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24. 


25. 


26. 


Wis 


4.1 Algebra of Functions 


Endy (aan (2 enc (Oe 


A projectile is launched upward from the ground at a speed of 48 feet per 
second. Write a function that models the height of the projectile and use it to 
calculate the height every 1/2 second after launch. Sketch a graph that shows 
the height of the projectile with respect to time. 


An object is tossed upward from a 48-foot platform at a speed of 32 feet per 
second. Write a function that models the height of the object and use it to 
calculate the height every 1/2 second after the object is tossed. Sketch a graph 
that shows the height of the object with respect to time. 


An object is dropped from a 128-foot bridge. Write a function that models the 
height of the object, and use it to calculate the height at 1 second and 2 
seconds after it has been dropped. 
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4.1 Algebra of Functions 


28. An object is dropped from a 500-foot building. Write a function that models the 
height of the object, and use it to calculate the distance the object falls in the 
1st second, 2" second, and the 3 second. 


29. A bullet is fired straight up into the air at 320 meters per second. Ignoring the 
effects of air friction, write a function that models the height of the bullet, and 
use it to calculate the bullet’s height 1 minute after it was fired into the air. 


30. A book is dropped from a height of 10 meters. Write a function that gives the 
height of the book, and use it to determine how far it will fall in 1% seconds. 


PART B: ADDING AND SUBTRACTING FUNCTIONS 


Given functions f and g, find (f + g) and (f — g) . 
31, f &) =3e— 3,20) =4r-1 
32,07 (x)= Sx 28 () = Ix — 5 
asf = 2 — 3x2 w= Lx 
34. f (x) = 8x —5,e(x%) = -7x4+ 4 
S PiC@)se =I 2 eejsx- ba a7 
%% fi) Sen” eva seer are4 
M7, Fi) Sse- 2a = 3,0) S Oe Tl 
6 Jf 1) = Onde oe) See = Sy ee 
39. f (x) = 9x? — 1,8 (x) = x? + 5x 
40. f (x) = 10x2, 2 (x) = 5x? -—8 
Sh Ge) Se pat eG) Sa ae = Il 


mo PIO) = ye ae Lee a a eae a 


Given f (x) = je) oO 8 and g (x) = 2x* — 3x +5, evaluate 
the following. 


43. (f ap g) (—2) 
44, (f + g) (3) 
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4.1 Algebra of Functions 
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4.1 Algebra of Functions 


PART C: MULTIPLYING AND DIVIDING FUNCTIONS 


Given f and g, find - g. 
5p (ih) = ox, 2 =x — 3 
58, jf (X= — 4, 8 (X) = Ox 
59. f (x) = 2x —3,g(%) = 3x4+4 
60; fi (x= 95x — oe) 2r-- I 
61. f (x) = 3x+4,2¢(%) = 3x-4 
62, f (X) =x+53,e0)=]x—5 
6 FG) —1—2 2 Qi a- 3a 2 
Mh 1 (e) = Bs = ele) ee = Tl 
Cup Sor sees — a 
66. f (x) = 5x?,g (x) =x* —3x-1 
Ca = a> ON 


as, CG) Sere ee = ae) ae Sr 


Given f and g, find f/g. (Assume all expressions in the denominator 
are nonzero.) 


© 7 6) = ser = low = oe oie) Sa 

10, 0s) S De? Stee 45 le ee) = Oe 

7p) = 20% 15x on 2 =o 

Te PC) S On? SID = Be wi) = Bee 

W, fii) ae dedve oe =D oa Ee 
TC) ee ee = ie ee) = 3 

, $1) Sire = lane 4 ore = 4S eG) = De = 
1, $1) Se? = We? 4 Ie 4, oO) S Bere Il 
Toe Ie —weeae te yi — on 
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78. f (x) = 5x? — 16x? + 13x —6,¢(x%) =5x-1 


Given f (x) = 25x 4 0x? = 5x- and te 5x7 evaluate the 
following. 


Given the graphs of f and g evaluate the following. 
- 
: & 
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89. (f/g) (5) 
90. (f/g) (3) 
a. (f-g) (1) 


Given noe ee and 


h(x) = —5x, find the following. (Assume all expressions in the 
denominator are nonzero.) 

93. (f — 8) @) 

94. (g—f) @) 

95. (g-h) (x) 

96. (f/h) (x) 

97. (h+8) () 

98. (h-f) (x) 

99. (g/h) (2) 

10. (g —h) (—3) 


101. The revenue in dollars from selling MP3 players is given by the function 
R(n) = 125n — 0.15n2 , where n represents the number of units sold 
(O <n < 833). The cost in dollars of producing the MP3 players is given by 
the formula C (n) = 1200 + 42n where n represents the number of units 
produced. Write a function that models the profit of producing and selling n 
MP3 players. Use the function to determine the profit generated from 
producing and selling 225 MP3 players. Recall that profit equals revenues less 
costs. 


102. The inner radius of a washer is + that of the outer radius. 
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PART D: ADDING FUNCTIONS GEOMETRICALLY 


Use the graphs of f and g to graph f + g. Also, give the domain of 


103. 


104. 
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105. 
106. 

0 

9 

8 

7 

© iz 

5 

4 

3 

2 

ne 

107. 
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108. 


109. 


110. 
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1a 


Lil, 


PART E: DISCUSSION BOARD 


113. Which arithmetic operations on functions are commutative? Explain. 


114. Explore ways we can add functions graphically if they happen to be negative. 
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ANSWERS 


1. f (—3) = 42;f (0) = 3;f (5) = -22 

3. g(—2) = —7;8 (0) = 7; (3) = 28 

5. s(—1) = 0:5 (0) = —3;5(2) = 75 

7. f (-2) = 0;f (-1) = -63;f (0) = -64 

open = 4-4 — er) = 

1. g (—Sa) = 50a* — 15a — 1;g (5 — 2x) = 8x? — 46x + 64 
ige7 Cal—= sa —=17G = 2—~ —or- + 12, 19 

15. g(x?) =x® +x* - Lge —4) =x? — 11x? + 40x -— 49 
17. f (x +h) =5x+53h—-3 

19. f (x +h) = x3 + 3hx? + 3h’xt+h? -8 

a1. f (0) = -3;f (1) = 0;f (2) = -3 

23. f (—2) = 2;f (-1) = -7;,f (0) = -2 

25, h(t) = —1627 + 48t, 


27. h(t) = —16t* + 128; at1 second the object’s height is 112 feet and at 2 
seconds its height is 64 feet. 
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29. h(t) = —4.91? + 320f; 1,560 meters 

31. (f +g) @) =9x-4;(f-g) @M=x-2 

33. (f +g) @) =-4x4+3;(f-g) @=-2x41 

35. (f +g) @) =2x* +x-5;(f-g) @) =-7x49 

37. (f+g) @) =x? 4+11x4+8;(f-g) @) =x? -x- 14 

39. (f +g) (x) = 10x? +5x—-1;(f-—g) @) = 8x* —5x-1 
) 
) 


41, (f+ (x) = 12x? +x* +x-—5; 
(f—g) @) =4x? -—x?7 +x-3 

43. 11 

45. 27 

47. 27 

42), =) 

Bik =e 

o3, 1 

bey 

7, (98) = ox — Iox 

59. (f-g) () = 6x? -x- 12 

61. (f-g) (x) = 9x? - 16 

63. (f -g) G@) Se? = Se kop ad 

65. (f-g) (%) = 2x4 — 14x? + 10x? 

67. (f -g) (&) = 2x4 — 7x3 + 2x? -7x- 6 

69. (f/g) (x) = 9x* — 4x -2 

m1. (f/g) (x) = 4x4 -— 3x +1 

73. (f/g) (x) =x? 4+2x-1 
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[2,3 


=—0 -=5 


111. (—-0, 0) 


113. Answer may vary 
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4.2 Factoring Polynomials 


Oo 


oO 


N 


oe) 


. The process of writing a 


number or expression as a 
product. 


. Any combination of factors, 


multiplied together, resulting 
in the product. 


. Any of the numbers or 


expressions that form a 
product. 


. The product of the common 


variable factors and the GCF of 
the coefficients. 


LEARNING OBJECTIVES 


Determine the greatest common factor (GCF) of monomials. 
Factor out the GCF of a polynomial. 

Factor a four-term polynomial by grouping. 

Factor special binomials. 


BP WH Ff 


Determining the GCF of Monomials 


The process of writing a number or expression as a product is called factoring’. If 


we write the monomial 8x’ = 2x> - 4x7, we say that the product 2x° - 4x? isa 


factorization’ of 8x’ and that 2x> and 4x? are factors’. Typically, there are many 


ways to factor a monomial. Some factorizations of 8x’ follow: 


8x! =2x> - 4x? 
8x’ =8x° -x Factorizations of 8x! 


8x! =2x + 2x? - 2x4 


Given two or more monomials, it will be useful to find the greatest common 
monomial factor (GCF)* of each. The GCF of the monomials is the product of the 
common variable factors and the GCF of the coefficients. 


853 


Chapter 4 Polynomial and Rational Functions 


Example 1 
Find the GCF of 25x’y?z and 15x? y*z?. 
Solution: 


Begin by finding the GCF of the coefficients. In this case, 25 = 5 - 5 and 
15 = 3 - 5. It should be clear that 


GCF (25, 15) =5 


Next determine the common variable factors with the smallest exponents. 


25x'y?z and 15x°y*z? 


The common variable factors are x°, ve. and z. Therefore, given the two 
monomials, 


GCF = 5x3 y*z 


Answer: 5x*y7z 


It is worth pointing out that the GCF divides both expressions evenly. 
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25x! 2 15 3,,4,2 
SOE as 5x4 and cece ee 3y7z 
Sx y"Z 5x3 y2z 


Furthermore, we can write the following: 


25x! yz _ 5x7 y7z . 5x* and 15x° 32" — 5x3 y?z : 3y7z 


The factors 5x* and 3y*z share no common monomial factors other than 1; they 
are relatively prime’. 


9, Expressions that share no 
common factors other than 1. 
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Example 2 


Determine the GCF of the following three expressions: 12a°b” (a + by, 
60a*b*c (a ++ by, and 24a2b’c3 (a + by. 


Solution: 


Begin by finding the GCF of the coefficients. To do this, determine the prime 
factorization of each and then multiply the common factors with the smallest 
exponents. 


12=9° 23 
60=27 -3-5 
24=23 .3 


Therefore, the GCF of the coefficients of the three monomials is 


GCF (12, 60, 24) = 27-3 = 12 


Next, determine the common factors of the variables. 


12a°b? (a + by and 60a'b’c(a+b) = and 24° BI (a + 


2 
The variable factors in common are a”, b*, and (a ++ b) . Therefore, 
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2 
GCF = 12-a -b’- (a+b) 
Note that the variable c is not common to all three expressions and thus is not 
included in the GCF. 


Answer: 12a2b” (a ++ by 


Factoring out the GCF 


The application of the distributive property is the key to multiplying polynomials. 
For example, 


6xy” (2xy + 1) =6xy" - 2xy + 6xy* +1 Multiplying 
=12x7y? + 6xy’? 


The process of factoring a polynomial involves applying the distributive property in 
reverse to write each polynomial as a product of polynomial factors. 


a (b + c) =ab + ac Multiplying 
ab + ac=a (b + c) Factoring 


Consider factoring the result of the opening example: 
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12x7y? + 6xy* =6xy” -2xy + 6xy?-1 Factoring 
=6xy” ( ? ) 
= 6xy” (2xy + 1) 


We see that the distributive property allows us to write the polynomial 
12x7y? + 6xy? asa product of the two factors 6xy~ and (2xy + 1) . Note that in 
this case, 6x7y is the GCF of the terms of the polynomial. 


GCF (12x7y?, 6xy") = 6xy" 


Factoring out the greatest common factor (GCF)"° of a polynomial involves 
rewriting it as a product where a factor is the GCF of all of its terms. 


8x? + 4x? — l6x=4x [ee +x- 4) 


Factoring out the GCF 
ab’ — 18a’ b — 3ab=3ab (3b — 6a — 1) 


To factor out the GCF of a polynomial, we first determine the GCF of all of its terms. 
Then we can divide each term of the polynomial by this factor as a means to 
determine the remaining factor after applying the distributive property in reverse. 


10. The process of rewriting a 
polynomial as a product using 
the GCF of all of its terms. 
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Example 3 
Factor out the GCF: 18x’ — 30x° + 6x°?. 


Solution: 


In this case, the GCF(18, 30, 6) = 6, and the common variable factor with the 


smallest exponent is x*. The GCF of the polynomial is 6x. 


18x’ — 30x? + 6x? = 6x7 ( » ) 


The missing factor can be found by dividing each term of the original 


expression by the GCF. 
1 eee, —30x° 2 +6x3 
= = =+1 
6x3 6x3 Ge 


Apply the distributive property (in reverse) using the terms found in the 
previous step. 


18x? — 30x° + 6x? = 6x° (ae Eee oe 1) 


If the GCF is the same as one of the terms, then, after the GCF is factored out, a 


constant term 1 will remain. The importance of remembering the constant 


term becomes clear when performing the check using the distributive property. 
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6x? (axe Soy er 35) = 6x 512 or ol 
= 18x’ — 30x? + 6x? J 


Answer: 6x? (ae ae a 1) 
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4.2 Factoring Polynomials 


Example 4 
Factor out the GCF: 27x° y>z + 54x> yz — 63x7y*. 
Solution: 


The GCF of the terms is 9x*y. The last term does not have a variable factor of z, 
and thus z cannot be a part of the greatest common factor. If we divide each 
term by 9x*y, we obtain 


DFE oy ee, 54x° yz Le -63x°y* ig 


and can write 


27x? yz + 54x° yz — 63x37 y* =9x3 y ( 2 ) 
=9x7y (Gry 2 + 6x*z— Ty?) 


Answer: 9x°y (3x*y*z + 6x?z — Ty?) 
Try this! Factor out the GCF: 12x*y* — 6x7y? — 3xy? 


Answer: 3xy” (4x2y? — 2xy - 1) 


(click to see video) 
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11. A polynomial with integer 
coefficients that cannot be 
factored as a product of 
polynomials with integer 
coefficients other than 1 and 
itself. 


4.2 Factoring Polynomials 


Of course, not every polynomial with integer coefficients can be factored as a 
product of polynomials with integer coefficients other than 1 and itself. If this is the 
case, then we say that it is a prime polynomial"’. For example, a linear factor such 
as 10x — 9 is prime. However, it can be factored as follows: 


10x -9 = (10-2) or 10x 9 =5 (2-2) 
x 


If an x is factored out, the resulting factor is not a polynomial. If any constant is 
factored out, the resulting polynomial factor will not have integer coefficients. 
Furthermore, some linear factors are not prime. For example, 


5x -10 =5(- 2) 


In general, any linear factor of the form ax + b, where a and bare relatively prime 
integers, is prime. 


Factoring by Grouping 


In this section, we outline a technique for factoring polynomials with four terms. 
First, review a preliminary example where the terms have a common binomial 
factor. 
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12. A technique for factoring 
polynomials with four terms. 


4.2 Factoring Polynomials 


Example 5 
Factor: 7x (3x — 2) — (3x — 2). 
Solution: 


Begin by rewriting the second term — (3x — 2) as —1 (3x — 2) . Next, consider 
(3x — 2) as a common binomial factor and factor it out as follows: 


Tx (3x — 2) — (3x — 2)=7x (3x — 2) — 1 (3x - 2) 
=(37—2) (2) ) 
= (3x — 2) (7x- 1) 


Answer: (3x — 2) (7x — 1) 


Factoring by grouping” is a technique that enables us to factor polynomials with 
four terms into a product of binomials. This involves an intermediate step where a 
common binomial factor will be factored out. For example, we wish to factor 


3x3 — 12x? +2x-8 


Begin by grouping the first two terms and the last two terms. Then factor out the 
GCF of each grouping: 


3x? —12x? + 2x-8 
TT" “oO 
group group 
=3x° (x 4)+2(x 4) 


In this form, the polynomial is a binomial with a common binomial factor, (x — 4). 
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= («x-4)( ? ) 
= (x—4) (3x7 +2) 


Therefore, 


3x7 — 12x? + 2x-8 = (x—4) (3x7 +2) 


We can check by multiplying. 


(x — 4) (3x7 +2) =3x° + 2x — 12x7 -8 
=3x? —12x* +2x-8 V 
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Example 6 
Factor by grouping: 24a* — 18a — 20a + 15. 
Solution: 


The GCF for the first group is 6a’. We have to choose 5 or -5 to factor out of the 
second group. 


24a* -18a? — 20a+15 
ees, 
group group 
= 6a’ (4a—3)+5(—4a+3) x 
= 6a’ (4a—3)—5(4a-3) v 


Factoring out +5 does not result in a common binomial factor. If we choose to 
factor out -5, then we obtain a common binomial factor and can proceed. Note 
that when factoring out a negative number, we change the signs of the factored 
terms. 


24a‘ -18a°-20a+15= 24a*-18a* — 20a +15 
group group 


=6a( ? )-5( ? ) 


= 6a’ (4a -3)-5(4a-3) 
=(4a-3( 2) 


=(4a-3)(6a° -5) 
Answer: (4a — 3) (6a° — 5) Check by multiplying; this is left to the reader as 


an exercise. 


Sometimes we must first rearrange the terms in order to obtain a common factor. 
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Example 7 
Factor: ab — 2b + a — 2b’. 
Solution: 


Simply factoring the GCF out of the first group and last group does not yield a 
common binomial factor. 


ab—2a°b + a’ —2b° 
CoO Sa cca, 
group group 
= ab(1—2a)+1(a’ —26”) 


We must rearrange the terms, searching for a grouping that produces a 
common factor. In this example, we have a workable grouping if we switch the 
terms @ and ab. 


ab—2a°b+ a’ —2b’ = a® -2a°b + ab-2b° 
fede 
group group 
=a’ (a—2b)+b(a-2b) 
=(a —2b)(a? +b) 


Answer: (a = 2b) (a -- b) 


Try this! Factor: x? — xy — xy + y?. 


2D 


Answer: (x = y) (x = y) 


(click to see video) 


Not all factorable four-term polynomials can be factored with this technique. For 


example, 


4.2 Factoring Polynomials 
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3x3 + 5x? —x+2 


This four-term polynomial cannot be grouped in any way to produce a common 
binomial factor. Despite this, the polynomial is not prime and can be written as a 
product of polynomials. It can be factored as follows: 


3x3 + 5x7 —x4+2= (x42) (3x7 —x+1) 


Factoring such polynomials is something that we will learn to do as we move 
further along in our study of algebra. For now, we will limit our attempt to factor 
four-term polynomials to using the factor by grouping technique. 


Factoring Special Binomials 


A binomial is a polynomial with two terms. We begin with the special binomial 
called difference of squares”: 


To verify the above formula, multiply. 


(a+b) (a—b)=a@ -ab+ba-b 
=a —ab+ab-b° 
=a —b 


We use this formula to factor certain special binomials. 
3.@ —b* = (a+b) (a- V3 
where a and b represent 
algebraic expressions. 
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Example 8 
Factor: x* — 9y?. 
Solution: 


Identify the binomial as difference of squares and determine the square factors 
of each term. 


Difference of Squares 
t 1 4 
vey 6-6 


Here we can write 


x? — 9y? = (x) - (3y)’ 


Substitute into the difference of squares formula where a = x and b = 3y. 


a —b*=(at+b )(a—-b ) 
ANG eel a | 
x* — Dy? =(x+3y)(x—3y) 


Multiply to check. 
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(x Ar 3y) (x = 3y) =x? - 3xy + 3yx — Qy? 
=x* — 3xy + 3xy — 9y? 
= 2 = Oy? vv 


Answer: (x 4 3y) (x = 3y) 
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Example 9 
Factor: x2 — (2x — 1)°. 
Solution: 


First, identify this expression as a difference of squares. 


Pe =Orsile =) = (es Uy 


Use a = xand b = 2x — | inthe formula for a difference of squares and then 
simplify. 


x? —(2x- 1) =[x+ Qx-] [x- Qx-1)] 
=(x+2x-1) @-2x+1) 
=(3x -— 1) (-x + 1) 


Answer: (3x — 1) (—x + 1) 


Given any real number b, a polynomial of the form x7 + b? is prime. Furthermore, 
> the sum of squares’ a2 + b* does not have a general factored equivalent. Care 
4.¢ +b , where a and b a & a 
represent algebraic should be taken not to confuse this with a perfect square trinomial. 


expressions. This does not have 
a general factored equivalent. 
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(a+b) =(a+b) (a+b) 
=¢ +ab+ba+h* 
=¢ +2ab+h* 


Therefore, 


(a+b) #a +P 


For example, the sum of squares binomial x” + 9 is prime. Two other special 
binomials of interest are the sum’? and difference of cubes’*: 


a +b=(a+b) (@ —ab+b’) 
a —b’=(a—b) (@ +ab+b’) 


We can verify these formulas by multiplying. 


(a+b) (@ —ab+b’)=a -db+ab’+ab-ab +b 
=f+b v 
a+b 
Pe (a+ b\@ — ab +b’) 


where a and b represent 
algebraic expressions. 


pay (a—b) (¢ +ab+b’)=a +a¢b+ ab’ —ab- ab’ —b 
2: (ea aia =¢@-b v 


where a and b represent 
algebraic expressions. 


1 


1 


4.2 Factoring Polynomials 
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The process for factoring sums and differences of cubes is very similar to that of 
differences of squares. We first identify a and b and then substitute into the 
appropriate formula. The separate formulas for the sum and difference of cubes 
allow us to always choose a and b to be positive. 
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4.2 Factoring Polynomials 


Example 10 
Factor: x° — 8y?. 


Solution: 


First, identify this binomial as a difference of cubes. 


Difference of Cubes 
{ { 


1 
egy 8-@ 


Next, identify what is being cubed. 


x} — By? = (x)? — (2y)” 


In this case, a = x and b = 2y. Substitute into the difference of cubes formula. 


@+b=(a—b)(a@ +a- b+ Bb ) 
ee le! 

x? — By? =(x—2y)((x)* +x - 2y Tun) 

(1 —2y x ayy) 


We can check this factorization by multiplying. 
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le — 2y) (es + 2xy + 4y*) a ey ie Se eae 


=e ee yay en ty 
3 


=x =i Y 


Answer: (x - 2y) (Ge a 20 ae 4y?) 


It may be the case that the terms of the binomial have a common factor. If so, it will 
be difficult to identify it as a special binomial until we first factor out the GCF. 
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Example 11 
Factor: 81xty + 3xy*. 
Solution: 


The terms are not perfect squares or perfect cubes. However, notice that they 
do have a common factor. First, factor out the GCF, 3xy. 


8Ix4y + 3xy4 = 3xy (27x7 + y?) 


The resulting binomial factor is a sum of cubes with a = 3xandb = y. 


8ix4y te 3xy4 ay (Dike ap y’) 
=o (3x se y) (9x? — 3xy + y’) 


Answer: 3xy (3x - y) (9x7 — 3xy+ y’) 


When the degree of the special binomial is greater than two, we may need to apply 
the formulas multiple times to obtain a complete factorization. A polynomial is 
completely factored’ when it is prime or is written as a product of prime 
polynomials. 


17. A polynomial that is prime or 
written as a product of prime 
polynomials. 
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4.2 Factoring Polynomials 


Example 12 
Factor completely: x* — 81y*. 
Solution: 


First, identify what is being squared. 


-syt=(Y=( ) 


To do this, recall the power rule for exponents, (x”")” = x’"”. When exponents 


are raised to a power, multiply them. With this in mind, we find 


x4 —81y*? = (ee ye - ( 9y° i 


Therefore, a = x” and b = 9y”. Substitute into the formula for difference of 
squares. 


x* —8ly* = e + Oy") (fee = Oy") 


At this point, notice that the factor ee - Oy?) is itself a difference of two 
squares and thus can be further factored using a = x7 and b = 3y. The factor 
(ce se Oy?) is prime and cannot be factored using real numbers. 
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— 8lyt= (se + Oy") (Ge = oy") 
= ee + oy") (x + 3y) ie _ 3y) 


Answer: (ee tr Oy?) (x + 3y) (x = 3y) 


When factoring, always look for resulting factors to factor further. 
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4.2 Factoring Polynomials 


Example 13 


Factor completely: 64x° — y®. 


Solution: 


This binomial is both a difference of squares and difference of cubes. 


64x° — y®= ( Ax? y — (y? i Difference of cubes 


64x° — yo = ( oe )’ — (y? ) Difference of squares 


When confronted with a binomial that is a difference of both squares and cubes, 
as this is, make it a rule to factor using difference of squares first. Therefore, 
a = 8x* and b = y°. Substitute into the difference of squares formula. 


64x® — y® = (8x? +y°) (8x? —y) 


The resulting two binomial factors are sum and difference of cubes. Each can be 
factored further. Therefore, we have 


64x° — y® = (8x° +y’) : (8x° -y) 


= (2x4 y)(4x? —2xy+ y?)-(2x—y)(4x? +2xy4 y? 
) 


The trinomial factors are prime and the expression is completely factored. 


Answer: (2x + y) (4x? — 2xy + y’) (2s - y) (4x? + 2xy + y’) 
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As an exercise, factor the previous example as a difference of cubes first and then 
compare the results. Why do you think we make it a rule to factor using difference 
of squares first? 


Try this! Factor: a b° — 1 


Answer: (ab + 1) (@b* — ab+1) (ab-1) (@b* +ab+1) 


(click to see video) 


KEY TAKEAWAYS 


* The GCF of two or more monomials is the product of the GCF of the 
coefficients and the common variable factors with the smallest power. 

* Ifthe terms of a polynomial have a greatest common factor, then factor 
out that GCF using the distributive property. Divide each term of the 
polynomial by the GCF to determine the terms of the remaining factor. 

* Some four-term polynomials can be factored by grouping the first two 
terms and the last two terms. Factor out the GCF of each group and then 
factor out the common binomial factor. 

* When factoring by grouping, you sometimes have to rearrange the 
terms to find a common binomial factor. After factoring out the GCF, the 
remaining binomial factors must be the same for the technique to work. 

* When factoring special binomials, the first step is to identify it as a sum 
or difference. Once we identify the binomial, we then determine the 
values of a and b and then substitute into the appropriate formula. 

* Ifa binomial is both a difference of squares and cubes, then first factor it 
as a difference of squares. 
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Determine the GCF of the given expressions. 
On, 27> 150" 
2 20y 12y Gy 
ay 50x -y> 35x) 10x 
4, 12x v2 36x y- 18x y 
5, 15a’b? ce, 75a! bc, 45ab* c3 
6. 12a°b>c?, 48abc3 , 125ab>c 
PoUx (2011) 42701 ) on nal) 
8. 14y5(y — 8)”, 28y? (y — 8) ,35y(y — 8)” 
9. 10a°b? (a +b)”, 48a°b? (a +b)’, 26ab° (a + b) 


3 


10. 45ab’ (a — b)',362b? (a — b)’ ,63a*b? (a — b)” 
Determine the missing factor. 

el See) (Gre a Oe ( ? ) 

eh Gre? = Oy? ea 2 ) 

13. —10y® + 6y* — 4y? = -2y?( 7? ) 

14. —2Ty? — 9y® + 3y? = -3y? (7? ) 

15. 12x3y? — 8x7y3 + 8xy = Axy ( 2 ) 

16. 10x*ty? — 50x3y? + 15x2y? = Sxy ( 2 ) 

7. 14a'b? — 21a b* -Teb? =Tab?( 7 )/ 
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18. 15@b* + 9atb* - 3b = 3ab( 7? )/ 


Factor out the GCF. 
21. 12x* — 16x? + 4x? 
ee ilope’ = Oe" oe 
2, DUN Sy? ale 
Za Sy = 245 — 3 0y- 
25. 2a+b? — 6a>b* + 8a°b 
26. 28a°b® — 21a’b* — 14ab° 
Dy), Gipee ys Alpes hy 2a 
2 yy ey 
ono (Or 3) — 91 Oo) 
30) Vy" (y - 1) +9(y- 1) 
co, Gee (r= I Grail) 
32, Ty* (Sy +2) — (Sy +2) 
ee eee ee as 


34. noe = wee aye? 


PART B: FACTORING BY GROUPING 


Factor by grouping. 
35. 2x3 + 3x? +2x +3 
36. Sx? + 25x? +x4+5 
37. 6x? — 3x* +4x-2 
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4.2 Factoring Polynomials 


38. 


52), 


40. 


Al. 


42. 


43. 


44, 


45. 


46. 


47. 


48. 


49. 


50. 


Sil, 


52, 


Bake 


54, 


5) 


56. 


Sn 


58. 


By), 


60. 


By? Se = Gress 10 
Co =o oS 

Ok 1) = 
Dee doe = Wp = 85 
3x3 — x? + 24x — 8 
14y* + 10y? —7y—5 
Say de Dy? ce WO ee 
gee dog Oe J.) 
pete doje yy) Jee 
xe — x2y + xy? —y3 

yee aye) = age = Dy 
Bye Oy = ye = Sy 
2) a 
a p= “0b- =a) 12) 
QO 3ab P5a lop 
@ ab app 
@b+2d + 3ab* + 6b° 
3ax + 10by — Say — 6bx 
Gb =a ye 
x4y? — x3y3 +x2y4 —xy5 
2x? y? + 4xty? + 18x3y + 36x7y 
OME Soe Soniye 25 6 ear 
30° b + 3a b* + 9a'b* + 9a b> 
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4.2 Factoring Polynomials 


Oil, 


62. 


63. 


64. 


65. 


66. 


67. 


68. 


69. 


70. 


ale 


Via 


3s 


74, 


30 


76. 


Vit. 


78. 


Vie 


80. 


81. 


PART C: FACTORING SPECIAL BINOMIALS 


Factor. 
= 

x* — 100 

Qa ahys 

2527 

silly 

Ke = 40y2 

ab? —4 

1-9@¢b* 

ei ee 

4a — b? 

x4 — 64 

36 —y? 

(2x ap 5) ae 

(ex — 5) 7 _ x? 

y? —(y-3)° 

pos (2y == 1) : 
(Beas) = =3) 
(3x — 1)* - (2x - 3)? 
x* — 16 

8lx4 —1 

xtyt —1 
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Mw a 


ol, ye a 

92. 64x? + 343 

93. x7 —y? 

94. x7 +y? 

95. Sab? +1 

96. 27a — 8b 

Oy ew 11s) 

Oo), Dies 2 
Gomer i) 
100. y? — (2y — 1)° 
101. (2x + 1)? -— x3 
102. (3y — 5) =. 
Mie, oe aye 

Ti, geo? skye 


105. a& + 64 
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1068640 ll 

107. x® — y® 

ie, 0 4s yo 

109 ay) 

Tie), 3? Sey 

111. Given f (x) = 2x — 1, show that (f +f) (x) = 2f (). 

112. Given f (x) = x7 — 3x + 2, show that (f +f) (x) = 2f (x). 
113. Given f (x) = mx + b, show that (f +f) (x) = 2f (x). 

114. Given f (x) = ax* + bx + c,showthat (f +f) (x) = 2f (@). 
115. Given f (x) = ax” + bx + c,showthat (f —f) (x) = 0. 


116. Given f (x) = mx + D, show that (f —f) Coy. 0} 


PART D: DISCUSSION BOARD 


117. What can be said about the degree of a factor of a polynomial? Give an 
example. 


118. Ifa binomial falls into both categories, difference of squares and difference of 
cubes, which would be best to use for factoring, and why? Create an example 
that illustrates this situation and factor it using both formulas. 


119. Write your own examples for each of the three special types of binomial. 
Factor them and share your results. 
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ANSWERS 


il, Be? 
By nay 


5. 15ab*c 
7. 6x (2x -— 1) 


9. 2ab* (a + b)’ 


a1. 4x* (3x7 — 4x + 1) 

23. 4y? (Sy? + Ty? + 10) 
25. 2a’b (@b* — 3ab + 4) 
a7. x*y? (2xy? — 4x7y + 1) 
29. (2x +3) (5x? — 3) 

31. (3x — 1) (9x? + 1) 

33, x" (x4" — x7" + 1) 

35, (2x + 3) (x* +1) 

37. (2x — 1) (3x? +2) 

39. (x — 1) (x* -3) 

a1, (2x +7) (x* -5) 
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4.2 Factoring Polynomials 


43. 


45. 


47. 


49. 


Bul, 


So 


55) 


Dn 


Be), 


61. 


63. 


65. 


67. 


69. 


vale 


Wak 


75. 


Tides 


We, 


(7y +5) (2y? - 1) 
(x” + 1) (ee + 2) 


x-y) igs +y*) 


ab’ (a +b) (at+b*) 
(x +8) (x- 8) 


(3x + 2) (x + 8) 
(x? +4) (+2) @-2) 


x?y? +1) (xy + 1) (xy — 1) 


( 
ee Hy tc sy? a ty) (oy) 
_) 


oo) a) 
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87. 


89. 


Oil, 


OB, 


95) 


OW 


Oe), 


101. 


103. 


105. 


107. 


Ta 


Tals 


B11), 


Ie 


BSL), 


4.2 Factoring Polynomials 


eee +y*") be +y") ee —y") 

(x — 3) (x* + 3x+9) 

(2y +3) (4y* — 6y +9) 

(x —y) (a> +xy+y7) 

(2ab + 1) (4@°b* — 2ab + 1) 

(xy — 5) (cctv + Sxy + 25) 

(2x + 3) (x? + 3x49) 

(x +1) (7x? + 5x +1) 

(x” =") ee + xnyn by) 

(a +4) (a -4@ + 16) 

(x+y) Cas —xy+y’) (x -—y) le +xy +y7) 

(x” ei) x — ty” epee 

mee x (x? =") a +xry" + y?") 

Answer may vary 

Answer may vary 

Answer may vary 

Answer may vary 


Answer may vary 
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4.3 Factoring Trinomials 


LEARNING OBJECTIVES 


Factor trinomials of the form x* + bx +c. 
Factor trinomials of higher degree. 

Factor trinomials of the form ax* + bx +c. 
Factor trinomials using the AC method. 


BPO ND 


Factoring Trinomials of the Form X *4bx+e 


Some trinomials of the form x? + bx + c can be factored as a product of binomials. 
If a trinomial of this type factors, then we have: 


x? +bx+c=(x+m) (x +n) 
=x? +nx+mx+mn 


=x? +(n+m)x+mn 


This gives us 


b=n+m and c=mn 


In short, if the leading coefficient of a factorable trinomial is 1, then the factors of 
the last term must add up to the coefficient of the middle term. This observation is 
the key to factoring trinomials using the technique known as the trial and error 
(or guess and check) method’. 


18. Describes the method of 
factoring a trinomial by 
systematically checking factors 
to see if their product is the 
original trinomial. 
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Example 1 
Factor: x” + 12x + 20. 
Solution: 


We begin by writing two sets of blank parentheses. If a trinomial of this form 
factors, then it will factor into two linear binomial factors. 


x* + 12x+20= ( mi ) 


Write the factors of the first term in the first space of each set of parentheses. 


In this case, factor x2 = x - x. 


ye de 0 LO) (x ies ) 


Determine the factors of the last term whose sum equals the coefficient of the 
middle term. To do this, list all of the factorizations of 20 and search for factors 
whose sum equals 12. 


20=1-20 — 1+20=21 
=2-10 >= 24 10=12 
=4-5 -—- 445 =9 


Choose 20 = 2 - 10 because 2 + 10 = 12. Write in the last term of each binomial 
using the factors determined in the previous step. 
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x 412+ 20 = (x + 2) (x + 10) 


This can be visually interpreted as follows: 


First term Middle term Last term 
10x 


onan 
(x+2)(x+10) CG (x+2)(x+10) 


x? nr he 20 


Check by multiplying the two binomials. 


G42) G4 10)=1- 10, 4 2, 20 
=x? +12x+20 V 


Answer: (x + 2) (x + 10) 


Since multiplication is commutative, the order of the factors does not matter. 


4° 4 12x + 20= (x + 2) (x + 10) 
=(x + 10) (x + 2) 


If the last term of the trinomial is positive, then either both of the constant factors 
must be negative or both must be positive. 
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Example 2 
Factor: xy” — 7xy + 12. 
Solution: 


First, factor x7 y* = xy - xy. 


ye ay aye aye) 


Next, search for factors of 12 whose sum is -7. 


1S ae 12)=—13 
=2-6 > -—2+ (-6)=-8 
=3-4 -— -3+4 (-4) =-7 


In this case, choose -3 and -4 because (—3) (—4) = +12and 
—3+ (-4) = -7. 


eye = apace 1 Coy ?) (xy ?) 
=(xy- 3) (ay - 4) 


Check. 
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(xy - 3) (xy - 4) =x7y* — Axy — 3xy + 12 
=X-y> = Tay 12 


Answer: (xy = 3) (xy = 4) 


If the last term of the trinomial is negative, then one of its factors must be negative. 
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Example 3 
Factor: x* — 4xy — 12y?. 
Solution: 


Begin by factoring the first term x” = x - x. 


ie — Axy - 1257 = (x ?) (Gs ?) 


The factors of 12 are listed below. In this example, we are looking for factors 
whose sum is -4. 


12=1-12 > 14 (-12)=-11 
=2-6 > 2+ (-6) =-4 
=3-4 > 3+ (4 =-1 


Therefore, the coefficient of the last term can be factored as -12 = 2 (-6), 
where 2 + (-6) = —4. Because the last term has a variable factor of y~, use 
—12y* = 2y (—6y) and factor the trinomial as follows: 


4 Pea: ?) (x 2) 
= (x + 2y) (x — 6y) 


Multiply to check. 
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(x + 2y) (x - 6y) =x? — 6xy + 2yx — 12y” 
=x* — 6xy + 2xy — 12y? 
Se Any ley 


Answer: (x + 2y) (x _ 6y) 


Often our first guess will not produce a correct factorization. This process may 
require repeated trials. For this reason, the check is very important and is not 
optional. 
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Example 4 
Factor: + 10a — 24. 
Solution: 


The first term of this trinomial, a’, factors as a - d. 


agi 24a ee aa 


Consider the factors of 24: 


24=1-24 
=2-12 


Suppose we choose the factors 4 and 6 because 4 + 6 = 10, the coefficient of the 
middle term. Then we have the following incorrect factorization: 


a + 1l0q — 24 gs (a+ 4) (a + 6) Incorrect Factorization 


When we multiply to check, we find the error. 
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(a+4) (a+ 6a + 6a+4a+ 24 
=¢+10a+24 «x 


In this case, the middle term is correct but the last term is not. Since the last 
term in the original expression is negative, we need to choose factors that are 
opposite in sign. Therefore, we must try again. This time we choose the factors 
-2 and 12 because —2 + 12 = 10. 


a 0a 24 = (a= 2) Ger 12) 


Now the check shows that this factorization is correct. 


(= 2) a 12er 4 12g = 2g — 24 
=¢+10a—-24 V 


Answer: (a — 2) (a + 12) 


If we choose the factors wisely, then we can reduce much of the guesswork in this 
process. However, if a guess is not correct, do not get discouraged; just try a 
different set of factors. Keep in mind that some polynomials are prime. For 
example, consider the trinomial x* + 3x + 20 and the factors of 20: 
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There are no factors of 20 whose sum is 3. Therefore, the original trinomial cannot 
be factored as a product of two binomials with integer coefficients. The trinomial is 
prime. 


Factoring Trinomials of Higher Degree 


We can use the trial and error technique to factor trinomials of higher degree. 


4.3 Factoring Trinomials 898 


Chapter 4 Polynomial and Rational Functions 


Example 5 
Factor: x* + 6x2 +5. 
Solution: 


Wiens Doaeeo 


Begin by factoring the first term x Mata 


x+4+6x74+5= ee ?) ee 2) 


Since 5 is prime and the coefficient of the middle term is positive, choose +1 and 
+5 as the factors of the last term. 


x* + 6x? + S=(x? ?) (ee 2) 
=(x? +1) (x° +5) 


Notice that the variable part of the middle term is x7 and the factorization 
checks out. 


(ee + 1) ee + 5)=x* 5a a eS 
=y' 6x SO 


Answer: (a ++ 1) (Ge ++ 5) 
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4.3 Factoring Trinomials 


Example 6 
Factor: x~” + 4x” — 21 where nis a positive integer. 
Solution: 


Begin by factoring the first term x7” = x” - 


pee sede ML (Ge aces a 


Factor —21 = 7 (—3)because 7 + (—3) = +4and write 


Ft Ane Oye seat 
= le + 7) a — 3) 


Answer: (x” +7) (x” — 3)The check is left to the reader. 


Try this! Factor: x° — x? — 42. 


Answer: (Ge + 6) ee — 7) 


(click to see video) 
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Factoring Trinomials of the Form dX *+bx +e 


Factoring trinomials of the form ax* + bx + ccan be challenging because the 
middle term is affected by the factors of both aand c. In general, 


ax? + bx+c= (px + m) (gx + n) 
=pqx? + pnx + qmx + mn 
=pqx? + (pn + qm)x+mn 


This gives us, 


a=pq and b=pn+qm, where c=mn 


In short, when the leading coefficient of a trinomial is something other than 1, 
there will be more to consider when determining the factors using the trial and 
error method. The key lies in the understanding of how the middle term is 
obtained. Multiply (5x + 3) (2x + 3) and carefully follow the formation of the 
middle term. 


(5x+3)(2x+3) =5x-2x +5x-343-2x +3-3 
middle term 
10x* + 15x + 6x+9 


15x? +21x+9 


As we have seen before, the product of the first terms of each binomial is equal to 
the first term of the trinomial. The middle term of the trinomial is the sum of the 
products of the outer and inner terms of the binomials. The product of the last 
terms of each binomial is equal to the last term of the trinomial. Visually, we have 
the following: 
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Outer product 
15x 


(5x+3)(2x+3)= 15x” H2i+9 
J 


6x 
Inner product 


For this reason, we need to look for products of the factors of the first and last 
terms whose sum is equal to the coefficient of the middle term. For example, to 
factor 6x2 + 29x + 35, look at the factors of 6 and 35. 


6=1-6 35=1%35 
=2-3 =5-7 


The combination that produces the coefficient of the middle term is 

2-74+3-5 = 144 15 = 29. Make sure that the outer terms have coefficients 2 
and 7, and that the inner terms have coefficients 5 and 3. Use this information to 
factor the trinomial. 


6x? + 29x +35=(2x 2?) (3x 2) 
= (2x + 5) (3x + 7) 


We can always check by multiplying; this is left to the reader. 
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Example 7 
Factor: 5x? + l6xy + 3y’. 
Solution: 


Since the leading coefficient and the last term are both prime, there is only one 
way to factor each. 


5=1-5 and 3=1-3 


Begin by writing the factors of the first term, 5x”, as follows: 


5x? + l6xy + 3y” = G ?) (Gee) 


The middle and last term are both positive; therefore, the factors of 3 are 
chosen as positive numbers. In this case, the only choice is in which grouping to 
place these factors. 


(x + y) (5x + 3y) or (x + 3y) (5x + y) 


Determine which grouping is correct by multiplying each expression. 


4.3 Factoring Trinomials 903 


Chapter 4 Polynomial and Rational Functions 


(x + y) (5x + 3y) =5x? + 3xy + Sxy + 3y” 
=5x* + 8xy+3y? x 

(x + 3y) ez + y) = 5 xy + ISxy + 3y? 
=5x7 + léxy + 3y? V 


Answer: (x ae 3y) (ex 4F y) 
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4.3 Factoring Trinomials 


Example 8 
Factor: 18@b* — ab — 4. 
Solution: 


First, consider the factors of the coefficients of the first and last terms. 


18=1-18 4=1-4 
=2:9 =2-2 
=3-6 


We are searching for products of factors whose sum equals the coefficient of 
the middle term, -1. After some thought, we can see that the sum of 8 and -9 is 
-1 and the combination that gives this follows: 


2(4)+9(-1)=8-9=-1 


Factoring begins at this point with two sets of blank parentheses. 


18ab*-ab-4=( )(_ ) 


Use 2ab and 9abas factors of 18a7b. 
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18a¢b? —ab-—4= (2ab ?) (9ab 2) 


Next use the factors 1 and 4 in the correct order so that the inner and outer 
products are —9ab and 8ab respectively. 


18a b’ —ab—4 = (2ab—1) (9ab +4) 


Answer: (2ab — 1) (9ab + 4) The complete check is left to the reader. 


It is a good practice to first factor out the GCF, if there is one. Doing this produces a 
trinomial factor with smaller coefficients. As we have seen, trinomials with smaller 
coefficients require much less effort to factor. This commonly overlooked step is 
worth identifying early. 
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Example 9 
Factor: 12y? — 26y? — 10y. 
Solution: 


Begin by factoring out the GCF. 


12y? — 26y* — 10y = 2y (6y? — 13y — 5) 


After factoring out 2y, the coefficients of the resulting trinomial are smaller 
and have fewer factors. We can factor the resulting trinomial using 6 = 2 (3) 
and 5 = (5 ) (1) .Notice that these factors can produce -13 in two ways: 


2 (-5) + 3(-l=-10 - 3 = -13 
2(1) +3 (-5)=2- 15 = -13 


Because the last term is -5, the correct combination requires the factors 1 and 5 
to be opposite signs. Here we use 2(1) = 2 and 3(-5) = -15 because the sum is -13 
and the product of (1)(-5) =-5. 


12y? — 26y* — 10y=2y (6y* — 13y —5) 
—2y(2yo aye?) 
=2y (2y —5) (3y+ 1) 
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Check. 


2y (2y-5) (3y+1) = 2y (6y? + 2y—- 15y—5) 
2y (6y* — 13y — 5) 
= 12y°-—26y?-10y Vv 


The factor 2y is part of the factored form of the original expression; be sure to 
include it in the answer. 


Answer: 2y (2y — 5) (3y a5 1) 


It is a good practice to consistently work with trinomials where the leading 


coefficient is positive. If the leading coefficient is negative, factor it out along with 


any GCF. Note that sometimes the factor will be -1. 
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Example 10 
Factor: -18x° — 69x* + 12x?. 
Solution: 


In this example, the GCF is 3x7. Because the leading coefficient is negative we 
begin by factoring out —3x7. 


—18x° — 69x* + 12x? = —3x7 (6x* + 23x” — 4) 


At this point, factor the remaining trinomial as usual, remembering to write the 
—3x? asa factor in the final answer. Use 6 = 1(6) and -4 = 4(-1) because 
1 (-—1) + 6 (4) = 23.Therefore, 


—18x° — 69x* + 12x” =—3x7 (6x4 + 23x” — 4) 
=—3,? (x? ) (6x7 ) 
=—3,7 (x? + 4) (6x? — 1) 


Answer: —3x2 (x? + 4) (6x? _ 1) .The check is left to the reader. 


Try this! Factor: -12@b + ab? + ab. 


Answer: —ab (3a — b’) (42 + b’) 


(click to see video) 
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19. Method used for factoring 
trinomials by replacing the 
middle term with two terms 
that allow us to factor the 
resulting four-term polynomial 
by grouping. 


4.3 Factoring Trinomials 


Factoring Using the AC Method 


An alternate technique for factoring trinomials, called the AC method”, makes use 
of the grouping method for factoring four-term polynomials. If a trinomial in the 
form ax” + bx + ccan be factored, then the middle term, bx, can be replaced with 
two terms with coefficients whose sum is b and product is ac. This substitution 
results in an equivalent expression with four terms that can be factored by 


grouping. 
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Example 11 
Factor using the AC method: 18x? — 31x + 6. 
Solution: 


Here a= 18, b=-31,andc=6. 


ac= 18(6) 
= 108 


Factor 108, and search for factors whose sum is -31. 


108 =—1(—108) 
=—2(-54) 
=—3(—36) 
=A 
=—6(-18) 
=—9(-12) 


In this case, the sum of the factors -27 and -4 equals the middle coefficient, -31. 


Therefore, —31x = —27x — 4x, and we can write 


18x? — 31x +6 = 18x” — 27x —4x+6 
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4.3 Factoring Trinomials 


Factor the equivalent expression by grouping. 


18x? — 31x +6=18x* — 27x — 4x +6 
=9x (2x — 3) — 2 (2x — 3) 
=(2x — 3) (9x —2) 


Answer: (2x — 3) (9x — 2) 
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Example 12 
Factor using the AC method: 4x*y* — 7xy — 15. 
Solution: 


Here a =4, b =-7, andc=-15. 


ac=4(—15) 
=—60 


Factor -60 and search for factors whose sum is -7. 


—60=1(—60) 
= 2(—30) 
= 3(-20) 
= 4(-15) 
=5(-12) V 
=6 (—10) 


The sum of factors 5 and -12 equals the middle coefficient, -7. Replace —7xy 
with 5xy — 12xy. 


Any = tay ay oy ly Factor by grouping. 
=xy (4xy + 5) —3 (4xy + 5) 
= (4xy + 5) (xy - 3) 
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4.3 Factoring Trinomials 


Answer: (4xy + 5) (xy - 3) . The check is left to the reader. 


If factors of ac cannot be found to add up to b then the trinomial is prime. 


KEY TAKEAWAYS 


+ Ifatrinomial of the form x” + bx + c factors into the product of two 
binomials, then the coefficient of the middle term is the sum of factors 


of the last term. 


- Ifa trinomial of the form ax* + bx + c factors into the product of 
two binomials, then the coefficient of the middle term will be the sum of 


certain products of factors of the first and last terms. 


* If the trinomial has a greatest common factor, then it is a best practice 
to first factor out the GCF before attempting to factor it into a product of 


binomials. 

* If the leading coefficient of a trinomial is negative, then it is a best 
practice to first factor that negative factor out before attempting to 
factor the trinomial. 


* Factoring is one of the more important skills required in algebra. For 
this reason, you should practice working as many problems as it takes to 


become proficient. 


914 


Chapter 4 Polynomial and Rational Functions 


TOPIC EXERCISES 


PART A: FACTORING TRINOMIALS OF THE FORM 


x bx ec 
Factor. 
ih i ee = 
Pee Se 6 


a x7 + 4y — 12 

4, x* + 3x—18 

5. x7 — 14x + 48 

6. x* — 15x +54 

7. x7 + 11x — 30 
Be = Dye 
geo = Mises Bil 

10. x? — 22x + 121 
itl, > = fey = Oy 
te oe Se Oy Oy” 
13. x*y* + 5xy — 50 
(ay — ony 48 
15. @ — 6ab — 72b? 
I, ee ain 0D 
ig, We 46 Aly — Bie 


18, m* + 7mn — 98n2 


19. bet) o2Gty oR 
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4.3 Factoring Trinomials 


ay) a ere eels 
ae Sa = 

oe te eee? 22 0) 
Se aa 
25x ao 

. y+ — 20y? + 100 

_ yt + 14y? +49 

, xt + 3x2y? + 2y4 
, xt — 8x2y? + 15y4 
Oi Sari 2 
OE alba or Ot 
, x© — 18x73 — 40 
ise 45 


6 


. x®© — xy? — 6y® 
ee yy 0, 

, x8y® + 2x3 y? — 15 
, x®y® + 16x3y? + 48 
. x7" 4 12x" + 32 

/ x7" + Alx” + 40 

, x7? + Qax” + 
ee = pee ge 
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4.3 Factoring Trinomials 


Al. 


42. 


43. 


44, 


45. 


46. 


47. 


48. 


49, 


50. 


Sil, 


52. 


53, 


54, 


S50 


56. 


Sn 


58. 


52), 


60. 


61. 


PART B: FACTORING TRINOMIALS OF THE FORM 


ax? +bx+c 


Factor. 
Bye ee 7) 
Dp On 
6a + 13a+6 
Aa lla 6 
6x? + 7x — 10 
4x? — 25x +6 
Ay — 355 4 
10y? — 23y + 12 
14x? — 11x +9 
On 658 
= 9 
36x? — 60x + 25 
27x? — 6x —8 
24x? + 17x — 20 
Gye te ey ad 
NOx — Oley — py 
Gori = Weyeip 459 
Rab —ap— 20 
Sue = on lay - 
24m? — 26mn + 5n? 
Aad — 12ab + 9b? 
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62. 16a + 40ab + 25b7 

63. Seay ie —9(x+y)+4 
64, Ty +15 (x — y) — 18 
65. Txt —22x7 +3 

66. 5x4 —41x7 +8 
G74 3) 0 

68. 12y®° + 4y? —5 

mm, Sahiy = oe = 1 

We Qla be oa b 4 
71. 6x®y® + 17x7y3 + 10 
72, 16x®y® + 46x7y? + 15 
73. 8x2" — 10x” — 25 

74, 30x?" — 11x” —6 

is, Slenr 2e seek Saae 
76. 9x2" — 12ax" +4 
Ta, Be” do WAGs 5 

78. —2x? + 13x — 20 

WD) oro = Oe 

a. ro cape dak: 

ly Se es obs 

a (041s Se Sa 

83. 4x? + 16x? + 20x 

Be De = (ye? So 


ey De yy = aay ~ 
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4.3 Factoring Trinomials 


mG, (Ore? = Cres) = ara 

87. 4a°b — 4ab? — 24ab° 

ss. 15a*b — 33a°b* + 6ab° 
a, eye NO 26 aa 
op, dope = (lye 46 iba 


Factor. 
p) 
91. 4 — 25x 
pe aye 


om, One = Dee a 

94. 30a — 57ab — 6b” 

95. 10a — 5a —6ab + 3b 
Coy = Oy 
OH, ae daa 

Of, > Ses 

99. 15ab* + 6ab* — 3ab* 
1608 3 4= 163% 


PART D: DISCUSSION BOARD 


101. Create your own trinomial of the form ax 2 + bx + cthat factors. Share it, 
along with the solution, on the discussion board. 


102. Create a trinomial of the form ax ~ + bx + cthat does not factor and share 
it along with the reason why it does not factor. 
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ANSWERS 


1. (x — 1) (x +6) 

3. (x — 2) (x +6) 

5. (x -6) (— 8) 

7. Prime 

9. (x-9)? 
11. (x —5y) (x + 4y) 
By (xy — 5) (xy ar 10) 
15. (a+ 6b) (a— 12b) 
17. (u—2v) (w+ 16v) 


oy = 3) (ay ar 5) 
37. (x" +4) (x" + 8) 

39. (x” + ay 

41. (3x — 1) («+ 7) 
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4.3 Factoring Trinomials 


43. 


45. 


47. 


49. 


51. 


D35 


35) 


Dis 


52), 


61. 


63. 


65. 


67. 


69. 


le 


do 


75. 


Wi. 


We); 


81. 


83. 


85. 


87. 


(2a + 3) (3a + 2) 
(6x -—5) («+ 2) 
(8y-—1) (3y-4) 
Prime 
(2x — 7)? 
(9x + 4) (3x — 2) 
6x — y) (x + 4y) 
4ab — 3) (2ab — 3) 


2 


) 
2u — 5v) (4u — 3v) 
2a — 3b) 


( 

( 

( 

( 

(xt+y- 1) (Sx + Sy — 4) 
(x? - 3) (Ga — 1) 
(y° - 2) (4y* +5) 
(@b? —2) (Seb? +9) 
(6x° y 745) (x Sy? + 2) 
(25" — 5) (4x” +5) 
(6x" +) 

— (x - 5) (3x + 1) 

—(x —2) («+ 12) 
—2 (x — 3) (x + 9) 

4x Ge + 4x +5) 

2x (x + 2y) (x — 6y) 
4ab (a — 3b) (a+ 2b) 
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4.3 Factoring Trinomials 


89. 3xy(x* + Sy?) 

91, (2 —5x) (2+ 5x) 

93. (3x — 2y) : 

95. (2a — 1) (5a — 3b) 

97. Prime 

99. 3ab* (Sa + 2ab — b*) 


101. Answer may vary 
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4.4 Solve Polynomial Equations by Factoring 


LEARNING OBJECTIVES 


Review general strategies for factoring. 

Solve polynomial equations by factoring. 

Find roots of a polynomial function. 

Find polynomial equations given the solutions. 


BP WH Ff 


Reviewing General Factoring Strategies 


We have learned various techniques for factoring polynomials with up to four 
terms. The challenge is to identify the type of polynomial and then decide which 
method to apply. The following outlines a general guideline for factoring 
polynomials: 


1. Check for common factors. If the terms have common factors, then 
factor out the greatest common factor (GCF). 


2. Determine the number of terms in the polynomial. 


1. Factor four-term polynomials by grouping. 
2. Factor trinomials (3 terms) using “trial and error” or the AC 
method. 


3. Factor binomials (2 terms) using the following special products: 


Difference of squaresr — b> = (a+b) (a—b) 


Sum of squares: a +b’ no general formula 


Difference of cubes: @ — b> = (a —b) (¢ +ab+ b’) 


Sum of cubes: ee 


3. Look for factors that can be factored further. 
4. Check by multiplying. 


(a+b) (a —ab+b°) 


Note: If a binomial is both a difference of squares and a difference cubes, then first 
factor it as difference of squares. This will result in a more complete factorization. 


In addition, not all polynomials with integer coefficients factor. When this is the 
case, we say that the polynomial is prime. 
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If an expression has a GCF, then factor this out first. Doing so is often overlooked 
and typically results in factors that are easier to work with. Furthermore, look for 
the resulting factors to factor further; many factoring problems require more than 
one step. A polynomial is completely factored when none of the factors can be 
factored further. 


Example 1 
Factor: 54x4 — 36x? — 24x? + 16x. 
Solution: 


This four-term polynomial has a GCF of 2x. Factor this out first. 


54x4 — 36x? — 24x? + 16x = 2x (27x3 — 18x? — 12x + 8) 


Now factor the resulting four-term polynomial by grouping and look for 
resulting factors to factor further. 


54x* —36x? — 24x” +16x = a{ ar —18x? -12x+8 
SS SSS SS 
group group 
= 2x(9x?(3x-2)-4(3x-2)) 
= 2x(3x-2)(9x* -4) 


ae 
difference 
of squares 


= 2x(3x-2)(3x- 2)(3x +2) 


Answer: 2x(3x — 2)° (3x + 2). The check is left to the reader. 
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Example 2 
Factor: x* — 3x2 — 4. 
Solution: 


This trinomial does not have a GCF. 


ea Bye = 4=(x7 ) (x? ) 
ee + 1) (F — 4) Difference of squares 
(x7 +1) @+2) 2) 


The factor (ee + 1) is prime and the trinomial is completely factored. 


Answer: (x* + 1) (x +2) (x — 2) 


4.4 Solve Polynomial Equations by Factoring 
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Example 3 
Factor: x° + 6x? — 16. 


Solution: 


Begin by factoring x© = x? - x? and look for the factors of 16 that add to 6. 


x°+6x7-16 = ee ) ie. ) 
(Ga — 2) Ce + 8) sum of cubes 
(Gc — 2) (x + 2) (Fe — 2x +4) 


The factor (= - 2) cannot be factored any further using integers and the 
factorization is complete. 


Answer: (ce - 2) (x + 2) ie + 2x + 4) 


Try this! Factor: 9x+ + 17x? — 2 


Answer: (3x + 1) (3x — 1) ee + 2) 


(click to see video) 


Solving Polynomial Equations by Factoring 


In this section, we will review a technique that can be used to solve certain 
polynomial equations. We begin with the zero-product property”: 


20. A product is equal to zero if a-b=0 ifandonlyif a=0 or b=0 
and only if at least one of the 


factors is zero. 


4.4 Solve Polynomial Equations by Factoring 
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The zero-product property is true for any number of factors that make up an 
equation. In other words, if any product is equal to zero, then at least one of the 
variable factors must be equal to zero. If an expression is equal to zero and can be 


factored into linear factors, then we will be able to set each factor equal to zero and 
solve for each equation. 


Example 4 
Solve: 2x (x — 4) (5x + 3) =) 
Solution: 


Set each variable factor equal to zero and solve. 


2x =0 or x-4=0 or 5x+3=0 
2x 0 Pee ae 5 
aD 7 Cas 
3 
=0 =-—— 
ae x 5 


To check that these are solutions we can substitute back into the original 


equation to see if we obtain a true statement. Note that each solution produces 
a zero factor. This is left to the reader. 


Answer: The solutions are 0, 4, and — - : 


Of course, most equations will not be given in factored form. 
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Example 5 
Solve: 4x? — x2 — 100x + 25 = 0. 


Solution: 


Begin by factoring the left side completely. 


Ax? — x? — 100x + 25=0 
Ad — 1) 254, — 1) —0 
(4x — 1)(x? — 25)=0 

(4x — 1)(x + 5)\(x — 5)=0 


Set each factor equal to zero and solve. 


Factor by grouping. 


Factor as a diff erence of squares. 


4x-—1=0 orx+5=0 orx-—5=0 


4x=1 
=! 
ey 


Answer: The solutions are ~ -5,and 5. 


x=—5 =5) 


Using the zero-product property after factoring an equation that is equal to zero is 
the key to this technique. However, the equation may not be given equal to zero, 


21. The process of solving an 
equation that is equal to zero 
by factoring it and then setting 
each variable factor equal to 
zero. 


4.4 Solve Polynomial Equations by Factoring 


and so there may be some preliminary steps before factoring. The steps required to 
solve by factoring” are outlined in the following example. 
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Example 6 
Solve: 15x? + 3x—-8 = 5x—7. 
Solution: 


Step 1: Express the equation in standard form, equal to zero. In this example, 
subtract 5x from and add 7 to both sides. 


15x? + 3x —8=5x —7 
15x” —2x-—1=0 


Step 2: Factor the expression. 


(3x — 1) (5x+1) =0 


Step 3: Apply the zero-product property and set each variable factor equal to 
zero. 


3x-1=0 or 5x+1=0 


Step 4: Solve the resulting linear equations. 
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3x -—1=0 or5x+1=0 


3x=1 5x=-1 
1 1 
—— x=- => 
3 5 


Answer: The solutions are +and - z .The check is optional. 
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Example 7 


Solve: (3x + 2) (x + 1) = 4. 
Solution: 


This quadratic equation appears to be factored; hence it might be tempting to 
set each factor equal to 4. However, this would lead to incorrect results. We 
must rewrite the equation equal to zero, so that we can apply the zero-product 


property. 


(3x +2) ~+ 1)=4 
3x? + 3x4 2x 4+ 2=4 
3x? + 5x +2=4 

3x? + 5x —2=0 


Once it is in standard form, we can factor and then set each factor equal to zero. 


(3x -— 1) (x +2) =0 
Si— ele) (Ole 0) 

Bye Il ia) 

c= 


J 
3 


Answer: The solutions are +and -2. 
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Finding Roots of Functions 


Recall that any polynomial with one variable is a function and can be written in the 
form, 


1 


Sf) = yx" + yx" + tayx+t+a 


A root” of a function is a value in the domain that results in zero. In other words, 
the roots occur when the function is equal to zero, f (x) = 0. 


22. A value in the domain of a 
function that results in zero. 
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Example 8 
Find the roots: f (x) = (x + Daa 
Solution: 


To find roots we set the function equal to zero and solve. 


f @)=0 

(«+ 2)y -4=0 

x7 +4x+4-4=0 
x? + 4x=0 
x(x + 4)=0 


Next, set each factor equal to zero and solve. 


x=0 or x+4=0 


We can show that these x-values are roots by evaluating. 


fO=O0+27 -4 f(-4A=(-44+27 -4 


=4-4 =(-2) —4 
=() 4 =a 
=0 7 
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Answer: The roots are 0 and -4. 


If we graph the function in the previous example we will see that the roots 
correspond to the x-intercepts of the function. Here the function f is a basic 
parabola shifted 2 units to the left and 4 units down. 


4.4 Solve Polynomial Equations by Factoring 
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Example 9 
Find the roots: f (x) = x4 — 5x? + 4. 
Solution: 


To find roots we set the function equal to zero and solve. 


f @)=0 

xt —5x7 +4=0 

(x7 —1) (x7 -4)=0 

C251) C2 ICR = Dis 


Next, set each factor equal to zero and solve. 


Answer: The roots are -1, 1, -2, and 2. 


Graphing the previous function is not within the scope of this course. However, the 
graph is provided below: 
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Notice that the degree of the polynomial is 4 and we obtained four roots. In general, 
for any polynomial function with one variable of degree n, the fundamental 
theorem of algebra” guarantees n real roots or fewer. We have seen that many 
polynomials do not factor. This does not imply that functions involving these 
unfactorable polynomials do not have real roots. In fact, many polynomial functions 
that do not factor do have real solutions. We will learn how to find these types of 
roots as we continue in our study of algebra. 


23. Guarantees that there will be 
as many (or fewer) roots to a 
polynomial function with one 
variable as its degree. 
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Example 10 
Find the roots: f (x) = —x? + 10x — 25. 
Solution: 


To find roots we set the function equal to zero and solve. 


f()=0 

—x* + 10x — 25=0 

= (2 = 10x + 25) =0 
—(x—5) (x -5)=0 


Next, set each variable factor equal to zero and solve. 


x—5=0 orx —5=0 
—s) Gs) 


A solution that is repeated twice is called a double root”. In this case, there is 


only one solution. 


Answer: The root is 5. 


The previous example shows that a function of degree 2 can have one root. From 
the factoring step, we see that the function can be written 


24. A root that is repeated twice. 
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2 
f (x) = -(x-5) 


In this form, we can see a reflection about the x-axis and a shift to the right 5 units. 
The vertex is the x-intercept, illustrating the fact that there is only one root. 


Try this! Find the roots of f (x) = x? + 3x” — x — 3. 


Answer: +1, -3 


(click to see video) 
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Example 11 


Assuming dry road conditions and average reaction times, the safe stopping 


distance in feet is given by d (x) = a x* + x where x represents the speed of 
the car in miles per hour. Determine the safe speed of the car if you expect to 
stop in 40 feet. 

Solution: 


We are asked to find the speed x where the safe stopping distance d (x) = 40 
feet. 


To solve for x, rewrite the resulting equation in standard form. In this case, we 
will first multiply both sides by 20 to clear the fraction. 


1 
20: =20 (4 
0( 55 +s) 0 (40) 


x* + 20x=800 
x + 20x — 800=0 


Next factor and then set each factor equal to zero. 
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x” + 20x — 800=0 
(x + 40) (x — 20)=0 
x+40=0 orx—20=0 
x=-—40 x=20 


The negative answer does not make sense in the context of this problem. 
Consider x = 20 miles per hour to be the only solution. 


Answer: 20 miles per hour 


Finding Equations with Given Solutions 


We can use the zero-product property to find equations, given the solutions. To do 
this, the steps for solving by factoring are performed in reverse. 
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Example 12 
Find a quadratic equation with integer coefficients, given solutions — Sand x , 


Solution: 


Given the solutions, we can determine two linear factors. To avoid fractional 
coefficients, we first clear the fractions by multiplying both sides by the 


denominator. 
S) 1 
=-—-or =— 
NEEES 553 
2x=-3 3x=1 
2x +3=0 3x —1=0 
The product of these linear factors is equal to zero when x = — + or — < 


(2x + 3) Gx -1) =0 


Multiply the binomials and present the equation in standard form. 


6x? — 2x + 9x — 3=0 
6x? + 7x — 3=0 


We may check our equation by substituting the given answers to see if we 
obtain a true statement. Also, the equation found above is not unique and so 
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the check becomes essential when our equation looks different from someone 
else’s. This is left as an exercise. 


Answer: 6x2 + 7x — 3 = 0 


Example 13 
Find a polynomial function with real roots 1, -2, and 2. 
Solution: 


Given solutions to f (x) = O we can find linear factors. 


x=1 or x=-—2 or uy) 
x-1=0 x+2=0 x —2=0 


Apply the zero-product property and multiply. 


(x — 1) ~@+2) *-— 2)=0 
(x- 1) (x? -4)=0 
x? — 4x —x? +4=0 
x? —x? —4x4+4=0 


Answer: f (x) =x* — x? —4x+4 
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Try this! Find a polynomial equation with integer coefficients, given solutions 


1 3 
5 and me 


Answer: 8x2 + 2x —-3 = 0 


(click to see video) 


KEY TAKEAWAYS 


* Factoring and the zero-product property allow us to solve equations. 

* To solve a polynomial equation, first write it in standard form. Once it is 
equal to zero, factor it and then set each variable factor equal to zero. 
The solutions to the resulting equations are the solutions to the original. 

* Not all polynomial equations can be solved by factoring. We will learn 
how to solve polynomial equations that do not factor later in the course. 

* A polynomial function can have at most a number of real roots equal to 
its degree. To find roots of a function, set it equal to zero and solve. 

* To find a polynomial equation with given solutions, perform the process 
of solving by factoring in reverse. 
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TOPIC EXERCISES 
PART A: GENERAL FACTORING 


Factor completely. 
i, SO? = IG 
ge lle — on 
3. 10x? + 65x? — 35x 
Aloe ee = 45 
boa besa bo on b 
psa 4a Nap 
ie oe = ee 
8. 20x* + 60x? — 5x? — 15x 
Oo ee lO aa ee 
fom ty OO 3G 
th, 2 Soon? = 50 
Wy De = be = 1G 
ie SS eee 
14, —36x> + 69x? + 27x 
150 04n° — 765 24s, 
16. 4x° — 65x* + 16x? 
7. 8 
160x257 54 
i, Gee! teales f2 | 
20. 27x® — 28x37 +1 
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PART B: SOLVING POLYNOMIAL EQUATIONS BY 


FACTORING 


Solve. 
1. (6x—5) +7) =0 
22. (x +9) (3x — 8) =0 
23. 5x (2x-—5) Gx+1)=0 


i) 


2a, 4x (5x— 1) (2x +3) =0 

a5. (x — 1) (2x + 1) (3x -5) =0 
26. (x +6) (Sx — 2) (2x +9) =0 
We (eae 4h) (op) = illo) 

GL iG=1i=2 

29. (6x+1) (x+1) =6 

30, (2x — 1) (x — 4) = 39 

31, x* — 15x +50=0 

32, 4° 10, — 24 —0 

33. 3x + 2x-5=0 

34, 2x7 +9x+7=0 

35% a 
36. + — 2x7 =0 

37. 6x? — 5x—2 = 30x +4 

38. 6x? — 9x + 15 = 20x — 13 
39. 5x? — 23x + 12 = 4 (5x - 3) 
40. 4x7 + 5x —5 = 15(3 — 2x) 
1. (x +6) (@— 10) = 4(— 18) 


PS 
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42. (x +4) (x-6) =2(x +4) 
43. 4x? — 14x* — 30x = 0 

44. 9x? + 48x* — 36x = 0 

45. tx3-3x=0 

46. 5x3 -ix=0 

47, —10x? — 28x? + 48x =0 
48, —2x>? + 15x27 +50x =0 

MD, Wy? =r = Ws BE SO 
50. 4x3? — 32x” —9x +72 =0 
51. 45x? —9x* —5x+1=0 
52, x? —3x* —x+3=0 

5k — 5x 4 —0 

54. 4x4 — 37x? +9 =0 


Find the roots of the given functions. 


Sa C= 10 — 4 
56, f (x) =x* — 14x +48 
Bh) = — 2 et 
5, FP () = an Se eo 
Be, Gs) = ee Slo 5 
@, (Ge) = Oe = Ne ea 


Gil, 109) = Sao Fe ae 
62, g(x) = 5x- — 30x 
63. p(x) = 64x72 - 1 
ea) s ee = IPI 
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65. f(x) = 2x3 - Ix? -Sxtd 
66. f(x) = zxit+ hx? -Fx-2 
67. g(x) =x* — 13x? + 36 
68. g(x) = 4x* — 13x? +9 
69. f (x) = (x+5)°-1 

70. g(x) = A(eeS) ke 


2 


71. f (x) = —(3x-5) 


72, g(x) = —(x +2)? +4 


Given the graph of a function, determine the real roots. 
Ad 


Wo 
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74, 


TS 


76. 


77. The sides of a square measure X — 2 units. If the area is 36 square units, then 
find x. 


4.4 Solve Polynomial Equations by Factoring 948 


Chapter 4 Polynomial and Rational Functions 


78. 


We), 


80. 


81. 


82. 


83. 


The sides of a right triangle have lengths that are consecutive even integers. 
Find the lengths of each side. (Hint: Apply the Pythagorean theorem) 


The profit in dollars generated by producing and selling n bicycles per week is 


given by the formula P(n) = —5n? + 400n — 6000. How many bicycles 
must be produced and sold to break even? 


The height in feet of an object dropped from the top of a 64-foot building is 


given by h(t) = —16t* + 64 where t represents the time in seconds after 
it is dropped. How long will it take to hit the ground? 


A box can be made by cutting out the corners and folding up the edges of a 
square sheet of cardboard. A template for a cardboard box of height 2 inches is 
given. 


x 
| ml 
What is the length of each side of the cardboard sheet if the volume of the box 


is to be 98 cubic inches? 


The height of a triangle is 4 centimeters less than twice the length of its base. If 
the total area of the triangle is 48 square centimeters, then find the lengths of 
the base and height. 


A uniform border is to be placed around an 8 X 10 inch picture. 
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84. 


85. 


86. 


If the total area including the border must be 168 square inches, then how wide 
should the border be? 


The area of a picture frame including a 3-inch wide border is 120 square 
inches, 


If the width of the inner area is 2 inches less than its length, then find the 
dimensions of the inner area. 


Assuming dry road conditions and average reaction times, the safe stopping 
distance in feet is given by d (x) = a x* + xwhere x represents the speed 


of the car in miles per hour. Determine the safe speed of the car if you expect 
to stop in 75 feet. 


A manufacturing company has determined that the daily revenue in thousands 


of dollars is given by the formula R (n) = 12n — 0.6n* where n represents 
the number of palettes of product sold (0 < n < 20). Determine the 
number of palettes sold in a day if the revenue was 45 thousand dollars. 
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PART C: FINDING EQUATIONS WITH GIVEN SOLUTIONS 


Find a polynomial equation with the given solutions. 
SW, =a) 
88. -1,8 


89" 2, 


C0, = 
91. 0,-4 
CY, (UE 7/ 

OB), 257/ 

94, +2 

Oy, 8h J 


QO, =, =Il, Il 


Wo 
98. 
Of), ae 


100. + 
101. 5 double root 
102. -3 double root 
NOS, =, 0,3 


104551052 


Recall that if X| = p,then X = —p or X = P. Use this to solve the 
following absolute value equations. 


105. |x? — 8| = 8 
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106. |2x* — 9| = 9 

107. |x? — 2x - 1] =2 
108. |x? — 8x + 14] = 2 
109. [2x7 — 4x -—7| = 9 


uo. |x* — 3x-9| =9 


PART D: DISCUSSION BOARD 


111. Explain to a beginning algebra student the difference between an equation and 
an expression. 


112. What is the difference between a root and an x-intercept? Explain. 


113. Create a function with three real roots of your choosing. Graph it with a 
graphing utility and verify your results. Share your function on the discussion 
board. 


114. Research and discuss the fundamental theorem of algebra. 
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ANSWERS 


il, 


3. 


by 


Te 


%, 


ill, 


13), 


Ws 


33. 


Oo 
oO 


(ex) 
aw 


N 
ae 


2 (5x + 3) (Sx — 3) 
5x (x + 7) (2x -— 1) 
3a°b (2a + b) (a — 3b) 
4x (x — 2) 3x+ 1) Bx- 1) 
(Gres) (oe D) Ge =D) 
(x? + 2) (x +5) (x —5) 
13. —2x (x7 +4) @-1) @4+) 
6x (x + 1) &— 1) (x + 2) (x - 2) 
(x +1) (x* —x+4+1) @-2) (x? +2x44) 


. (2h? sb 1) Gas Dy ee =k I) 


alr 


i=) 
. 
wl whe 


| 
a 
wl ow ne NIV 
= 


\S) oe 


Sale | | 
oO . 
[e) DHleKe ww YN 
oy a m 


w]e 
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45. 


47. 


49, 


Bul, 


53. 


B50 


Mn 


By), 


61. 


63. 


65. 


67. 


69. 


TAl, 


73> 


T30 


Vis 


Ts 


81. 


83. 


85. 


87. 


89. 


Chl, 


=3), =I, 0,2 

=D), 8} 

8 units 

20 or 60 bicycles 

1lin 

2 inches 

30 miles per hour 

x? —2x-15=0 
3x* —7x+2=0 
x? +4x=0 
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93. x7 —49=0 

95, x° —x* —9x+9=0 
1G) Se Se 
99, f (x) = 16x? —9 

Hail, jG) =e = eas 
10S 
105. +4,0 

107. +1,3 

109. -2,1,4 

111. Answer may vary 


113. Answer may vary 
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4.5 Rational Functions: Multiplication and Division 


25. Functions of the form 
rx a where P(x) and 
q(x) are polynomials and 


q(x) # 0. 


26. The set of real numbers for 
which the rational function is 
defined. 


27. The set of real numbers for 
which a rational function is not 


defined. 


LEARNING OBJECTIVES 


1. Identify restrictions to the domain of a rational function. 
2. Simplify rational functions. 
3. Multiply and divide rational functions. 


Identifying Restrictions and Simplifying Rational Functions 


Rational functions” have the form 


2 p (x) 
q(x)” 


where p(x) and q(x) are polynomials and g(x) # 0. The domain of a rational 
function” consists of all real numbers x except those where the denominator 
q(x) = 0. Restrictions” are the real numbers for which the expression is not 
defined. We often express the domain of a rational function in terms of its 
restrictions. For example, consider the function 


r (x) 


x* —4x4+3 
x) = ———————_ 
FO) x? —5x+6 
which can be written in factored form 
. Ge De = 3) 
FO) = Gay Gd) 
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Because rational expressions are undefined when the denominator is 0, we wish to 
find the values for x that make it 0. To do this, apply the zero-product property. Set 
each factor in the denominator equal to 0 and solve. 


(x -— 2) ~-3)=0 


Therefore, the original function is defined for any real number except 2 and 3. We 
can express its domain using notation as follows: 


Set-builder notation Interval notation 
{xbx # 2,3} (—00,2) U (2,3) U (3,0) 


The restrictions to the domain of a rational function are determined by the 
denominator. Once the restrictions are determined we can cancel factors and obtain 
an equivalent function as follows: 


It is important to note that 1 is not a restriction to the domain because the 
expression is defined as 0 when the numerator is 0. In fact, x = 1 is a root. This 
function is graphed below: 
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Notice that there is a vertical asymptote at the restriction x = 2 and the graph is 
left undefined at the restriction x = 3 as indicated by the open dot, or hole, in the 
graph. Graphing rational functions in general is beyond the scope of this textbook. 
However, it is useful at this point to know that the restrictions are an important 
part of the graph of rational functions. 
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Example 1 


ale! 
6x5 * 


State the restrictions and simplify: g (x) = 


Solution: 


In this example, the function is undefined where x is 0. 


240)’ 0 
O — —— 
g (0) 508 7 


undef ined 


Therefore, the domain consists of all real numbers x, where x # 0. With this 
understanding, we can simplify by reducing the rational expression to lowest 
terms. Cancel common factors. 


Answer: g (x) = 4x7, where x # 0 
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Example 2 
2x?+5x—-3 


State the restrictions and simplify: f (x) = reve 


Solution: 


First, factor the numerator and denominator. 


Qa 2  (2X= 1) 3) 
ee ayaa =e) 


Any x-value that makes the denominator zero is a restriction. To find the 
restrictions, first set the denominator equal to zero and then solve 


(2x+ 1) Qx-1) =0 


2x+1=0 or 2x-1=0 


it il Deal 
a 1 Be! 
ae SED 


Therefore, x # + t .With this understanding, we can cancel any common 


factors. 
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Answer: f (x) = i = , where x # + - 


We define the opposite of a polynomial P to be -P. Finding the opposite of a 
polynomial requires the application of the distributive property. For example, the 


opposite of the polynomial (x — 3) is written as 


This leads us to the opposite binomial property”, — (a ~ b) = (b _ a) Care 
should be taken not to confuse this with the fact that (a + b) = (b + a) This is 


the case because addition is commutative. In general, 


—(a—b)=(b-a)\(at+b)=(b+a) 


or or 
b-a bt+a 
a—b a+b 


Also, it is important to recall that 


28. If given a binomial a — b, then 
the opposite is 
—(a—b) =b-a. 
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In other words, a negative fraction is shown by placing the negative sign in either 
the numerator, in front of the fraction bar, or in the denominator. Generally, 
negative denominators are avoided. 


Example 3 


25= ie 


State the restrictions and simplify: Ea aon 


Solution: 


Begin by factoring the numerator and denominator. 


25 — x2 ne.) (5+ x) 
x 0 25 (x —5) (x-5) 
—1- (x — 5) (5 +x) 
ee Opposite binomial property 


(x — 5) (x — 5) 


SS Cancel. 


Answer: — a where x # 5 


It is important to remember that we can only cancel factors of a product. A common 
mistake is to cancel terms. For example, 
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2 +1x-30 +10 eT 


we -Tx412 | es aT 


incorrect! incorrect! — incorrect! 


x—2x? 
4x4—x? 


Try this! State the restrictions and simplify: 


1 1 
Answer: — Toe where x # 0, + 5 


(click to see video) 


In some examples, we will make a broad assumption that the denominator is 
nonzero. When we make that assumption, we do not need to determine the 


restrictions. 
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Example 4 


x3—2x7y+4xy?—B8y3 


ae .(Assume all denominators are nonzero.) 
x4—1l6y 


Simplify: 


Solution: 


Factor the numerator by grouping. Factor the denominator using the formula 


for a difference of squares. 


x? + 4xy? —2x?y —8y? x (xe ae dy’) — dy (ae as 4y”) 
x — 16y4 (x2 + 4y2) (x2 — dy?) 
ee + 4y? ) (x — 2y) 
(fe + 4y?) (x + 2y) (x — 2y) 


Next, cancel common factors. 


~ x + 2y 


Note: When the entire numerator or denominator cancels out a factor of 1 
always remains. 


Answer: TD 
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Example 5 


Given f (x) = x? — 2x +5, simplify =>. 


Solution: 


Begin by calculating f (3). 


f @)=GY —2(3)+5 


=9-645 
=34+5 
=8 


Next, substitute into the quotient that is to be simplified. 


f(x) -fG)_ x2 -2+5-8 
a x—3 
x? -2x-3 
= ee 
ia = 3) 
(«= 3) 
=x+1 


Answer: x + 1, where x 4 3 


29. The mathematical quantity 


I i +0 An important quantity in higher level mathematics is the difference quotient”: 
h ’ bs 


which represents the slope of a 
secant line through a function 


f. 
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30. Line that intersects two points 
on the graph of a function. 


f (x+h) -f@ 


1 , where h#0 


This quantity represents the slope of the line connecting two points on the graph of 
a function. The line passing through the two points is called a secant line”. 


Secant i Wy 
a 


Sixth) 


Calculating the difference quotient for many different functions is an important 
skill to learn in intermediate algebra. We will encounter this quantity often as we 
proceed in this textbook. When calculating the difference quotient we assume the 
denominator is nonzero. 
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Example 6 


g(xth)—g(x) 


Given g (x) = —2x? + 1, simplify z 


Solution: 


h h 
—2 (x? + 2xh +h’) +14+2x?-1 
= 
_ 2x? — 4xh — 2h? +142x? -1 
—— 
_ —4xh — 2h? 
h 

=—4x — 2h 


Answer: —4x — 2h 


Try this! Given f (x) = x” — x — 1, simplify f a Gr 


Answer: 2x —1+h 
(click to see video) 


Multiplying and Dividing Rational Functions 


When multiplying fractions, we can multiply the numerators and denominators 
together and then reduce. Multiplying rational expressions is performed in a 
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similar manner. In general, given polynomials P, Q, R, and S, where Q # 0 and 


S # 0, we have 


The restrictions to the domain of a product consist of the restrictions of each 
function. 
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Example 7 


Given f (x) = ~Pand g (x) = +255, find (f - g) (a) and determine the 


restrictions to the domain. 
Solution: 


In this case, the domain of f consists of all real numbers except 5, and the 
domain of g consists of all real numbers except — = .Therefore, the domain of 


the product consists of all real numbers except 5 and — ~ .Multiply the 
functions and then simplify the result. 


iy 2) C169) 3163) 
el 


x-5 3x+5 
(3x +5) (3x — 5) (x — 5) (x + 3) 
Se Factor. 
x—-5 3x+5 
3 (3x-5) (x (x + 3) 
_ Ler) (88-5) J +9) Cancel. 


NF (eesh 


=(3x-5) @+3) 


Answer: (f - g) (x) = (3x—5) (v+3)wherex #5, - 2 


To divide two fractions, we multiply by the reciprocal of the divisor. Dividing 
rational expressions is performed in a similar manner. In general, given 


polynomials P, Q, R, and S, where O # 0,R # 0, and S ¥ O, we have 
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The restrictions to the domain of a quotient will consist of the restrictions of each 
function as well as the restrictions on the reciprocal of the divisor. 
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Example 8 


é _ 2x?413x-7 _ 2x?+5x-3 ¢. ; 
Given f (x) = Sarr and g(x) = Soe find (f/g) (x) and determine 
the restrictions. 


Solution: 


(fig) M=f@) + gs) 
2x? +:13x-7 | 2x? +5x-3 
| 22s) WoSe 
_ 2x? +: 13x-7 40 = x" 
= Ose 
_Qx-1)@+7) J+ 7-% 
C237) Care) 


— BRT 047 749 Cl) GI 
(43) GT eT @ $3) 


_ (er ae 
(x + 3) 


Multiply by the reciprocal of th 


Factor. 


Cancel. 


In this case, the domain of f consists of all real numbers except -3 and 7, and 
the domain of g consists of all real numbers except 7 and -7. In addition, the 
reciprocal of g(x) has a restriction of -3 and _ .Therefore, the domain of this 


quotient consists of all real numbers except -3, 5, and +7. 


r _ (x+7)? 1 
Answer: (f/g) (x) = — <5 wherex # —3, 5, +7 


Recall that multiplication and division operations are to be performed from left to 
right. 
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Simiphiae 4x?-1 2x4 : Dias 
lus 6x243x 7 x242x41 2x?2+x—-1 


Solution: 


Begin by replacing the factor that is to be divided by multiplication of its 


reciprocal. 
Ax?-1 2x41 Qe 
Go dose ee ee Il 
— 4x7 - 1 x? 42x41 21K. 
6x2 + 3x 2x+1 ie aos || 
— Qx+DQx-1) @+)D@4+1) Os 
0 Oe 25)) (Qx+1) (Qx-Dat+) 
One: 
QerT) Oe Ty Gert 1) 
BH QeT) (2x +1) (QeT) (pT 
_ 9x3 (x + 1) 
y FOR) 
: 9x3 (x+1) 
Answer: (Qxtl) 
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: ‘ 2x+5 6x2+13x—5 
! eet ea — Oxt413x-5 
Try this! Given f (x) es and g (x) seg calculate (f/g) (x) 
and determine the restrictions. 
" me 1 =k a= I 
Answer: (f/g) Col eG where x # —5, oe 


(click to see video) 


If a cost function C represents the cost of producing x units, then the average 
cost*' C is the cost divided by the number of units produced. 


31. The total cost divided by the 
number of units produced, 
which can be represented by 
C(x) = where C(x) is 
a cost function. 


4.5 Rational Functions: Multiplication and Division 


973 


Chapter 4 Polynomial and Rational Functions 


Example 10 


A manufacturer has determined that the cost in dollars of producing sweaters 
is given by C (x) = 0.01x* — 3x + 1200, where x represents the number of 
sweaters produced daily. Determine the average cost of producing 100, 200, and 
300 sweaters per day. 


Solution: 


Set up a function representing the average cost. 


C(x) _ 0.01x? — 3x + 1200 
Xx 7 Xx 


C(x) = 


Next, calculate C (100), C (200), and C (300). 


0.01(100) — 3(100) + 1200 100 — 300 + 1200 _ 1000 


LAL al gpl ats ee || 
ed”) (100) 100 100 
&(200)= 0.01(200P — 3(200) + 1200 400 — 600 + 1200 1000 | ae 
7 (200) 7 200 ~ 200. ~" 
= 0.01(300% — 3(300) + 1200 900—900+ 1200 1200 
Ce 
00) (300) 300 300 


Answer: The average cost of producing 100 sweaters per day is $10.00 per 
sweater. If 200 sweaters are produced, the average cost per sweater is $5.00. If 
300 are produced, the average cost per sweater is $4.00. 
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KEY TAKEAWAYS 


Simplifying rational expressions is similar to simplifying fractions. First, 
factor the numerator and denominator and then cancel the common 
factors. Rational expressions are simplified if there are no common 
factors other than 1 in the numerator and the denominator. 

Simplified rational functions are equivalent for values in the domain of 
the original function. Be sure to state the restrictions unless the 
problem states that the denominators are assumed to be nonzero. 

After multiplying rational expressions, factor both the numerator and 
denominator and then cancel common factors. Make note of the 
restrictions to the domain. The values that give a value of 0 in the 
denominator for all expressions are the restrictions. 

To divide rational expressions, multiply the numerator by the reciprocal 
of the divisor. 

The restrictions to the domain of a product consist of the restrictions to 
the domain of each factor. 
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TOPIC EXERCISES 


PART A: SIMPLIFYING RATIONAL FUNCTIONS 


Simplify the function and state its domain using interval notation. 


25x? 
ile fa ol e— 
f= Zs 
64x 
D, = —_— 
x- — 64 
3. f(x) = ———“€ 
£@) x? + 16x + 64 
x“ +x—-—20 
2 Samra 
eS C= Ai 
5 x 
» Dy 2 5 eS 
ee fe Se 
Ae 
e 9x2 —6x+1 
x) DER) 
7 5 4 — 
2 Bye sy 8} 
ee 6, 5 
i 
i Bx? tx—4 
x? +x--x-1 
a 7] = 
) ee yet | 
Oi 5 0 
10. h(x) = —1— 
2x? — 9x + 110 
State the restrictions and simplify the given rational expressions. 
66x (2x —5 
18x3 (2x - 5} 
26x* (Sx + 2) ‘ 
20x> (5x + 2} 
XS 46 
13. ———_—_ 
Pe 556 = 2! 
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yo eee 


3x* — 8x+4 
Hoe 25 ilspecte © 


9 — x2 
6 ee 6 


25 — 4x2 
pe Sy al 
7 a lox 6 
pe taal 
x3 + 3x2 +4x4+ 12 


WZ, 
18. 
19), 
20) 


Simplify the given rational expressions. Assume all variable 
expressions in the denominator are nonzero. 


50ab3 (a + b)” 
2002b3 (a +b) 
36a°b’ (a — b)” 

9a3b (a — b) 
aly 


@& + 2ab + b* 
@ —2ab + b* 


ae —b* 


Alle 


23° 


24 


2 

x3y + 2x2y? + xy3 

. pepe oe 
x4 —y4 
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y4 _ x4 
0 — 
x3 +x2y + xy? yo 
a — (b + c) 
ih a 
(a+b) — 
(a+b) —¢¢ 
——————— 
(Gor = b? 
x? ty 
33, —__—_—_—_ 
x? + 2xy + y? 
oN fe ay 
oq, = 
ae 


Given the function, simplify the rational expression. 


UE zie ) 


35. Givenf (x) = i 8, simplify 


2 
36. Givenf (x) = x27 +4x-1 Siraphiy = ee 2 ) 


—g(-1 
37. Given g(x) = x7 — 3x + 1, simplify ga)-a(-1) 


sepl 
Sed 
38. Given g (x) = x7 — 2x, simplify sWisciaa) 
x+4 
ieee) 
39. Given f (x) = 4x? + 6x + 1, simplify ; 
; es 
40. Given f (x) = 9x~ + 1, simplify aa 


For the given function, simplify the difference quotient 
h)— 
ae where h + 0. 


a f (x)= dx — 3 
42 (C)e=— 3) 
A (1G Sane 
“af Oya 4 Oe 


ws, (08) Se) ee 
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no 
a7. f (x) =ax* +bx+ce 
4s, f (x) = ax? + bx 
49, f(x) =x3 +1 


5), Se) er ee 


PART B: MULTIPLYING AND DIVIDING RATIONAL 


FUNCTIONS 


Simplify the product f - g and state its domain using interval notation. 


Be (=). 
ale = ——, ——— 
su $@)= ——G 8) = 
_ 46(2x — 1)° eo 
52. f (x) = 1536 »g(xX) = 33 Qx— 1) 
10x co 
53. f (x) = xp axe aE = 50 A 
25-—x 12x 
arr) eran 10x + 25 
5 — 3x x“ —6x+5 
Ce 10x +25 BO 8x45 
1-—4x 12x 
el 6x2 + 3x eS Ay? —4y + | 
Simplify the quotient f/g and state its domain using interval notation. 
123 6x7 
57. f (x) = ———> .g @) = ———_ 
5(5x — 1) 25(5x — 1) 
Ibe (x + 9) 49x 3 (x + 9) 
58. f (x) = ————— ,g (x) = ————_ 
(x — 8)* (x — 8)* 
2502 1 25% + lOxee I 
PE 3x, = (loi LoS ee 5x2 
x“ —-x-6 x“ —6x4+9 
60. f (x) ,g(xX) = 


5 2 a eaO 
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9 (x) = 2x? + 19x + 24 


D) 

~ 64 

AL Pie = ae 
XxX 

62. f (x) = 2x? + 11x — 6,2 (x) = 36—x? 


Multiply or divide as indicated, state the restrictions, and simplify. 


(4G 12)2 A5x4 
63... ———_——_—__- -: —_—_—————_ 
5x3 2G 2). 
Q1x° G=7)- 
oe 
200— 7) 4x! 
ot 12x 
65. ————_ - ———_. 
36x4 je ea 89) 
50x° Ae Sill 
66. ——_—__ - ———_- 
yh 6x S27) 125° 
On eG ee Slo | = On 
67,£_._ —————————_—_ + —___—_ 
3x2 27 x = 10 
Pe Bye ae ee) Aes tanks || 
Oe ee ox to — | 
go, Xt Ae = 21, xt -& 49 
"  5x2410x 2x249x4 14 
ge ae) Oar ane 4) 
i =. pS FS SS) 
Ox? — 24x + 16 6c. — 91 
5x7 +x-6 | 1—x? 
0.070. 2 
4x2 —7x-15 4x24+9x4+5 
6x? —8x-8  3x7-4x-4 
72. 
Are Oy Oy 12y ee 4 
og, Ht 4e 12 , 2x? - 13x 4+ 18 
ee =) = 15 6x2 — Gin 5 
8x2 +x-9 2x*%*-x-1 
74,. << + —____—_. 
252 —=1 10c2 = 3 t 


Perform the operations and simplify. Assume all variable expressions 


in the denominator are nonzero. 


1 50a (a- by’ 6b 
” Dab | 2h a (a —b) 
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85. 


86. 


87. 


88. 


b* —e 12a (a — b) Qab (a — b) 


GaP 36a*b a+b 
ue fp ye Sh 25% 5) 
77. ——_— -_ ——_———_ 
5xy x2 — 2xy + y” (y+x 
3xy? Dye te Say 4. Dy? x? + 8y? 
ce a ow 6pe eae 
(2 +2) X xy? + 3y 
2x+5 x? -9 2x7 415x425 
79... ——— ++» ——— += —__ 
x-3 5x Dine. 
5x7 —15x 3x—-2 - eas 
80... ——— +>§ ——— + — 
9x2 —4 20x3 3x2 -—x-2 
a x? +5x—-50 x? —25 ae 


eo — 14 70 
x?-—x-56 2x7 4+1lx-21 4x*- 12x49 


82.._§ > > 
Ax? — 4x — 3 25 — 9x? 3x? — 19x — 40 
20x? —8x—-1  1-—100x? 10x — 1 
6x* + 13x + 6 ' 3x2 —x-2 2x* — 3x + 1 
12x° — 13 1 14x + 45 
get ears (ee ie eel 
x? +18x+ 81 12x? —1lx-1 


A manufacturer has determined that the cost in dollars of producing bicycles is 
given by C (x) = 0.5x7 — x + 6200 , where x represents the number of 


bicycles produced weekly. Determine the average cost of producing 50, 100, 
and 150 bicycles per week. 


The cost in dollars of producing custom lighting fixtures is given by the 

¢ aw 
function C (x) = x“ — 20x + 1200 , where x represents the number of 
fixtures produced in a week. Determine the average cost per unit if 20, 40, and 
50 units are produced in a week. 


A manufacturer has determined that the cost in dollars of producing electric 
scooters is given by the function C (x) = 3x (x — 100) + 32,000 , 
where x represents the number of scooters produced in a month. Determine 
the average cost per scooter if 50 are produced in a month. 


The cost in dollars of producing a custom injected molded part is given by 
C (n) = 1,900 + 0.017 , where n represents the number of parts 
produced. Calculate the average cost of each part if 2,500 custom parts are 
ordered. 
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89. The cost in dollars of an environmental cleanup is given by the function 


25,000, 
6. (p) = = , where p represents the percentage of the area to be 


cleaned up (0 < p< 1) . Use the function to determine the cost of cleaning 
up 50% of an affected area and the cost of cleaning up 80% of the area. 


90. The value of a new car is given by the function V (t) = 16,500(t + ibe 
where t represents the age of the car in years. Determine the value of the car 
when it is 6 years old. 


PART D: DISCUSSION BOARD 


91. Describe the restrictions to the rational expression a= Explain. 


92. Describe the restrictions to the rational expression age Explain. 


: — &; ae lg #5 
93. Explain why x = 5 isa restriction to nee ret 


94. Explain to a beginning algebra student why we cannot cancel x in the rational 


: x+2 
expression —— . 


95. Research and discuss the importance of the difference quotient. What does it 
represent and in what subject does it appear? 
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ANSWERS 


1. f (x) = 5x14; 
Domain: _ 0) U (0, oo) 


3. if x)= ae x8 . Domain: (—0, —8) U (-8, oo) 


5. Os = — ; Domain: (—o, 1) U Ge >) U (+ , 00) 
We g(x = ; Domain: (- «0, —3) U (-3, +) U (5.0) 


9. h(x) = x — 1;Domain: (—20, —1) U (-1, ~) 


a 2 
ce Bx 720-5) Peles 


x+3 
1 a pany eS a —2,7 


Zari _ © 
ee ser = 5 


4x+3 
Az == + +3 


19D i —;x#1,+ 
pele 
4a(a+b) 
a—b 

a+b 


5, 
x-y 


a+b—c 


x*—xy+y? 
x+y 


35. X +5,wherex #5 


37. x —4,wherex 4 -1 
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39. 2(x + 2),wherex # + 


41. 5 
43. 2x +h 
45. 2x -I +h 


47, 2ax+b+ah 
49, 3x2 + 3xh +h? 


Sl (yo ge = 


So 


B50 


Sis 


59. (f/g) (x) = 


61. 


13(x—2) 
3x 


x—2 
Sx(x+2) 


= a Domain: 
x—5 


~o1)u (1,8) u ($,5)u 


flg) (x) = 10x (5x — 1) ;Domain: (—x»,0) U (0 


6 1260 


x+12 


Ome 
65. hoa * F 


—8, 0, 4 


67. 5(x+1);x #-2,0,2 


(x+7)* 
oe: 5x(x-3) Fe - 


5x+6 , 
ke 


(x+6) (6x— 1 ) 


2 By oon 
25 
73, a+b 
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te 


5) 
Sele lhe 


eee ee 


(5.) 


i 
a5 


; Domain: (—-, 0) O02 (2 ~) 


; Domain: (—-o, —2) U (—2,0)U (0, ~) 
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5x (x? — xy + y7) 
———O————— 
x—y 


5x (x + 3) 
x+5 
1 


a x+5 
il 


33. — ———— 
2x +3 


85. If50 bicycles are produced, the average cost per bicycle is $148. If 100 are 
produced, the average cost is $111. If 150 bicycles are produced, the average 
cost is $115.33. 


87. If50 scooters are produced, the average cost of each is $490. 

89. A 50% cleanup will cost $25,000. An 80% cleanup will cost $100,000. 
91. Answer may vary 

93. Answer may vary 


95. Answer may vary 
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4.6 Rational Functions: Addition and Subtraction 


LEARNING OBJECTIVES 


1. Add and subtract rational functions. 
2. Simplify complex rational expressions. 


Adding and Subtracting Rational Functions 


Adding and subtracting rational expressions is similar to adding and subtracting 
fractions. Recall that if the denominators are the same, we can add or subtract the 
numerators and write the result over the common denominator. When working 
with rational expressions, the common denominator will be a polynomial. In 
general, given polynomials P, Q, and R, where QO ¥ Q), we have the following: 


The set of restrictions to the domain of a sum or difference of rational expressions 
consists of the restrictions to the domains of each expression. 


9386 
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Example 1 


4x 3x+8 


x?—64 x?-64 ° 


Subtract: 


Solution: 


The denominators are the same. Hence we can subtract the numerators and 
write the result over the common denominator. Take care to distribute the 


negative 1. 
4 3 8 4x-— @ 8 
we eee = pes NH) Subtract the numerators. 

x*-64 x*-64 x* — 64 

4x —3x-—8 
x? — 64 pity 

1 

gn8 Cancel 


= Restrictions x # +8 


pore lin 
Answer: =; where x # +8 


To add rational expressions with unlike denominators, first find equivalent 
expressions with common denominators. Do this just as you have with fractions. If 
the denominators of fractions are relatively prime, then the least common 
denominator (LCD) is their product. For example, 


=> LOD=x-y=2y 
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Multiply each fraction by the appropriate form of 1 to obtain equivalent fractions 
with a common denominator. 


lay. lex 
yx 


“7 
x 
+— Equivalent fractions with a common denominator 
xy 


In general, given polynomials P, Q, R, and S, where 0 4 0 and S F O, we have the 
following: 


R  PS+OR 
S 


2% 
o~s ~~ Os 
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Example 2 
Given f (x) = aa and g(x) = 5 find f + g and state the restrictions. 
Solution: 


Here the LCD is the product of the denominators (3x + 1) (x + 1). Multiply by 
the appropriate factors to obtain rational expressions with a common 
denominator before adding. 


f + Qn=f(x) + g(x) 
oa 4 
oeeae il dese Il 
ok (x + 1) 2 (3x + 1) 
Gea) Gah Gan Gea 
es) 2(3x + 1) 
SCH ice) Gla neen) 
Se Ie 26x I) 
~~ Bx4+ Dat 
2 qe aear rear Y 
~"G@r+ e+) 
_ 5x? + 11x +2 
~ 3x + 1I)(x+ 1) 
Wor WG 2) 
Gree) 


The domain of f consists all real numbers except — + and the domain of g 
consists of all real numbers except -1. Therefore, the domain of f + g consists of 
all real numbers except -1 and — < . 


(5x-+1) (x42) 1 


(x) = GuaDarh? Where x == -1, ar 


Answer: (f a1 g) > 
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It is not always the case that the LCD is the product of the given denominators. 
Typically, the denominators are not relatively prime; thus determining the LCD 
requires some thought. Begin by factoring all denominators. The LCD is the product 
of all factors with the highest power. 
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Example 3 


aire 
3x-1 


4—14x 


Given f (x) = 3x 2nd? 


to the domain. 


and g(x) = find f — g and state the restrictions 


Solution: 


To determine the LCD, factor the denominator of g. 


(f -— g) D=f @) - g@) 


3x 4 — 14x 
SB) 0 3x2 4d 
3x 4 — 14x 


Grom) | Geach) 


In this case the LCD = (3x — 1) (x — 1). Multiply f by 1 in the form of 
(x1) 
(x—1) 
then subtract. 


to obtain equivalent algebraic fractions with a common denominator and 


3% (x — 1) 4— 14x 


[Cea 2) | G =e =n 
_ 3x%— 1) -—44 Idx 


(Gr tc) 
_ 3x*+11x-4 
W Gee yeaa) 


Gr G+4) 
 Gr-TI = 1) 


_@t+4) 
~~ @-)) 
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The domain of f consists of all real numbers except ‘, and the domain of g 
consists of all real numbers except 1 and 7 .Therefore, the domain of f - g 


consists of all real numbers except 1 and < : 


Answer: (f - g) on x4 where x # 7 xl 


x-1’ 
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Example 4 


= 3x 18(x—-2) 


eae E Ptione) =e 
Simplify and state the restrictions: ag eee care 


Solution: 


Begin by applying the opposite binomial property 6 — x = — (x - 6) : 


Hee _ 3x x 18 (x — 2) 
(x + 6) —l- (x — 6) (x + 6) (x — 6) 
—2x 3x 7 18 (x — 2) 


GAG, G=6) GeaG=e 


Next, find equivalent fractions with the LCD = (x + 6) (x = 6) and then 
simplify. 
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Gas) G0) C6) Gan) Cae) Goo 
—2x (x — 6) + 3x (x + 6) — 18 (x — 2) 


(x + 6) (x — 6) 
2 —2x? + 12x + 3x? + 18x — 18x + 36 
7 (x + 6) (x — 6) 
< x? + 12x + 36 
7 eee g) (x — 6) 


Answer: —. where x # +6 


ern 2 4 


Try this! Simplify and state the restrictions: = 3 —_ 
(x-1)* al (x+1)(x-1)* 


Answer: ae where x # +1 


(click to see video) 


Rational expressions are sometimes expressed using negative exponents. In this 
case, apply the rules for negative exponents before simplifying the expression. 
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Example 5 
—1 


Simplify and state the restrictions: Sa” + (2a ae 5) 


Solution: 


Recall that x~” = +. Begin by rewriting the rational expressions with 
negative exponents as fractions. 


Then find the LCD and add. 


oye ee 
a (Caen) @ (2a+5) (2a+5) & 
5 (2a + 5) a 
= —— + ——___ Equivalent expressions with a cor 
@(2a+5) a@ (2a+5) 
eas Aad 
& (2a +5) 
_@& + 10a + 25 simpli 
 @ (2a + 5) aa 
_ (a + 5) (a + 5) 
& (2a +5) 
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2 
a+5 
Answer: eNeieles where a # — a ,0 
a (2a+5) 


Simplifying Complex Rational Expressions 


A complex rational expression” is defined as a rational expression that contains 
one or more rational expressions in the numerator or denominator or both. For 
example, 


is a complex rational expression. We simplify a complex rational expression by 
finding an equivalent fraction where the numerator and denominator are 
polynomials. There are two methods for simplifying complex rational expressions, 
and we will outline the steps for both methods. For the sake of clarity, assume that 
variable expressions used as denominators are nonzero. 


Method 1: Simplify Using Division 


We begin our discussion on simplifying complex rational expressions using division. 
Before we can multiply by the reciprocal of the denominator, we must simplify the 
numerator and denominator separately. The goal is to first obtain single algebraic 
fractions in the numerator and the denominator. The steps for simplifying a 
complex algebraic fraction are illustrated in the following example. 


32. A rational expression that 
contains one or more rational 
expressions in the numerator 
or denominator or both. 
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x 2 


Simplify: aE 


Solution: 


Step 1: Simplify the numerator and denominator to obtain a single algebraic 
fraction divided by another single algebraic fraction. In this example, find 
equivalent terms with a common denominator in both the numerator and 


denominator before adding and subtracting. 


—- —+ = 


x? x? x? 
4x?-12x+9 


2x2—5x+3 


x2 


x2 xe ; 
= +! —___ Equivalent fractions with common denominat 


2) 
= ——__. Add the fractions in the numerator and denon 


At this point we have a single algebraic fraction divided by another single 


algebraic fraction. 


Step 2: Multiply the numerator by the reciprocal of the denominator. 


4x7-12x+9 > 
oe 4x*- —12x+9 


2x2—5x43 x2 
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Step 3: Factor all numerators and denominators completely. 


De Ose NOS) ee 
ia x2 (2x — 3) (x—1) 


Step 4: Cancel all common factors. 


Qe (2x - 3) ge 
pe eS) (x- 1) 
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Example 7 
. . = vr x43 
Sitplity: = 
x1 x3 
Solution: 


Obtain a single algebraic fraction in the numerator and in the denominator. 


2x 7 2x. (+3) 25 ee) 
Sl esl 3) 8 GD 
ane ee ee 5 Gl) 


ll i=8 x-1 (x-3) x-3 (x-1) 
2x(x+3)+7(x-1) 
(x—1)(x+3) 
2x(x—3)—5(x-1) 
(x—1)(x-3) 
2x?+6x+7X—7 

(x—1)(x+3) 
2x2—6x—5x4+5 
(x—1)(x-3) 
2x?+4+13x-7 
(x—1)(x+3) 
2x2—-11x+5 
(x—1)(x-3) 


Next, multiply the numerator by the reciprocal of the denominator, factor, and 
then cancel. 
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_ 2x? +13x-7 (x -— 1) @-3) 
TiS ie). 2 ie 


QT &+TD (ty @-3) 
eT (43) (eT (x-5) 
_ @+7 &-3) 
(x + 3) (x-5) 


; (x+7)(x—3) 


Answer: 
(x+3) (x5) 


an 
y2 


eG 


N 


Try this! Simplify using division: 


=+- 
y x 
=) 
Answer: —— 
xy 


(click to see video) 


Sometimes complex rational expressions are expressed using negative exponents. 
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Example 8 


Sy ie ae 
Simplify: =a 


Solution: 


We begin by rewriting the expression without negative exponents. 


2y-1 —x7I 


2 
se ee 
Pe fe Gi 

x2 


[4 el 


Obtain single algebraic fractions in the numerator and denominator and then 
multiply by the reciprocal of the denominator. 


2d ed 

yx xy 

igSe 5 ee 

see y? x2y2 
2x—y Rove 
2x—y eye 


Apply the opposite binomial property (y - 2x) =-— (2x - y) and then 
cancel. 
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A cay es 
nswer: yEoe 


Method 2: Simplify Using the LCD 


An alternative method for simplifying complex rational expressions involves 
clearing the fractions by multiplying the expression by a special form of 1. In this 
method, multiply the numerator and denominator by the least common 
denominator (LCD) of all given fractions. 
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Simplify: aoe 


5 Sau 
= to 


Solution: 


Step 1: Determine the LCD of all the fractions in the numerator and 
denominator. In this case, the denominators of the given fractions are 1, x, and 
x”. Therefore, the LCD is x”. 


Step 2: Multiply the numerator and denominator by the LCD. This step should 
clear the fractions in both the numerator and denominator. 


Ae (4-2+2 D 
x x2 x x ; 
Sara Multiply numerator and denominator 
= = eS 
Dp x + x2 (2 ¥ + +) x2 
ee ee 
pee 
= a See Distribute and then cancel. 
D; XxX = = O¢ + x2 “XxX 
a 4x? — 12x +9 
2x? — 5x +3 


This leaves us with a single algebraic fraction with a polynomial in the 
numerator and in the denominator. 


Step 3: Factor the numerator and denominator completely. 
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_ 4x* - 12x +9 
925 3 
_ (2x — 3) (2x — 3) 
Sine) 


Step 4: Cancel all common factors. 


(2x — 3) Quesy 
— @-) VS 


ee. 
ee 


Note: This was the same problem presented in Example 6 and the results here 
are the same. It is worth taking the time to compare the steps involved using 
both methods on the same problem. 


2x-3 


x-1 


Answer: 


It is important to point out that multiplying the numerator and denominator by the 


same nonzero factor is equivalent to multiplying by 1 and does not change the 
problem. 


See! 
Wk 


Try this! Simplify using the LCD: — 


i 1 
yte 
x-y 
Answer: — 
xy 


(click to see video) 
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KEY TAKEAWAYS 


+ Adding and subtracting rational expressions is similar to adding and 
subtracting fractions. A common denominator is required. If the 
denominators are the same, then we can add or subtract the numerators 
and write the result over the common denominator. 

* The set of restrictions to the domain of a sum or difference of rational 
functions consists of the restrictions to the domains of each function. 

* Complex rational expressions can be simplified into equivalent 
expressions with a polynomial numerator and polynomial denominator. 
They are reduced to lowest terms if the numerator and denominator are 
polynomials that share no common factors other than 1. 

* One method of simplifying a complex rational expression requires us to 
first write the numerator and denominator as a single algebraic fraction. 
Then multiply the numerator by the reciprocal of the denominator and 
simplify the result. 

* Another method for simplifying a complex rational expression requires 
that we multiply it by a special form of 1. Multiply the numerator and 
denominator by the LCD of all the denominators as a means to clear the 
fractions. After doing this, simplify the remaining rational expression. 
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TOPIC EXERCISES 


PART A: ADDING AND SUBTRACTING RATIONAL 


FUN 


CTIONS 


State the restrictions and simplify. 


' 3x n p) 
© Bye ae a Bie aA 
; 3% 2x+1 
o-1 2x —-1 
x—2 x+3 
3.8. Fe 
Oi Oe x he 6 
4x -1 x-6 
——— —— 
BE 9 3x? 2x — 5 
5. — —2x 
i 
4 il 
6. —- 
x x 
; 5) 
7 a + 
: —1 
: x+7 
: 1 1 
= eo est 
Z ts 
10. 
5x —2 x+3 
ili ee : 
ee 
12 Zien Z 
x ee 
3x —7 1 
x (x — 7) 7-x 
2 347 = 1 
~ 8-x x2(x-8) 
x-1 
15. = 
e225 aoe (Ose 25 05) 
x+1 x 
D2 to spe Se} 4x2 —1 
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Se 2 
7. 
X74 2 Bx 16 
2x —1 3 
1S SS SS 
Aye By — 5 42 4 20y 2) 
5-x x+2 
19. = 
TIxtx?2 49-— x2 
Dye x+1 
6) 
Ae ox ox eal 
x-1 is 2x-1 
1. ——— 
2x? -—7Tx-4 x*-—5x4+4 
2 (x + 3) 4-—x 
3k? 5x2) 3x2 Ox 3 
x? Os 
3) = 
Ae ee 
- ox 2x? 
' Ay4+6x3 6x3 + 9x2 
, an le 52 LD) 
————————— 
x+—8x2+16 4-x? 
x? 6x? — 24 


x 
ee ey 


Given f and g, simplify the sum f + g and difference f — g. Also, state 
the domain using interval notation. 


| DB) 
un. f@)=—.8O= > 


il 
eh es 
x—-2 x+2 
FN OO) et CS 
f@) = (= 
i eee ee Mee 
Sie ) (x) Z 
9 : = 
3x2 + : Ox pox 1 
JG 
ec) x2 41678 ae 4x 
aS MS 
a ys ee 
2x —3 se 
eC ma Digg SS By) 


4.6 Rational Functions: Addition and Subtraction 1007 


Chapter 4 Polynomial and Rational Functions 


1 
315), f@) = para) 


eS 6x* + 13x —5 


State the restrictions and simplify. 


10 


3x+1 
1 


3x 2 = 


“@-i? 


42. 


x—-2 
2x + 1 BX 

— ——____ + 

y= | Wye! = aye || 
So de 4 
4, —<—<—<—<—_— | ——— 
Dye? Says 
4x 


43. 


fe x+2 in 
2x Bx —2) 


(= 2) 
10x 


(3x — 2) 
Dye” 


7 =o, 


2 210 


2x +9 


23x -— 8 
19x + 18 


3x2 _ 


5x —2 
1 


x? = I 


1 


C2 


x+1 


x — 2x2 


+ 2x2 


4 + 2x — 2x? 


3x +2 
2x (x — 2) 


Simplify the given algebraic expressions. Assume all variable 


expressions in the denominator are nonzero. 


. 16x77 + y? 
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52 ky 
53. 3(x+y)— 
A Wea) Se sa) 
or a (ae) 

6 leo) asa 
sy. k ay 


58. xy 


PART B: SIMPLIFYING COMPLEX RATIONAL EXPRESSIONS 


Simplify. Assume all variable expressions in the denominators are 
nonzero. 


59), 


60. 


61. 


62. 
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x*—4x—5 
2x2+3x+1 
x*—10x+25 
2x2+7x+3 
5x? +9x—2 
x2 +4x4+4 
10x2+3x-1 
4x24+7x—-2 


x2 


65. 


66. 


font 

So N 
&lRUYR 
ropes 
| | 
GO & [Ww 


SS 
N 


69. 


+ 


|- pe <l= I oa eee ed 


70. 


le 


72. 


i 
lH] ap on BPR RIA} po Cl= | ope 


— 
N 
N 
Nn 


| 
ae 


NX 
a 
= = 
[a] |e 


ee) 
| 


i) 


N 
> 
ae hte 
eS ele] s[Be1n] sto 


Oo 
= 
oS 


| 
[| 


Ne) 
| 


ta 
is) 


TS 


Ne) 
| 
RAL + 
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a eee 
x-5 x 
78. i 
as 
79 x+1 a x-2 
ere, ws 
x—3 x-2 
ae 
80, x+5 x—3 
ae 
x—3 2x-1 
x-1 all 
3x-1 x+1 
iy ae 
x+1 x+1 
x+1 ll 
3x+5 x+3 
vo al 
x+3 x+3 
2x+3 a 2x-3 
a 2x3 2x+3 
"2x43 2x-3 
2x—3 2x+3 
gai sep il 
x+1 x-1 
4. 
8 cer el 
x-1 x+1 
1 = 1 a 4x 
2x+5 2x—5 Ax2—25 
Se —S— —— 
ks a 1 a 4x 
2x+5 2x—5 4x2—25 
1 1 
36 3x-1 + 3x+1 
eS ea 
3x-1 3x+1 9x 2—] 
1 
87. i 
1+— 
ep 
i 
88. = 5 
(ee 
l+= 
pears 
y 5 
89. Tul 
y2 PD 
D 1 
aS 
90. ca 
y2 iD 
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i 4 


\o 
ie) 


cl Lo aS + | 
i) 
| 
|e 


93. 


+ | + 


94, 


<|[% fo Q po) i 


OB, 


a ln 4 HI<9]- F138, ]— sl 2 
|= 


< 
i) 
1 &fo 


als) 


96. 


NO 
ates 
| rs) 


x7! -4 


102. STP ee I eS: 
3 — 8x-! + 16(3x?) 
(x —3)71 + 2x71 


103 7 
x7! — 3 - 3)7 
(4x — 5) fx? 
ee mS 
x72 + (3x — 10)7 
105. Given f (x) = +, simplify f a cy 
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SOF@ 


b-a ~ 


106. Given f (x) = +. simplify 


h)— 
107. Given f (x) = 4, simplify the difference quotient GeO : FO) . 


i= 
108. Given f (x) = “ + 1, simplify the difference quotient AGED - fo) . 


PART C: DISCUSSION BOARD 


109. Explain why the domain of a sum of rational functions is the same as the 
domain of the difference of those functions. 


110. Two methods for simplifying complex rational expressions have been 
presented in this section. Which of the two methods do you feel is more 
efficient, and why? 
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ANSWERS 


hee 

S sox t— 

5. Sr 

7, Stix HX 

9. “a eg 42 
U1. en FAO? 
sles = eet 


pe #45 


(x+5) (x5) : 


7. “Hox #0,-4 
7(5—2x) 
ile), xed aon = —7, 0.7 
Mil, Sere eee ee ee 


(x-4(a—-1) (2x41) ’ 


Ba 
23: ae = () 


x45 
25% Eee # +2 


27. (f + 8 ) (x) = (f - g) C= Domain: 
(x0) U (0,9) 
x 4) 
2 (ie) (x) = eae dH? :(f - g) (x) = Sea De 
(—»,-2) U (—2,2)U (2, «) 
a. (f +8) @) = we i(f- 8) @ = CERI spomain: 


-%— 3) U (3,0) U (0) 
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33. (f +g) @) = een ees) He) Ce) ee Sees 


Domain: (—«, —5) U (—5,-1) U (-1,5) U (5,~) 


5. (fF +8) @) = gana  - 8) @ =- Sea 
Domain: (2, — +) U (-+.4)U (4.1)U (1, «) 

37. eV x #0 

39. tx #-+,8 

41, a 


C= ))- Gel) 
2x+1 1 
43. oe One! 


45. joes), = 2 


CC ————— 
(x — 2) (5x +1) 
je 3) 
aS 


65. 
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= 5x? 
© = 15 
ee BY 
eda 3 
6y+1 
71. — 
yy 
: x-4 
Ta 
3x + 1 
3x -—2 
3x +2 
8x — 1 
77. — 
x-1 
3x (x — 3) 
79, 
(x+ 1) @-1) 
81 a 
ana 
4x7 49 
Wa 
: 2x —5 
5, 
4x 
x+1 
© yet | 
xy 
89. 
Xk 
x+5y 
91. — 
Ixy 
a b* 
93. 5 
@&@—ab+b 
xy (x+y) 
95. 
mn 
97. ao 
X—y 
99 : 
pel 
101 za 
SS 
103 eit) 
2x +3 
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109. Answer may vary 
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4.7 Solving Rational Equations 


LEARNING OBJECTIVES 


1. Solve rational equations. 
2. Solve literal equations, or formulas, involving rational expressions. 
3. Solve applications involving the reciprocal of unknowns. 


Solving Rational Equations 


A rational equation” is an equation containing at least one rational expression. 
Rational expressions typically contain a variable in the denominator. For this 
reason, we will take care to ensure that the denominator is not 0 by making note of 
restrictions and checking our solutions. Solving rational equations involves clearing 
fractions by multiplying both sides of the equation by the least common 
denominator (LCD). 


33. An equation containing at least 
one rational expression. 
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Example 1 

1 2 _ x+9 
Solve: = ole Sa ae 
Solution: 


We first make a note of the restriction on x, x # 0). We then multiply both sides 
by the LCD, which in this case equals 2x7. 


1 2 +9 
2x (+ + =) =2x". (=) Multiply both sides by the LCD. 
% 


ke Dye 
1 2 +9 
CEO EO) is Distribute. 
% ee Die 
2x+4=x+9 Simplify and then solve. 
5) 


Check your answer. Substitute x = 5 into the original equation and see if you 
obtain a true statement. 


Lo A xa o) ene fi 
= —_-= riginal equation 
x x2 2x? s : 
1 2 5+9 
—+ ei - (Cigeleis = 5. 
7 26) 
J 2 
55 6 5 
S28 
05 058 25 

7 7 

eal aL 

DS WS 
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Answer: The solution is 5. 


After multiplying both sides of the previous example by the LCD, we were left with a 
linear equation to solve. This is not always the case; sometimes we will be left with 
quadratic equation. 
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Example 2 

Solve: SA eae gee 
“ x-4 Ip ~~ Fens 

Solution: 


In this example, there are two restrictions, x # 4 and x # 2. Begin by 
multiplying both sides by the LCD, (x — 2) (x — 4). 


ai = = 


8-2) eA ETE eB 4): OLS = 


3(@~+2) @-2)- &@+4) @-4)=@—-2) @—-2) 
3 (x? —4) — (x? — 16) =x* - 2x-2x+4 
Bye ID ae ce ile oe 
Ix? +4=x7 — 4x44 


(x= 2) 4). (Ae%? - ste a=) eo. & 


After distributing and simplifying both sides of the equation, a quadratic 
equation remains. To solve, rewrite the quadratic equation in standard form, 
factor, and then set each factor equal to 0. 


2x? +4=x7 — 4x44 
x? + 4x=0 
x(x + 4)=0 


x=0 orx+4=0 


x=-4 
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Check to see if these values solve the original equation. 


S042) #4 x= 2 
x-4 x-2 x-4 


= 
I 
ie) 


oS 


4 


=) 
4 


NIP NI-F po 
NJ NR vie 


Answer: The solutions are 0 and -4. 


Up to this point, all of the possible solutions have solved the original equation. 
However, this may not always be the case. Multiplying both sides of an equation by 
variable factors may lead to extraneous solutions”, which are solutions that do 
not solve the original equation. A complete list of steps for solving a rational 
equation is outlined in the following example. 


34. A solution that does not solve 
the original equation. 
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Example 3 


che = ee 
* 3x+1 ~ x—5 3x2—14x-5 ° 


Solution: 


Step 1: Factor all denominators and determine the LCD. 


2x I 4(x—1) 
reel Ces 022 ae 
2x 1 AG= 1) 


Gx+1) (x—5) Gxt (x5) 


The LCD is (3x + 1) (x —5). 
Step 2: Identify the restrictions. In this case, x # — +and kee S, 


Step 3: Multiply both sides of the equation by the LCD. Distribute carefully and 
then simplify. 


2x 1 4(x- 1) 
——__—_ =(4 1 —5)- = 
(3x + 1) oe Re ) (A (3x + 1) (x — 5) 


2% 1 
gia eee a? aa reg a! al 


2x (x -5)=8x+1)-4@-1) 


(3x + 1) (x —5)- 
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Step 4: Solve the resulting equation. Here the result is a quadratic equation. 
Rewrite it in standard form, factor, and then set each factor equal to 0. 


2x(x — 5)=(3x + 1) -—4@ - 1) 
2x? —10x=3x+1—4x+4 
2x? — 10x=—x +5 

2x? — 9x —5=0 
(2x + 1)\(x — 5)=0 


2x+1=0 orx—5=0 
2x=-1 Ls) 


Step 5: Check for extraneous solutions. Always substitute into the original 
equation, or the factored equivalent. In this case, choose the factored 


equivalent to check: 


2 eG) 
CPD)” (a3) GeeiyG—s) 
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Check x = 5 


Check x = —i 


Here 5 is an extraneous solution and is not included in the solution set. It is 
important to note that 5 is a restriction. 


Answer: The solution is — ~ : 


If this process produces a solution that happens to be a restriction, then disregard it 
as a solution. 
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ders) il Dis 


e ! . — 
Try this! Solve: [—> = —, + Ge 


Answer: — - 


(click to see video) 


Sometimes all potential solutions are extraneous, in which case we say that there is 
no solution to the original equation. In the next two examples, we demonstrate two 
ways in which rational equation can have no solutions. 
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Solution: 


To identify the LCD, first factor the denominators. 


dx 22 ee 
x2 43x-4 x-1 
aa 22 _ a+4 
ELE), Sp 


ir 


Multiply both sides by the LCD, (x + 4) (x — 1), distributing carefully. 


5x +22 x+4 
whe: (14 EE) 4 ayo) SE 
(9222) Ee (x + 4) 


(x + 4)(« — 1) + (5x 4+ 22)=4+ 404 4) 
Ro Seed ed eG 
x? + 8x +18=x" + 8x4 16 
18=16 False 


The equation is a contradiction and thus has no solution. 


Answer: No solution, © 


4.7 Solving Rational Equations 1027 


Chapter 4 Polynomial and Rational Functions 


Example 5 

Salve: Se ACerS) 
ONES = 5 pan wp eS 
Solution: 


First, factor the denominators. 


ay _ 3 (4x + 3) _ x 
(2% 53) © O43) Cx =3) ~~ Cre 3) 


Take note that the restrictions on the domain are x # + 7 .To clear the 
fractions, multiply by the LCD, (2x + 3) (2x — 3). 


3x (2x + 3)2x—3) 34x43): 2x+3)2x—3)_ x- 2x + 3)2x —)3) 
(2x — 3) (2x + 3)(2x — 3) (2x + 3) 
3x(2x + 3) — 3(4x + 3) =x(2x — 3) 
6x? + 9x — 12x — 9=2x” — 3x 
6x* — 3x —9=2x" — 3x 
4x? —9=0 
(2x + 3)(2x — 3)=0 


2x+3=0 or 2x-—3=0 


~——s> 25—S 
_ 3 _ 3 
ta) *=%9 
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Both of these values are restrictions of the original equation; hence both are 
extraneous. 


Answer: No solution, © 
It is important to point out that this technique for clearing algebraic fractions only 


works for equations. Do not try to clear algebraic fractions when simplifying 
expressions. As a reminder, an example of each is provided below. 


Expression | Equation 


Expressions are to be simplified and equations are to be solved. If we multiply the 
expression by the LCD, x (2x + 1), we obtain another expression that is not 
equivalent. 


Incorrect Correct 


1 x 
z x Del 0 
2x+1 1 Q ing 
ix (2x +1 (++ * ) = 212% 
x(2x+1)- (4+ ( Mx ten 
2x+1+x2 = 0 


eS ee 
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Rational equations are sometimes expressed using negative exponents. 
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Example 6 
Solve:6 +x7! = x7?. 
Solution: 


Begin by removing the negative exponents. 


Here we can see the restriction, x # 0. Next, multiply both sides by the LCD, 
A) 
Sea 


x? 64x? ae . a 
a 
6x7 +x=1 
6x? +x—1=0 
Br 1) Cx IH=0 
3x —1=0 or 2x +1=0 
a7 — ll 2x=-1 
il 1 
a aa 
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eel il 
Answer: 3 


A proportion” is a statement of equality of two ratios. 


This proportion is often read “a is to b as c is to d.” Given any nonzero real numbers 
a, b, c, and d that satisfy a proportion, multiply both sides by the product of the 


denominators to obtain the following: 


aad 

b d 

a Cc 
bd .- —=hd.- oes 

b d 

ad=bc 


This shows that cross products are equal, and is commonly referred to as cross 


multiplication”’. 


If = 


; “ then ad=bc 


Cross multiply to solve proportions where terms are unknown. 


35. A statement of equality of two 
ratios. 


36. If - — “then ad = be. 
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Example 7 

, = — 
Solve: Se 
Solution: 


When cross multiplying, be sure to group 5n — 1. 


5n—L_-3n 


5 Dy 


(5n-1)-2=5-3n 


Apply the distributive property in the next step. 


(5n—1)-2=5-3n 
10n — 2=15n_ Distribute. 
—2=5n Solve. 
—2_ 


Jn 


5 


Answer: n = — 


OTS) 


Cross multiplication can be used as an alternate method for solving rational 
equations. The idea is to simplify each side of the equation to a single algebraic 
fraction and then cross multiply. 
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Example 8 
Solve: + _ * = 


Solution: 


Obtain a single algebraic fraction on the left side by subtracting the equivalent 
fractions with a common denominator. 


1 4 2 x 
Sa ae 
x 8 x 
eS 
Ao 8 Xk 

x 8 


Note that x # Q, cross multiply, and then solve for x. 


aS et 
x 8 
8 (x — 8)=—x - 2x 
8x — 64=—2x? 


2x* + 8x — 64=0 
2 (x? + 4x — 23) 0 
2(x- 4) (x + 8)=0 


Next, set each variable factor equal to zero. 
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4.7 Solving Rational Equations 


x—-4=0 orx+8=0 


x=4 x=-8 
The check is left to the reader. 
Answer: -8, 4 
2(2x-5) ay 
is! : =-—2 
Try this! Solve: — ae 


Answer: 2, 3 


(click to see video) 


Solving Literal Equations and Applications Involving Reciprocals 


Literal equations, or formulas, are often rational equations. Hence the techniques 
described in this section can be used to solve for particular variables. Assume that 
all variable expressions in the denominator are nonzero. 
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Example 9 


The reciprocal of the combined resistance R of two resistors R; and R2 in 
parallel is given by the formula 4 = = + = Solve for R in terms of R; and 


Ro. 


Solution: 


The goal is to isolate R on one side of the equation. Begin by multiplying both 
sides of the equation by the LCD, RR; Ro. 


1 I] 1 
RR — hg i 
IN2* 102 R, 1X2 Ro 


R,Ro=RR2 + RR, 

R,Ro=R(R2 + Rj) 
RiRy | 
Ry +R, 


Ri Ro 


Answer: R = ReoS 
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4 2y+5 
Try this! Solve for y: x = as ; 
fa ee ORES) 
BAG as 


(click to see video) 


Recall that the reciprocal of a nonzero number n is 4 .For example, the reciprocal 
of 5 is +and 5: + = 1.In this section, the applications will often involve the key 


word “reciprocal.” When this is the case, we will see that the algebraic setup results 
in a rational equation. 
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Example 10 


A positive integer is 3 less than another. If the reciprocal of the smaller integer 
is subtracted from twice the reciprocal of the larger, then the result is — .Find 
the two integers. 


Solution: 
Let n represent the larger positive integer. 
Let n- 3 represent the smaller positive integer. 


Set up an algebraic equation. 


twice the reciprocal _ the reciprocal of the 


of the larger smaller is subtracted 
mmm TRE FOSUIDIS. 
2 1 1 aeame 1 
n n-3 20 


Solve this rational expression by multiplying both sides by the LCD. The LCD is 
20n(n — 3). 


2 iil 
n n—3 20 
) 1 

20n (n — 3) - (- =F 5 )=200(n=3)- ( 


20n(n — 3)- = — 20n (n= 3) - 5 =20n (n ~ 3)- ( 
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40 (n — 3) — 20n=n (n — 3) 
40n — 120 — 20n=n? — 3n 
20n — 120=n? — 3n 
O=n* — 23n + 120 
0=(n — 8) (n- 15) 


n—8=0 orn — 15=0 
n=8 n=15 


Here we have two viable possibilities for the larger integer n. For this reason, 
we will we have two solutions to this problem. 


lin =8,thenn =3 =] 8 —3 =35, 
lin = 15, thenn— 3 = 15/—3' = 12, 


As a check, perform the operations indicated in the problem. 
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Check 8 and 5. Check 15 and 12. 


Answer: Two sets of positive integers solve this problem: {5, 8} and {12, 15}. 


Try this! When the reciprocal of the larger of two consecutive even integers is 
subtracted from 4 times the reciprocal of the smaller, the result is “ .Find the 
integers. 


Answer: 4, 6 


(click to see video) 


KEY TAKEAWAYS 


* Begin solving rational equations by multiplying both sides by the LCD. 
The resulting equivalent equation can be solved using the techniques 
learned up to this point. 

* Multiplying both sides of a rational equation by a variable expression 
introduces the possibility of extraneous solutions. Therefore, we must 
check the solutions against the set of restrictions. If a solution is a 
restriction, then it is not part of the domain and is extraneous. 

* When multiplying both sides of an equation by an expression, distribute 
carefully and multiply each term by that expression. 

* Ifall of the resulting solutions are extraneous, then the original 
equation has no solutions. 
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TOPIC EXERCISES 


PART A: SOLVING RATIONAL EQUATIONS 


Solve. 
1 
ab?) = —— 
: 5 ; oe 
.35- m= 
: Dye x 
; i, ie 3 _ 1 
x2 Wx x2 
4 " 1 1 
4. —-+— = — 
x2 x 3x2 
1 is 2 Ve 
5 > + = 
6 3x 2x2 
1 1 _ 1 
. 2 ae x2 
2+—+ =) 
: x x(x-3) 
20 x + 44 
a5 x(x + 2) 


a= 1 2 Oe=3) 


pas 2 (4x + 7) 1 
10. ——> + —— =-— 
v3 x(x—5) x 
4 1 _ D 
= 4x-1 x-1 4x -1 
- I 2 
eo 
re ale 4 _ il 
SS FPS Ss TT 
D6 15 24 
14, — = 
x—2 x+4 £x24+2x-8 
e G 8 _ 
Ss Sa Sora 
2X 9 ill 
16 <r = 
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4 be 14 2 
I. SS S_»_ 
e220 2y > 6 2x+3 
i 8 4 7 4 
eS a 
_ 2x 1 2 Dx 
| 5 SS 2 OG 
Ds 1 6 
20. — = ——_ 
Dees Oe a 9 — 42 
ie 1 8 16 
21 = —— = ——— 
x+1 x-1l x2-1 
1 OF 2 (6x + 5) 
5 ate = By, ON aS 
ae 3. x42 543) 
ee Wes ees ne or 16 
2x 1 


24, 


i" x+3 Fey eS 
x — 10 x-3 x — 10 
5) x+3 
8 <— 4) = = 
Bee One al Sem Ome 
1 x-—6 1 
26. ———_—_—_—_—- + ——____—_. = ——_—_ 
yA 60 x2 6x 60) x2 — 36 
4 2 (x + 3) x+7 
————— — ee SS 
eens 2 lee on) ae ao 


x-1 x-—1 x-4 
28... ——_______- 


ote) Se ets Coen 
5 if x+1 5 
SES 
ree Tey asl te eyes ae 
il x-9 
30. _—_—_$§|_—. |= = 
X72 Oy 6S x2 Or ll x 64 27 
4 2 (x — 2) x+2 
31. a a 
x2 =—=4 72 =4,5— 12 y — 8x4 12 
x+2 x+2 x-1 
2. ——— 


ye = Bye da joe) = 


Solve the following equations involving negative exponents. 
50, DE Se Ue ae 
34. 34+x(x+1)7) =2(¢4+ 1)! 
35. x-* — 64 =0 
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36. 1—4x-7 =0 

37. x -(x +2) 1 =-2 

of De OO Ss 1 
6, Oe <a 1D) = 
Wy Se? se Boece! = 


Solve by cross multiplying. 


5 3 
4.—-=-— 
n n—2 
2n—1 1 
42. =-— 
2n oe 
n+ 
43, —-3= 
3n 
n+1 1 
44, — 
2n — 1 3 
re x+2 x+4 
x—-5 x-—2 
x+1 x—-5 
46. 
x+5 x 
2x + 1 x+5 
De 
—] 3x —2 
re 6Ox+3) ” au 
4x -1 5 
- SF 1) ee 
1-x x+1 
; 8 (x — 2) 5-x 
50. —————- = 
x+1 x—-2 
oe x+3 
51, = 


Sea 8G =5) 
x+1 —8 (x + 4) 


Bye. = 
x+4 ieee Tl 
Simplify or solve, whichever is appropriate. 
1 a 2 2, 
53. — =-— 
x x-3 3 
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1 3 1 
54, —-=— 
x-3 4 x 
x-2 2-x 
55. — 
3x -1 x 
n i 1 
2 ee 
x-1 5 
57. a 
3x x+1 6 
: x-1 5) 
58. =— 
3x x+1 6 
2x + 1 i 1 
5 ——— 
2x — 3 ox 
5 3x+ 1 1 
; 2x x+1 
Find the roots of the given function. 
2x-1 
a. fx) = — 
may 
Be 
620) — 7) 
x- — 81 
63 54 
g(x) a 
Bee) 0 
ae 
° ee 
4x- -—9 
65. f (x) ae 
3x- —2x- 1 
66 (x) — 2_] 


67. Given f (x) = + +5, find x when f (x) = 2. 
68. Given f (x) = —, find xwhenf (x) = +. 
69. Given f (x) = <> + 2, find x whenf (x) = 1. 
70. Given f (x) = +> +5, findx when f (x) = 3. 


Find the x- and y-intercepts. 


n.f@=1+4 


x+1 
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72. f (x)= + -6 
3. f@=—++2 
ma. f@==o>-1 
5. f(x)=+-3 


76. f () =o 


Find the points where the given functions coincide. (Hint: Find the 
points where f (x) = g (x).) 


77. f @) = pe @)=x 
78. f (x) = — 7.80) = —x 
79. f@=—+3g@)=x+1 


80. f(x) =a —Lg@=x+2 


Recall that if X| = p,then X = —p or X = P. Use this to solve the 
following absolute value equations. 


il 
Sik = 2 
at 
D 
$2. - rl 
x+2 
3x —2 
: = 
83 a5] 
5x -3 
! = 3) 
. Tt 
D 
i 
85. =) 
; aad 
D 
— 48 
86. a =2 
x 


PART B: SOLVING LITERAL EQUATIONS 


Solve for the given variable. 
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4.7 Solving Rational Equations 


87. 
88. 
89. 
90. 
Chl, 


92. 
Bo 
94, 
OB, 


96. 
Oa 


98. 


99. The value in dollars of a tablet computer is given by the function 


100. The value in dollars of a car is given by the function 


=i 
V (t) = 24,000 (0.57 + 1) , where t represents the age of the car. 
Determine the age of the car if it is now worth $6,000. 


101. 


102. 


Solve for P: Ww = a 
Solve for A: f = fet 
= 


ele eine 
Solve for t: i AF a 


Solve forn: P = 1 + 


Solve for y:m = — 
Solve form ,:F = G —- 
Solve for y:X = a 

Solve for y:X = — 

Solve for y:X = = 

Solve for y:X = = 

Solve for x: = ae - = 4 
Solve for y: = ~ = jh 


Use algebra to solve the following applications. 


V (t) = 460(t + 1)! where t represents the age of the tablet. Determine 


the age of the tablet if it is now worth $100. 


Solve for the unknowns. 


When 2 is added to 5 times the reciprocal of a number, the result is 12. Find the 


number. 


When 1 is subtracted from 4 times the reciprocal of a number, the result is 11. 


Find the number. 
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103. The sum of the reciprocals of two consecutive odd integers is = . Find the 


integers. 


104. The sum of the reciprocals of two consecutive even integers is — . Find the 


integers. 

105. An integer is 4 more than another. If 2 times the reciprocal of the larger is 
subtracted from 3 times the reciprocal of the smaller, then the result is ‘ : 
Find the integers. 

106. An integer is 2 more than twice another. If 2 times the reciprocal of the larger 
is subtracted from 3 times the reciprocal of the smaller, then the result is — : 

Find the integers. 


107. If3 times the reciprocal of the larger of two consecutive integers is subtracted 
from 2 times the reciprocal of the smaller, then the result is + . Find the two 
integers. 

108. If 3 times the reciprocal of the smaller of two consecutive integers is 
subtracted from 7 times the reciprocal of the larger, then the result is 1 Find 


2 
the two integers. 


109. A positive integer is 5 less than another. If the reciprocal of the smaller integer 
is subtracted from 3 times the reciprocal of the larger, then the result is Sy : 
Find the two integers. 

110. A positive integer is 6 less than another. If the reciprocal of the smaller integer 
is subtracted from 10 times the reciprocal of the larger, then the result is - : 

Find the two integers. 


PART C: DISCUSSION BOARD 


111. Explain how we can tell the difference between a rational expression and a 
rational equation. How do we treat them differently? Give an example of each. 


112. Research and discuss reasons why multiplying both sides of a rational equation 
by the LCD sometimes produces extraneous solutions. 
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4.7 Solving Rational Equations 


oY), 


101. 


103. 


105. 


107. 


109. 


Ta, 


3.6 years old 


Nl 


5,7 
{-8, -4} and {12, 16} 
{1, 2} or {-4, -3} 
{4, 9} or {15, 20} 


Answer may vary 


91. y=mM(X—-X0)+Yo 
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oe =F 
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SD 
abc 
WW, = 
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4.8 Applications and Variation 


LEARNING OBJECTIVES 


1. Solve applications involving uniform motion (distance problems). 

2. Solve work-rate applications. 

3. Set up and solve applications involving direct, inverse, and joint 
variation. 


Solving Uniform Motion Problems 


Uniform motion (or distance)*’ problems involve the formula D = rt, where the 
distance D is given as the product of the average rate r and the time t traveled at 
that rate. If we divide both sides by the average rate r, then we obtain the formula 


D 
r 


For this reason, when the unknown quantity is time, the algebraic setup for 
distance problems often results in a rational equation. We begin any uniform 
motion problem by first organizing our data with a chart. Use this information to 
set up an algebraic equation that models the application. 


37. Described by the formula 
D = rt.where the distance D 
is given as the product of the 
average rate r and the time t 
traveled at that rate. 


1051 


Chapter 4 Polynomial and Rational Functions 


Example 1 


Sally traveled 15 miles on the bus and then another 72 miles on a train. The 
train was 18 miles per hour faster than the bus, and the total trip took 2 hours. 
What was the average speed of the train? 


Solution: 
First, identify the unknown quantity and organize the data. 
Let x represent the average speed (in miles per hour) of the bus. 


Let x + 18 represent the average speed of the train. 


Distance = Rate = Time 


Total 2 hours 


To avoid introducing two more variables for the time column, use the formula 
= .The time for each leg of the trip is calculated as follows: 


alls 
Time spent on the bus : t= — = — 
fx 
Ti ton the train : t Z le 
n rain :t=—= 
ime spent on the trai or arene 


Use these expressions to complete the chart. 
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Distance = Rate x Time 


ais ae | ie | 


Total 


The algebraic setup is defined by the time column. Add the time spent on each 
leg of the trip to obtain a total of 2 hours: 


time spent on the bus _ time spent on the train 
—“— 
15 72 
— + 
os x+18 


total time of trip 
a 
= 2 


We begin solving this equation by first multiplying both sides by the LCD, 
x(x + 18). 


1s: oe 
at pase 
is da 
x(x + 18) (S + Fy) =n 4 18)-2 


is 
+18)-—+ +18)- 
ae ) a as ) x+18 


15(x + 18) + 72x=2x(x + 18) 

15x + 270 + 72x=2x" + 36x 

87x + 270=2x7 + 36x 
O=2x* — 51x — 270 


=x(x + 18) -2 


Solve the resulting quadratic equation by factoring. 
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4.8 Applications and Variation 


0=2x* — 51x — 270 
0=(2x + 9) (x — 30) 


2x+9= 0 orx-—30=0 


Since we are looking for an average speed we will disregard the negative 
answer and conclude the bus averaged 30 mph. Substitute x = 30 in the 
expression identified as the speed of the train. 


x+ 18 = 30+ 18 = 48 


Answer: The speed of the train was 48 mph. 
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Example 2 


A boat can average 12 miles per hour in still water. On a trip downriver the boat 
was able to travel 29 miles with the current. On the return trip the boat was 
only able to travel 19 miles in the same amount of time against the current. 
What was the speed of the current? 


Solution: 
First, identify the unknown quantities and organize the data. 
Let c represent the speed of the river current. 


Next, organize the given data in a chart. Traveling downstream, the current 
will increase the speed of the boat, so it adds to the average speed of the boat. 
Traveling upstream, the current slows the boat, so it will subtract from the 
average speed of the boat. 


Distance = Rate x Time 


Total 


Use the formula t = to fill in the time column. 


trip d j t a zd 
rl ownriver f= — = 
P = TD RE 
: ; D 19 
tripupriver: t=—= 
r l12-c¢ 
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4.8 Applications and Variation 


Distance = Rate x Time 


trip downriver 


trip upriver 


Total 


Because the boat traveled the same amount of time downriver as it did upriver, 


finish the algebraic setup by setting the expressions that represent the times 


equal to each other. 


29 «19 
Oe Sie 


Since there is a single algebraic fraction on each side, we can solve this 


equation using cross multiplication. 


2919 
Ife 7 12=e 
29 (12 — c)=19 (12 +c) 
348 — 29c=228 + 19¢ 


120=48c 
120 
Tee 
5 = 
ao 


Answer: The speed of the current was 2 +miles per hour. 
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Try this! A jet aircraft can average 160 miles per hour in calm air. On a trip, the 
aircraft traveled 600 miles with a tailwind and returned the 600 miles against a 

headwind of the same speed. If the total round trip took 8 hours, then what was 
the speed of the wind? 


Answer: 40 miles per hour 


(click to see video) 


Solving Work-Rate Problems 


The rate at which a task can be performed is called a work rate**. For example, if a 
painter can paint a room in 6 hours, then the task is to paint the room, and we can 
write 


1 task 


—— work rate 
6 hours 


In other words, the painter can complete + of the task per hour. If he works for less 


than 6 hours, then he will perform a fraction of the task. If he works for more than 
6 hours, then he can complete more than one task. For example, 


amount of task completed 


work-rate xX time 


1 1 

& x 3hrs = 5 one-half of the room painted 
1 

ra x 6hrs = 1. onewholeroom painted 

1 

7 x 12hrs = 2 twowhole rooms painted 


38. The rate at which a task can be 
performed. 
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Obtain the amount of the task completed by multiplying the work rate by the 
amount of time the painter works. Typically, work-rate problems involve people or 
machines working together to complete tasks. In general, if t represents the time 
two people work together, then we have the following work-rate formula”: 


1 1 
— t+ —t= amount of task completed together 


ty bh 


Here + and 4 are the individual work rates. 


1 ee 1 
ial ie aed oe 1 where i 
and 4 are the individual work 


rates and t is the time it takes 
to complete the task working 
together. 
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Example 3 


Joe can paint a typical room in 2 hours less time than Mark. If Joe and Mark can 
paint 5 rooms working together in a 12 hour shift, how long does it take each to 
paint a single room? 


Solution: 
Let x represent the time it takes Mark to paint a typical room. 
Let x - 2 represent the time it takes Joe to paint a typical room. 


Therefore, Mark’s individual work-rate is + rooms per hour and Joe’s is aoe 


rooms per hour. Both men worked for 12 hours. We can organize the data ina 
chart, just as we did with distance problems. 


Amount of Task Work - 
Completed = Rate x Time 


Working together, they can paint 5 total rooms in 12 hours. This leads us to the 
following algebraic setup: 


Multiply both sides by the LCD, x (x — 2). 
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LZ 12 


x(x — 2)- (5+ Z)=0-9-5 


12 12 
Oe ee) ee) 
x-2 x 
12x + 12(x% — 2)=5x(x — 2) 
12x 19 = 24 = 5 = 10x 
O=5x? — 34x4+ 24 


Solve the resulting quadratic equation by factoring. 


O=5x? — 34x + 24 
O= (5x — 4) (x — 6) 


5x -4=0 orx-—6=0 
5x=4 x =6 

4 

5 


C= 


We can disregard < because back substituting into x - 2 would yield a negative 


time to paint a room. Take x = 6 to be the only solution and use it to find the 
time it takes Joe to paint a typical room. 


C= = b= 2 


Answer: Joe can paint a typical room in 4 hours and Mark can paint a typical 
room in 6 hours. As a check we can multiply both work rates by 12 hours to see 
that together they can paint 5 rooms. 


4.8 Applications and Variation 1060 


Chapter 4 Polynomial and Rational Functions 


1 
Joe — - 12 hrs=3 rooms 
ae Total5 rooms / 
lroom 
Mark - 12 hrs=2 rooms 
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Example 4 


It takes Bill twice as long to lay a tile floor by himself as it does Manny. After 
working together with Bill for 4 hours, Manny was able to complete the job in 2 
additional hours. How long would it have taken Manny working alone? 


Solution: 
Let x represent the time it takes Manny to lay the floor alone. 
Let 2x represent the time it takes Bill to lay the floor alone. 


Manny’s work rate is + of the floor per hour and Bill’s work rate is t Bill 
worked on the job for 4 hours and Manny worked on the job for 6 hours. 


Amount of Task Work - 
Completed = Rate x Time 


6 hours 


4 hours 


Solve. 
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Opa 
x 2x 
6 2 
EX (2+ 2) =: 1 
eG 
6+2=x 
8=x 


Answer: It would have taken Manny 8 hours to complete the floor by himself. 


Consider the work-rate formula where one task is to be completed. 


Factor out the time t and then divide both sides by t. This will result in equivalent 


specialized work-rate formulas: 


In summary, we have the following equivalent work-rate formulas 


Work rate formulas 
1 1 t t 1 1 i 
—t+—t=1 or —+—=1 or —+—=— 
ty ty ty to t 


ty ty 
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Try this! Matt can tile a countertop in 2 hours, and his assistant can do the 
same job in 3 hours. If Matt starts the job and his assistant joins him 1 hour 
later, then how long will it take to tile the countertop? 


Answer: | hours 
(click to see video) 


Solving Problems involving Direct, Inverse, and Joint variation 


Many real-world problems encountered in the sciences involve two types of 
functional relationships. The first type can be explored using the fact that the 
distance s in feet an object falls from rest, without regard to air resistance, can be 
approximated using the following formula: 


s= 16° 


Here t represents the time in seconds the object has been falling. For example, after 
2 seconds the object will have fallen s = 16(2 = 16-4 = 64 feet. 


Time t in seconds | Distance s = 16f7 in feet 
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40. Describes two quantities x and 
y that are constant multiples of 
each other: y = kx. 


41. The nonzero multiple k, when 
quantities vary directly or 
inversely. 


42. Used when referring to the 
constant of variation. 


4.8 Applications and Variation 


Time t in seconds | Distance s = 16f7 in feet 


In this example, we can see that the distance varies over time as the product of a 
constant 16 and the square of the time t. This relationship is described as direct 
variation”° and 16 is called the constant of variation*'. Furthermore, if we divide 
both sides of s = 1627 by t* we have 


In this form, it is reasonable to say that s is proportional to t”, and 16 is called the 
constant of proportionality’’. In general, we have 


Key words Translation 


“y varies directly as x” Ke 
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Key words Translation 


“y is directly proportional to x” 


“y is proportional to x” 


43 


Here k is nonzero and is called the constant of variation or the constant of 
proportionality. Typically, we will be given information from which we can 
determine this constant. 


43. Used when referring to direct 
variation. 
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Example 5 


An object’s weight on Earth varies directly to its weight on the Moon. If a man 
weighs 180 pounds on Earth, then he will weigh 30 pounds on the Moon. Set up 
an algebraic equation that expresses the weight on Earth in terms of the weight 
on the Moon and use it to determine the weight of a woman on the Moon if she 
weighs 120 pounds on Earth. 


Solution: 
Let y represent weight on Earth. 
Let x represent weight on the Moon. 


We are given that the “weight on Earth varies directly to the weight on the 
Moon.” 


y=kx 


To find the constant of variation k, use the given information. A 180-lb man on 
Earth weighs 30 pounds on the Moon, ory = 180 when x = 30. 


180 =k - 30 


Solve for k. 
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Next, set up a formula that models the given information. 


i = 0% 


This implies that a person’s weight on Earth is 6 times his weight on the Moon. 
To answer the question, use the woman’s weight on Earth, y = 120 lbs, and solve 
for x. 


120=6x 

120 | 

eas 
20=% 


Answer: The woman weighs 20 pounds on the Moon. 


The second functional relationship can be explored using the formula that relates 
the intensity of light I to the distance from its source d. 
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Here k represents some constant. A foot-candle is a measurement of the intensity of 
light. One foot-candle is defined to be equal to the amount of illumination produced 
by a standard candle measured one foot away. For example, a 125-Watt fluorescent 
growing light is advertised to produce 525 foot-candles of illumination. This means 
that at a distance d = | foot, ] = 525 foot-candles and we have: 


Using k = 525 we can construct a formula which gives the light intensity produced 


by the bulb: 


ee 
a 


Here d represents the distance the growing light is from the plants. In the following 
chart, we can see that the amount of illumination fades quickly as the distance from 
the plants increases. 


Light Intensity 


distance t in feet 
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Light Intensity 


distance t in feet 


This type of relationship is described as an inverse variation“*. We say that I is 
inversely proportional” to the square of the distance d, where 525 is the constant 
of proportionality. In general, we have 


Key words Translation 


“y varies inversely as x” 


44, Describes two quantities x and 


y, where one variable is “y is inversely proportional to x” 
directly proportional to the 


reciprocal of the other: 


yas. 


Again, k is nonzero and is called the constant of variation or the constant of 
45. Used when referring to inverse 


variation. proportionality. 
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Example 6 


The weight of an object varies inversely as the square of its distance from the 
center of Earth. If an object weighs 100 pounds on the surface of Earth 
(approximately 4,000 miles from the center), how much will it weigh at 1,000 
miles above Earth’s surface? 


Solution: 
Let w represent the weight of the object. 
Let d represent the object’s distance from the center of Earth. 


Since “w varies inversely as the square of d,” we can write 


Use the given information to find k. An object weighs 100 pounds on the surface 
of Earth, approximately 4,000 miles from the center. In other words, w = 100 
when d = 4,000: 


zr (4,000) 


Solve for k. 


4.8 Applications and Variation 1071 


Chapter 4 Polynomial and Rational Functions 


(4,000Y - 100=(4,000" - ———— 
(4,000) 


1,600,000,000=k 
1.6 x 10° =k 


Therefore, we can model the problem with the following formula: 


1.6 x 10° 
v= 
a 


To use the formula to find the weight, we need the distance from the center of 
Earth. Since the object is 1,000 miles above the surface, find the distance from 
the center of Earth by adding 4,000 miles: 


d = 4,000 + 1,000 = 5,000 miles 


To answer the question, use the formula with d = 5,000. 


_ 1.6 x 10° 

* 65,0007 

1.6 x 10° 

~ 25,000,000 
_ 16x 10? 
2.5 x 10! 
=0.64 x 10° 
=64 
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Answer: The object will weigh 64 pounds at a distance 1,000 miles above the 
surface of Earth. 


Lastly, we define relationships between multiple variables, described as joint 
variation’’. In general, we have 


Key Words Translation 


“y varies jointly as x and z” 


“y is jointly proportional to x and z” 


47 


Here k is nonzero and is called the constant of variation or the constant of 
proportionality. 


46. Describes a quantity y that 
varies directly as the product 
of two other quantities x and z: 


y = kxz. 


47. Used when referring to joint 
variation. 


4.8 Applications and Variation 
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Example 7 


The area of an ellipse varies jointly as a, half of the ellipse’s major axis, and b, 


half of the ellipse’s minor axis as pictured. If the area of an ellipse is 3002 cm’, 


where a = 10 cmand b = 30cm, what is the constant of proportionality? Give 
a formula for the area of an ellipse. 


| 
a 
Solution: 


If we let A represent the area of an ellipse, then we can use the statement “area 
varies jointly as a and b” to write 


A= kab 


To find the constant of variation k, use the fact that the area is 300 when 
a= Wand > = 30: 


3002 =k(10)(30) 
300z = 300k 


m=k 


Therefore, the formula for the area of an ellipse is 


A = azab 
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Answer: The constant of proportionality is z and the formula for the area of an 
ellipse is A = abz. 


Try this! Given that y varies directly as the square of x and inversely with z, 
where y = 2 when x = 3 and z = 27, find y when x = 2 and z= 16. 


ios) 


Answer: a 


(click to see video) 


KEY TAKEAWAYS 


* When solving distance problems where the time element is unknown, 
use the equivalent form of the uniform motion formula, t = 2 to avoid 
introducing more variables. 

* When solving work-rate problems, multiply the individual work rate by 
the time to obtain the portion of the task completed. The sum of the 
portions of the task results in the total amount of work completed. 

* The setup of variation problems usually requires multiple steps. First, 
identify the key words to set up an equation and then use the given 
information to find the constant of variation k. After determining the 
constant of variation, write a formula that models the problem. Once a 
formula is found, use it to answer the question. 
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4.8 Applications and Variation 


TOPIC EXERCISES 


PART A: SOLVING UNIFORM MOTION PROBLEMS 


Use algebra to solve the following applications. 


. Every morning Jim spends 1 hour exercising. He runs 2 miles and then he bikes 


16 miles. If Jim can bike twice as fast as he can run, at what speed does he 
average on his bike? 


. Sally runs 3 times as fast as she walks. She ran for 7 of a mile and then walked 


another 3 + miles. The total workout took | “ hours. What was Sally’s 
average walking speed? 


. Ona business trip, an executive traveled 720 miles by jet and then another 80 


miles by helicopter. If the jet averaged 3 times the speed of the helicopter, and 
the total trip took 4 hours, what was the average speed of the jet? 


. A triathlete can run 3 times as fast as she can swim and bike 6 times as fast as 


: : ee : : : 
she can swim. The race consists of a Ti mile swim, 3 mile run, and a 12 mile 


bike race. If she can complete all of these events in 1 - hour, then how fast 


can she swim, run and bike? 


. Onaroad trip, Marty was able to drive an average 4 miles per hour faster than 


George. If Marty was able to drive 39 miles in the same amount of time George 
drove 36 miles, what was Marty’s average speed? 


. The bus is 8 miles per hour faster than the trolley. If the bus travels 9 miles in 


the same amount of time the trolley can travel 7 miles, what is the average 
speed of each? 


. Terry decided to jog the 5 miles to town. On the return trip, she walked the 5 


miles home at half of the speed that she was able to jog. If the total trip took 3 
hours, what was her average jogging speed? 


. James drove the 24 miles to town and back in 1 hour. On the return trip, he was 


able to average 20 miles per hour faster than he averaged on the trip to town. 
What was his average speed on the trip to town? 


. A light aircraft was able to travel 189 miles with a 14 mile per hour tailwind in 


the same time it was able to travel 147 miles against it. What was the speed of 
the aircraft in calm air? 
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10. 


iL, 


iW, 


iS), 


14. 


iS), 


16. 


WZ 


18. 


A jet flew 875 miles with a 30 mile per hour tailwind. On the return trip, 
against a 30 mile per hour headwind, it was able to cover only 725 miles in the 
same amount of time. How fast was the jet in calm air? 


A helicopter averaged 90 miles per hour in calm air. Flying with the wind it 
was able to travel 250 miles in the same amount of time it took to travel 200 
miles against it. What is the speed of the wind? 


Mary and Joe took a road-trip on separate motorcycles. Mary’s average speed 
was 12 miles per hour less than Joe’s average speed. If Mary drove 115 miles in 
the same time it took Joe to drive 145 miles, what was Mary’s average speed? 


A boat averaged 12 miles per hour in still water. On a trip downstream, with 
the current, the boat was able to travel 26 miles. The boat then turned around 
and returned upstream 33 miles. How fast was the current if the total trip took 
5 hours? 


If the river current flows at an average 3 miles per hour, a tour boat can make 
an 18-mile tour downstream with the current and back the 18 miles against the 


current in 4 -. hours. What is the average speed of the boat in still water? 


Jose drove 10 miles to his grandmother’s house for dinner and back that same 
evening. Because of traffic, he averaged 20 miles per hour less on the return 
trip. If it took . hour longer to get home, what was his average speed driving 
to his grandmother’s house? 


Jerry paddled his kayak, upstream against a 1 mph current, for 12 miles. The 
return trip, downstream with the 1 mph current, took one hour less time. How 
fast did Jerry paddle the kayak in still water? 


James and Mildred left the same location in separate cars and met in Los 
Angeles 300 miles away. James was able to average 10 miles an hour faster than 
Mildred on the trip. If James arrived 1 hour earlier than Mildred, what was 
Mildred’s average speed? 


A bus is 20 miles per hour faster than a bicycle. If Bill boards a bus at the same 
time and place that Mary departs on her bicycle, Bill will arrive downtown 5 


miles away z hour earlier than Mary. What is the average speed of the bus? 


PART B: SOLVING WORK-RATE PROBLEMS 


4.8 Applications and Variation 


Use algebra to solve the following applications. 
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4.8 Applications and Variation 


iG), 


20. 


“Als 


Das 


Mn 


24, 


29s 


26. 


Die 


28. 


We), 


Mike can paint the office by himself in 4 + hours. Jordan can paint the office 
in 6 hours. How long will it take them to paint the office working together? 


Barry can lay a brick driveway by himself in 3 ~ days. Robert does the same 


job in 5 days. How long will it take them to lay the brick driveway working 
together? 


A larger pipe fills a water tank twice as fast as a smaller pipe. When both pipes 
are used, they fill the tank in 10 hours. If the larger pipe is left off, how long 
would it take the smaller pipe to fill the tank? 


A newer printer can print twice as fast as an older printer. If both printers 
working together can print a batch of flyers in 45 minutes, then how long 
would it take the older printer to print the batch working alone? 


Mary can assemble a bicycle for display in 2 hours. It takes Jane 3 hours to 
assemble a bicycle. How long will it take Mary and Jane, working together, to 
assemble 5 bicycles? 


Working alone, James takes twice as long to assemble a computer as it takes 
Bill. In one 8-hour shift, working together, James and Bill can assemble 6 
computers. How long would it take James to assemble a computer if he were 
working alone? 


Working alone, it takes Harry one hour longer than Mike to install a fountain. 
Together they can install 10 fountains in 12 hours. How long would it take 
Mike to install 10 fountains by himself? 


Working alone, it takes Henry 2 hours longer than Bill to paint a room. 
Working together they painted 2 + rooms in 6 hours. How long would it have 
taken Henry to paint the same amount if he were working alone? 


Manny, working alone, can install a custom cabinet in 3 hours less time than 
his assistant. Working together they can install the cabinet in 2 hours. How 
long would it take Manny to install the cabinet working alone? 


Working alone, Garret can assemble a garden shed in 5 hours less time than his 
brother. Working together, they need 6 hours to build the garden shed. How 
long would it take Garret to build the shed working alone? 


Working alone, the assistant-manager takes 2 more hours than the manager to 
record the inventory of the entire shop. After working together for 2 hours, it 
took the assistant-manager 1 additional hour to complete the inventory. How 
long would it have taken the manager to complete the inventory working 
alone? 
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30. An older printer can print a batch of sales brochures in 16 minutes. A newer 
printer can print the same batch in 10 minutes. After working together for 
some time, the newer printer was shut down and it took the older printer 3 
more minutes to complete the job. How long was the newer printer operating? 


PART C: SOLVING VARIATION PROBLEMS 


Translate each of the following sentences into a mathematical formula. 


31. The distance D an automobile can travel is directly proportional to the time t 
that it travels at a constant speed. 


32. The extension of a hanging spring d is directly proportional to the weight w 
attached to it. 


33. An automobile’s braking distance d is directly proportional to the square of the 
automobile’s speed v. 


34. The volume V of a sphere varies directly as the cube of its radius r. 


35. The volume V of a given mass of gas is inversely proportional to the pressure p 
exerted on it. 


36. Every particle of matter in the universe attracts every other particle with a 
force F that is directly proportional to the product of the masses 1, and m7 
of the particles, and it is inversely proportional to the square of the distance d 
between them. 


37. Simple interest I is jointly proportional to the annual interest rate r and the 
time t in years a fixed amount of money is invested. 


38. The time t it takes an object to fall is directly proportional to the square root of 
the distance d it falls. 


Construct a mathematical model given the following: 
39. y varies directly as x, and y = 30 when x= 6. 
40. y varies directly as x, and y = 52 when x= 4. 
41. yis directly proportional to x, and y = 12 when x = 3. 
42. y is directly proportional to x, and y = 120 when x = 20. 
43. y is inversely proportional to x, and y = 3 when x = 9. 


44, y is inversely proportional to x, and y = 21 when x = 3. 
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45. y varies inversely as x, and y = 2whenx = 5 : 


46. y varies inversely as x, and y = - when X = $ : 


47. y is jointly proportional to x and z, where y = 2 when x = 1 and z= 3. 


48. y is jointly proportional to x and z, where y = 15 when x = 3 and z= 7. 
49. y varies jointly as x and z, where y = . when xX = + and z = 12. 


50. y varies jointly as x and z, where y=5 when xX = ~ and Z = 5 . 


51. y varies directly as the square of x, where y = 45 when x = 3. 


52. y varies directly as the square of x, where y = 3 when X = ‘ 3 


53. y is inversely proportional to the square of x, where y = 27 whenX = z : 


54. y is inversely proportional to the square of x, where y = 9 whenX = 7 : 


55. y varies jointly as x and the square of z, where y = 6 when X = “ and Z = 7 : 


56. y varies jointly as x and z and inversely as the square of w, where y = 5 when x = 


1,z=3,andw = -. 


57. y varies directly as the square root of x and inversely as the square of z, where 
y = 15 when x = 25 and z= 2. 


58. y varies directly as the square of x and inversely as z and the square of w, 
where y = 14 when x = 4, w = 2, and z = 2. 


Solve applications involving variation. 


59. Revenue in dollars is directly proportional to the number of branded 
sweatshirts sold. The revenue earned from selling 25 sweatshirts is $318.75. 
Determine the revenue if 30 sweatshirts are sold. 


60. The sales tax on the purchase of a new car varies directly as the price of the 
car. If an $18,000 new car is purchased, then the sales tax is $1,350. How much 
sales tax is charged if the new car is priced at $22,000? 


61. The price of a share of common stock in a company is directly proportional to 
the earnings per share (EPS) of the previous 12 months. If the price of a share 
of common stock in a company is $22.55, and the EPS is published to be $1.10, 
determine the value of the stock if the EPS increases by $0.20. 
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4.8 Applications and Variation 


62. 


63. 


64, 


65. 


66. 


67. 


68. 


The distance traveled on a road trip varies directly with the time spent on the 
road. If a 126-mile trip can be made in 3 hours, then what distance can be 
traveled in 4 hours? 


The circumference of a circle is directly proportional to its radius. The 
circumference of a circle with radius 7 centimeters is measured as 147 
centimeters. What is the constant of proportionality? 


The area of circle varies directly as the square of its radius. The area of a circle 
with radius 7 centimeters is determined to be 497 square centimeters. What 
is the constant of proportionality? 


The surface area of a sphere varies directly as the square of its radius. When 
the radius of a sphere measures 2 meters, the surface area measures 167 
square meters. Find the surface area of a sphere with radius 3 meters. 


The volume of a sphere varies directly as the cube of its radius. When the 
radius of a sphere measures 3 meters, the volume is 367 cubic meters. Find 
the volume of a sphere with radius 1 meter. 


With a fixed height, the volume of a cone is directly proportional to the square 
of the radius at the base. When the radius at the base measures 10 centimeters, 
the volume is 200 cubic centimeters. Determine the volume of the cone if the 
radius of the base is halved. 


The distance d an object in free fall drops varies directly with the square of the 
time t that it has been falling. If an object in free fall drops 36 feet in 1.5 
seconds, then how far will it have fallen in 3 seconds? 


Hooke’s law suggests that the extension of a hanging spring is directly 
proportional to the weight attached to it. The constant of variation is 
called the spring constant. 


Figure 4.1 


Robert Hooke 
(1635—1703) 
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69. A hanging spring is stretched 5 inches when a 20-pound weight is attached to 
it. Determine its spring constant. 


70. A hanging spring is stretched 3 centimeters when a 2-kilogram weight is 
attached to it. Determine the spring constant. 


71. Ifa hanging spring is stretched 3 inches when a 2-pound weight is attached, 
how far will it stretch with a 5-pound weight attached? 


72. Ifa hanging spring is stretched 6 centimeters when a 4-kilogram weight is 
attached to it, how far will it stretch with a 2-kilogram weight attached? 


The braking distance of an automobile is directly proportional to the 
square of its speed. 


73. It takes 36 feet to stop a particular automobile moving at a speed of 30 miles 
per hour. How much breaking distance is required if the speed is 35 miles per 
hour? 


74. After an accident, it was determined that it took a driver 80 feet to stop his car. 
In an experiment under similar conditions, it takes 45 feet to stop the car 
moving at a speed of 30 miles per hour. Estimate how fast the driver was 
moving before the accident. 


Figure 4.2 


Robert Boyle 
(1627—1691) 


Boyle’s law states that if the temperature remains constant, the volume 
V of a given mass of gas is inversely proportional to the pressure p 
exerted on it. 


75. A balloon is filled to a volume of 216 cubic inches on a diving boat under 1 
atmosphere of pressure. If the balloon is taken underwater approximately 33 
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4.8 Applications and Variation 


76. 


Wi. 


78. 


We), 


80. 


81. 


82. 


83. 


84. 


feet, where the pressure measures 2 atmospheres, then what is the volume of 
the balloon? 


A balloon is filled to 216 cubic inches under a pressure of 3 atmospheres at a 
depth of 66 feet. What would the volume be at the surface, where the pressure 
is 1 atmosphere? 


To balance a seesaw, the distance from the fulcrum that a person must sit is 
inversely proportional to his weight. If a 72-pound boy is sitting 3 feet from the 
fulcrum, how far from the fulcrum must a 54-pound boy sit to balance the 
seesaw? 


The current I in an electrical conductor is inversely proportional to its 


resistance R. If the current is J ampere when the resistance is 100 ohms, what 


is the current when the resistance is 150 ohms? 


The amount of illumination I is inversely proportional to the square of the 
distance d from a light source. If 70 foot-candles of illumination is measured 2 


feet away from a lamp, what level of illumination might we expect . foot away 
from the lamp? 


The amount of illumination I is inversely proportional to the square of the 
distance d from a light source. If 40 foot-candles of illumination is measured 3 
feet away from a lamp, at what distance can we expect 10 foot-candles of 
illumination? 


The number of men, represented by y, needed to lay a cobblestone driveway is 
directly proportional to the area A of the driveway and inversely proportional 
to the amount of time t allowed to complete the job. Typically, 3 men can lay 
1,200 square feet of cobblestone in 4 hours. How many men will be required to 
lay 2,400 square feet of cobblestone in 6 hours? 


The volume of a right circular cylinder varies jointly as the square of its radius 
and its height. A right circular cylinder with a 3-centimeter radius and a height 
of 4 centimeters has a volume of 367 cubic centimeters. Find a formula for 
the volume of a right circular cylinder in terms of its radius and height. 


The period T of a pendulum is directly proportional to the square root of its 
length L. If the length of a pendulum is 1 meter, then the period is 
approximately 2 seconds. Approximate the period of a pendulum that is 0.5 
meter in length. 


The time t it takes an object to fall is directly proportional to the square root of 
the distance d it falls. An object dropped from 4 feet will take “ second to hit 
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the ground. How long will it take an object dropped from 16 feet to hit the 
ground? 


Newton’s universal law of gravitation states that every particle of 
matter in the universe attracts every other particle with a force F that 
is directly proportional to the product of the masses 7; and 2 of the 
particles and inversely proportional to the square of the distance d 
between them. The constant of proportionality is called the 
gravitational constant. 


Figure 4.3 


Sir Isaac Newton 
(1643-1727) 


Source: Portrait of 

Isaac Newton by Sir 

Godfrey Kneller, from 
http://commons.wikimedia.org/ 
wiki/ 

File:GodfreyKneller- 
IsaacNewton-1689. 


http://commons.wikimedia.org/ 
wiki/File:Frans_Hals_- 
_Portret_ 


_van_Ren%C3%A9_Descartes.jpg. 
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85. If two objects with masses 50 kilograms and 100 kilograms are + meter apart, 


then they produce approximately 1.34 x 107° newtons (N) of force. 
Calculate the gravitational constant. 


86. Use the gravitational constant from the previous exercise to write a formula 
that approximates the force F in newtons between two masses 1; andM7, 
expressed in kilograms, given the distance d between them in meters. 


87. Calculate the force in newtons between Earth and the Moon, given that the 
mass of the Moon is approximately 7.3 X Oe kilograms, the mass of Earth 
is approximately 6.0 x 1074 kilograms, and the distance between them is on 
average 1.5 X 101! meters. 


88. Calculate the force in newtons between Earth and the Sun, given that the mass 
of the Sun is approximately 2.0 X O72 kilograms, the mass of Earth is 
approximately 6.0 x lee kilograms, and the distance between them is on 
average 3.85 X 10° meters. 


89. If y varies directly as the square of x, then how does y change if x is doubled? 
90. If y varies inversely as square of t, then how does y change if t is doubled? 


91. If y varies directly as the square of x and inversely as the square of t, then how 
does y change if both x and t are doubled? 
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ANSWERS 


4.8 Applications and Variation 


il, 


3: 


5), 


Io 


20 miles per hour 
240 miles per hour 
52 miles per hour 
5 miles per hour 


112 miles per hour 


. 10 miles per hour 


1 mile per hour 


. 40 miles per hour 


. 50 miles per hour 


a 7 hours 
. 30 hours 
6 hours 
. 20 hours 
. 3 hours 
. 4hours 
Dkr 
a = lap 
= 
P 
T= Kr 
=n 
y = 4x 
pas 
Wr 
y= xz 


1086 


Chapter 4 Polynomial and Rational Functions 


4.8 Applications and Variation 


49. 


Sil, 


BY), 


61. 


63. 


65. 


67. 


69. 


le 


W3do 


WS, 


Wide 


TDs 


81. 


83. 


85. 


87. 


89. 


onl, 


ys yx 
y SS 
gj, 9S — 
x2 
5. y= 54x27 
124/x 
i = 
22 
$382.50 
$26.65 
20 
367 square meters 


50 cubic centimeters 


1 


4 


7.5 inches 

49 feet 

108 cubic inches 
4 feet 

1,120 foot-candles 
4 men 


1.4 seconds 
6.7 x 107! Nm?/kg? 
1.98 x 10° N 


y changes by a factor of 4 


y remains unchanged 
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REVIEW EXERCISES 
ALGEBRA OF FUNCTIONS 


Evaluate 
1. Given f (x) = 2x* — x + 6, find f (—3),f (0), and f (10). 
2. Given g (x) = —x? + 4x — 1, find g (—1), g (0), and g (3). 
3. Givenh(t) = —f — 20 + 3,findh (—3),h (0), andh (2). 
4. Given p (x) = x* — 2x* +x, find p (—1), p (0), andp (2). 


5. The following graph gives the height hi (f) in feet of a projectile over time fin 
seconds. 


h(t) 


a. Use the graph to determine the height of the projectile at 2.5 seconds. 
b. At what time does the projectile reach its maximum height? 
c. How long does it take the projectile to return to the ground? 


6. Given the graph of the function f, find f (—9), f (—3) , and f (12). 
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7. From the ground, a bullet is fired straight up into the air at 340 meters per 
second. Ignoring the effects of air friction, write a function that models the 
height of the bullet and use it to calculate the bullet’s height after one-quarter 
of a second. (Round off to the nearest meter.) 


8. An object is tossed into the air at an initial speed of 30 feet per second from a 
rooftop 10 feet high. Write a function that models the height of the object and 
use it to calculate the height of the object after 1 second. 


Perform the operations. 


OmGiveny? (i=! ou nee Wand @ (a) = 2 find 
(f+) @. 


iomciven; (=a - + ox Sand ei — 4 - tind 
i ee (ihe 


11. Given f (x) = 3x* —x +2 and g(x) = 2x —3,find (f - g) (x). 
12. Given f (x) = 27x° — 15x° — 3x? and g (x) = 3x?, find (f/g) (x). 
13. Given g (x) = x” — x + 1, find g (—3u). 


14. Given g(x) = x? — 1, find g (x — 1). 


Given f (x) = 16x? — 12x? + 4x,9(x) =x? —x+1,and 
h(x) = 4x, find the following: 


15. (g-h) (x) 
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FACTORING POLYNOMIALS 


Factor out the greatest common factor (GCF). 
Te x 
BaiSa ba be ob: 


Ds, Grp = Bey tae 
26. 3n 2n n 
Factor by grouping. 
27. 2x3 —x* 4+2x-—1 
28. 3x? —x* —6x+2 
i, = Sy eva = Sy 
30. @b-a+ab> —b 
Sl, De aly ey = ae 
32, Kye — xy? + x3y4 =x?" 
Factor the special binomials. 


33. 64x? -—1 
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34. 9 — 100y? 
Se oo Sig 
36. 4— (2x — 1)? 
37. @b° + 125 
sooty ay 
, be 7 
40, = Il 

oh, ge (Gabe 
ele b° 


FACTORING TRINOMIALS 


Factor. 

43, x7 — 8x — 48 

a4, x7 — 15x+54 

45, x7 —4x—6 
tone — rye oy 
a ye Toy 
43, —x? + 5x + 150 
49. —2y? + 20y + 48 
50. 28x? + 20x + 3 
51. 150x? — 100x + 6 
52. 24a’ — 38ab + 3b” 
BO, Die = Siiny ay” 


Bl, epee = ay 3 9) 
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55. 16m* + 72mn + 81n? 
ben = 90 20 

Gp, Pont? = Boe 4516 

58, 2x4 + 7x? +3 

se, ge te Ba ye — He 
6a — sab + 15)" 
Gl, 728 he to] 


Gh, (One 5 


SOLVE POLYNOMIAL EQUATIONS BY FACTORING 


Factor completely. 
637 45x — 20x 
la — 0 eel 
65. —20x” + 32x — 3 
6, ey Oar 
67 24a b> ap 
esa al 
69. 64x7 +1 
70. x° = Rey = cae = y? 

Solve by factoring. 

71. 9x* + 8x =0 

72, x7 -1=0 

73. x7 —12x+20=0 
Wa x — 24 —48 = 0 
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75. (2x+ 1) &@-2) =3 

76, 2—(«—4)* =-7 

77. (x-—6) («+ 3) = -18 

78. (x +5) (2x- 1) =3(2x- 1) 


Le ae ae ee 
79, > X + 3% aS 

ee eee ee 
80. 7% mets = 0 


gi. x? — 2x? — 24x =0 
32, xt — 5x7 +4=0 
Find the roots of the given functions. 
BD. fi) = (Wye = os 
Ma Gp) = ee = ile 
85. h(t) = —16t? + 64 
se) = oa — Ji 4 


=p RS by 3A 


87. 
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88. 
89. 


90. 


nl, 


92. 


-30 -25 -20 -15 —1 


The height in feet of an object dropped from the top of a 16-foot ladder is given 
by h(t) = —16t* + 16, where t represents the time in seconds after the 
object has been dropped. How long will it take to hit the ground? 


The length of a rectangle is 2 centimeters less than twice its width. If the area 
of the rectangle is 112 square centimeters, find its dimensions. 


A triangle whose base is equal in measure to its height has an area of 72 square 
inches. Find the length of the base. 


A box can be made by cutting out the corners and folding up the edges of a 
sheet of cardboard. A template for a rectangular cardboard box of height 2 
inches is given. 


eee 
ooo 
| ca ¢ 
What are the dimensions of a cardboard sheet that will make a rectangular box 
with volume 240 cubic inches? 


Solve or factor. 


SB, pp = WS 


o4, x7 —-121=0 
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Sal. — 207 =) 
Goan = Idx 5 
97, x° —x? —2x-2 


98. 3x2 = —15x 


Find a polynomial equation with integer coefficients, given the 
solutions. 


Oo), 5-2 
2 1 
100. Ey 
4 
NON, Se 5 
102. +10 
103. -4,0,3 


104. -8 double root 


RATIONAL FUNCTIONS: MULTIPLICATION AND DIVISION 


State the restrictions and simplify. 
108x3 
12x2 
SOG 12) 4 
SuGp= DP 
64 - 
2x2 — 15x -8 
3x7 + 28x +9 
81 — x2 
x? —25 10x* — 15x 


105. 


106. 


107. 


108. 


OS —_ ——S 

5x2 Ds Sep 5 

he = Ae = 6 AQ 2 
LQ — SSS Fa 
(=e x? +x—42 

28x? (2x — 3) - 1x 

LS <§ —SS a 
4x2 —9 An] — 10x 9 
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niI7/, 
118. 
gLiIG), 


120. 


Wa 


Wee 


123. 


124. 
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7_10x+24 — 2x? 
BSG 


— 13x+6 


ii, SS 
x? + 2x — 24 


Perform the operations and simplify. Assume all variable expressions 
in the denominator are nonzero. 


Le —b 2ab 
Li) 
4a*b- +4ab’ a —2ab+b 
@ —Sab- 6b 9b? = 
ln eee en 
a& —4ab+4b 3a b — 6a2b 
x? t+xy+y* x? -Yy? ie) 
i ia a aC oe ha a ee 
4x2 4+3xy—y2 x3 —y3 ° 12x2y — 3xy?2 
x4 =y" x2 — Axy ye 2x? — lixy + oye 
te; Gee a A oo nn ca a oe 
x2 — Ixy + y2 10x3 2x3y + 2xy3 
Perform the operations and state the restrictions. 
_ 4x?+39x—10 = 2S 
Given f (x) = SS and 8 (x) = Srraray find (f - 8) (2). 
Given f (x) = 3 and g (x) = =~, find (f - g) (x). 
Given f (x) = = — and g (x) = ps find (f/g) @). 
ee 
Given f (x) = ==2e100 and g (x) = ASI find (F/g) (2). 


The daily cost in dollars of running a small business is given by 

C (x) = 150 + 45x where x represents the number of hours the business 
is in operation. Determine the average cost per hour if the business is in 
operation for 8 hours in a day. 


An electric bicycle manufacturer has determined that the cost of producing its 
product in dollars is given by the function C (n) = 2n? + 100n + 2,500 
where n represents the number of electric bicycles produced in a day. 
Determine the average cost per bicycle if 10 and 20 are produced in a day. 


Given f (x) = 3x — 5, simplify oo 


aaa g(x) 


Given g(x) = 2x% —x+1 , simplify 
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RATIONAL FUNCTIONS: ADDITION AND SUBTRACTION 


State the restrictions and simplify. 
5x -—6 Ax 
x? -36 x? -36 


126. —+5x 
x 


Wd, 


AY, = 
x 
ie n 3 
x-2 x+3 
T(x - 1) 


A214 15 x3 
19x + 25 


128. 


5) 
130) 
x 


U3, = 
Te x+4 2x24+7x-4 
ile, ee ee 

Cle Goole) 71 
1 Y= 5 517 — 3r-2 

th ——= = 2 

t-1 7 -2t+1 @— ly 


135, 2x7! + x 


ne Gee yy ie 


Simplify. Assume that all variable expressions used as denominators 


are nonzero. 


1 1 
i837/ D a 
ee 
49 x2 
el eee 
100 x2 
138. eis 
5 10 
Dees IS 
x x—5 
139. 
io psaeeee 
x+2 EG 
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(OEE 
140 Erg 
25 

1-3 
yp ee! 
14a) 
B= Bye! tho 
e 8x +y_ 
" y2 — 64-2 


Perform the operations and state the restrictions. 


1 


PS 


3. Given f (x) = > and g (x) = 44, find (f + g) (x). 


1 


PS 


4. Given f (x) = == Matel (60) —*_, find (f a g) Os 


a 


145, Given f (x) = = and g(x) = 454, find (f — g) (x). 


PS 


146. Given f (x) = = and g (x) = 24, find (f — g) (x). 
Solve. 
14 } 
7 _ 
2x +15 
ae BX = 264 
= 4. 7 a8 
ae x+5 x—-2 _ 
" 2a~+2) x+4 
2 1 0 
150. = 
—5 x+1 
x+1 4 10 
151. = 
ya 6 So Ee 
» 102 2 — 3x 
152. —— = 
x 43 Qx2 + 3x 
x+7 _ 
eo a oy ena 
4x — 
154. = 
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D x 2(3 — 4x) 
155. —————_— + ——__ = ——_ 
3x a Gy 
156 a5 : = zs 
2 eee = 
Des 1 4— 7x 
157. — ———_ 


eia5 | Deas 5 ee a 
eG 1 x+8 
158. a 


Gece Oye 7 wa Laura 


1 ps 
159. _ ——— 
P= Qreel ~~ 722 27] 1 
ok ie oe 
160 SS — eS — SSeS 
t—-2 t-3 amet Nas 
Hl, ee al il 
161. Solve for a: i eee 
; _ d= 
162. Solve fory:X = ra 


163. A positive integer is 4 less than another. If the reciprocal of the larger integer 
is subtracted from twice the reciprocal of the smaller, the result is 7 . Find the 
two integers. 

164. If3 times the reciprocal of the larger of two consecutive odd integers is added 


to 7 times the reciprocal of the smaller, the result is - . Find the integers. 


165. Ifthe reciprocal of the smaller of two consecutive integers is subtracted from 


three times the reciprocal of the larger, the result is — . Find the integers. 


166. A positive integer is twice that of another. The sum of the reciprocals of the 


two positive integers is + . Find the two integers. 


APPLICATIONS AND VARIATION 


Use algebra to solve the following applications. 


167. Manuel traveled 8 miles on the bus and another 84 miles on a train. If the train 
was 16 miles per hour faster than the bus, and the total trip took 2 hours, what 
was the average speed of the train? 


168. A boat can average 10 miles per hour in still water. On a trip downriver, the 
boat was able to travel 7.5 miles with the current. On the return trip, the boat 
was only able to travel 4.5 miles in the same amount of time against the 
current. What was the speed of the current? 
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169. 


170. 


g/l. 


17/22, 


Ws 


174. 


WSs 


176. 


Wee 


178. 


179. 


180. 


Susan can jog, on average, | + miles per hour faster than her husband Bill. Bill 


can jog 10 miles in the same amount of time it takes Susan to jog 13 miles. How 
fast, on average, can Susan jog? 


In the morning, Raul drove 8 miles to visit his grandmother and then returned 
later that evening. Because of traffic, his average speed on the return trip was 
+ that of his average speed that morning. If the total driving time was - of an 
hour, what was his average speed on the return trip? 


One pipe can completely fill a water tank in 6 hours while another smaller pipe 
takes 8 hours to fill the same tank. How long will it take to fill the tank to - 
capacity if both pipes are turned on? 


It takes Bill 3 minutes longer than Jerry to fill an order. Working together they 
can fill 15 orders in 30 minutes. How long does it take Bill to fill an order by 
himself? 


Manny takes twice as long as John to assemble a skateboard. If they work 
together, they can assemble a skateboard in 6 minutes. How long would it take 
Manny to assemble the skateboard without John’s help? 


Working alone, Joe can complete the yard work in 30 minutes. It takes Mike 45 
minutes to complete work on the same yard. How long would it take them 
working together? 


Construct a mathematical model given the following: 


y varies directly as x, where y = 30 when x = 5. 
y varies inversely as x, where y = 3 when x = -2. 
y is jointly proportional to x and z, where y = -50 when x = -2 and z=5. 


y is directly proportional to the square of x and inversely proportional to z, 
where y = -6 when x = 2 and z= -8. 


The distance an object in free fall varies directly with the square of the time 
that it has been falling. It is observed that an object falls 36 feet in 1 ‘ 
seconds. Find an equation that models the distance an object will fall, and use 


it to determine how far it will fall in 2 “ seconds. 


After the brakes are applied, the stopping distance d of an automobile varies 
directly with the square of the speed s of the car. If a car traveling 55 miles per 
hour takes 181.5 feet to stop, how many feet will it take to stop if it is moving 
65 miles per hour? 
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181. The weight of an object varies inversely as the square of its distance from the 
center of the Earth. If an object weighs 180 lbs on the surface of the Earth 
(approximately 4,000 miles from the center), then how much will it weigh at 
2,000 miles above the Earth’s surface? 


182. The cost per person of renting a limousine varies inversely with the number of 
people renting it. If 5 people go in on the rental, the limousine will cost $112 
per person. How much will the rental cost per person if 8 people go in on the 
rental? 


183. To balance a seesaw, the distance from the fulcrum that a person must sit is 
inversely proportional to his weight. If a 52-pound boy is sitting 3 feet away 
from the fulcrum, then how far from the fulcrum must a 44-pound boy sit? 
Round to the nearest tenth of a foot. 
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ANSWERS 


i, 2) = AO) S Gale) = 1 
4, B= Wah OS ens 1c 
5. a. 60 feet; b. 2 seconds; c. 4 seconds 


(ie Aes e— —4.9t? + 340f; at 0.25 second, the bullet’s height is about 85 
meters. 


9. (f+g) () = 7x? - 4x 

u. (f -g) (&) = 6x3 — 11x? + 7x -6 
13. g(—3u) = 9u2 +3u+1 

15. (g-h) (x) = 4x> — 4x? + 4x 

17. (g +f) (x) = 16x? — 11x? +3x41 
19. (f -h) (-1) = 128 


a7. (x* +1) 2x-1) 

29. (x? +7) (x —5y) 

31. 2x (x —2y) (x* +?) 

33. (8x + 1) (8x - 1) 

35. (x + 6y) (x - 6y) 
. (ab+5) (@b? — Sab + 25) 

39. (9x? + y*) (3x+y) (3x-y) 
| 


x + 2y) ee — 2xy + 4y”) (x — 2y) (x? + 2xy + 4y*) 
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ase b 2) kO-rat) 

45. Prime 

47. (x aF Sy) (x ar 15y) 

49. —2(y— 12) (y+2) 

51. 2(15x—1) (5x-3) 

53. (3u + v) (Qu — 4v) 

55. (4m + 9n)? 

57. (Sx* —6) (5x? - 1) 

59. (x3 + 5y3) (x3 — 2y3) 

61. (x”" — De 

63. 5x (3x + 2) (3x - 2) 

65. — (10x — 1) (2x - 3) 

67. 3ab” (2a+b) (4a — 2ab + b”) 
69. Prime 

Als = 
T3 2y UO 
Tey lk, eS 
Ws WO 3 
By = 


oo 
2 
81. -4,0, 6 
2 

OG 


85, £2 
7, LOL 6 


89. 1second 
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91. 12 inches 


93. Factor; (x +5) (x—5) 


95. Solve; +, 3 

97. Factor;(x — 1) (x? — 2) 
99. x* —3x -10=0 

101. 25x? — 16 =0 

ie, e° ae = (De Sl 


105. 9x;x #0 


x+8 1 
17 ata Be = 5 ,8 


109. 


2 
111. ———x x +2,0 


2b(a—b) 


3xy 


4x—-1)(2x-3 
u7. (f+ g) @) = SEE x # -10, -5, -3,2 


3x(2x—1) 


19. (f/g) &) = =S—:x # -2,0, 5 


121. $63.75 per hour 


131, =2;x 4 3,5 


t7+1 
7 CoG). : 7 ! 
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2x+1 
135. =3—3X = =) 


TBS 

137, = 
(x+2)(2x-15) 

139. ——_———_ 
(x—5) (3x-4) 
x(x+2) 

141, ey 


Hes (to | (Oe) = ae gs 8 


us. (f —g) @&) = sasx # 45 
NAN, 8) 

149, -1,4 

sey, Jil, @) 

163 


Nl, = 


3 

WN S97/, 5) 
3 
159. a 


161 0s =" 

163. {8,12} 

165. {5, 6} 

167. 48 miles per hour 

169. 6.5 miles per hour 

171. Approximately 2.6 hours 
173. 18 minutes 

ey — Or 

jay Ke 

179. d = 16f*; 100 feet 


181. 80 lbs 
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183. Approximately 3.5 feet 
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SAMPLE EXAM 


Given f (x) = x* —x +4,¢(x) = 5x —1,and 
h(x) = 2x* + x — 3, find the following: 


ih (g . h) (x) 
2. (h—f) (x) 
eh sety) (Gl) 
Factor. 
4, x? + 16x — 2x? — 32 
be ne 
6. x* — 81 
i, Depew = Aran 6 
Sulla yell yey 


Solve. 
9. 6x? + 24x = 0 
1025 Or 2) la 
11, (2x + 1)* = 23x +6 
12. Find a quadratic equation with integer coefficients given the solutions 
{3+ ~ 3}: 
13. Given f (x) = 5x* —x + 4, simplify LOI where He, 


Simplify and state the restrictions. 
4x? —33x+8  16x7-1 


x2—10x+16 ° x2 —4x4+4 
x-1 1 2(x +11) 


fa) Se arr 


14. 


IB}, 
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Assume all variable expressions in the denominator are nonzero and 


simplify. 
3 1 
x ty 
16. is 
y2 x2 
Solve. 
6x — 5 2x 
1 ee 
3x +2 ll 
Das | Dy, 
18. - —— = ——_ 
x+5 5-x x? —25 
19. Find the root of the function defined by f (x) = — — 4. 
Ive fory:x = = 
20. Solve for y:xX = oo 


“Al, 


Bebe 


23, 


24, 


255 


4.9 Review Exercises and Sample Exam 


Use algebra to solve. 


The height of an object dropped from a 64-foot building is given by the 
function h (t) = —16t* + 64, where t represents time in seconds after it 
was dropped. 


a. Determine the height of the object at - of a second. 
b. How long will it take the object to hit the ground? 


One positive integer is 3 units more than another. When the reciprocal of the 
larger is subtracted from twice the reciprocal of the smaller, the result is - 2 
Find the two positive integers. 

A light airplane can average 126 miles per hour in still air. On a trip, the 
airplane traveled 222 miles with a tailwind. On the return trip, against a 
headwind of the same speed, the plane was only able to travel 156 miles in the 
same amount of time. What was the speed of the wind? 


On the production line, it takes John 2 minutes less time than Mark to 
assemble a watch. Working together they can assemble 5 watches in 12 
minutes. How long does it take John to assemble a watch working alone? 


Write an equation that relates x and y, given that y varies inversely with the 
square of x, where y = — < when Xx = 3. Use it to find y when x = ‘ ; 
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ANSWERS 


1, g-h) CoO. 3x- — la 


3. 


5. (x —2y) (x? + 2xy + 4y”) 
7 (Sxy — 4) 

9. -4,0 

11. +15 

13, 10x+5h-1 

i. 23x £1,7 

17. _ 

9, — 


21. a.55 feet; b. 2 seconds 


23. 22 miles per hour 


6. y=—-3;y=-12 


xe” 
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5.1 Roots and Radicals 


LEARNING OBJECTIVES 


Identify and evaluate square and cube roots. 

Determine the domain of functions involving square and cube roots. 
Evaluate nth roots. 

Simplify radicals using the product and quotient rules for radicals. 


BP WO DH fF 


Square and Cube Roots 


Recall that a square root’ of a number is a number that when multiplied by itself 
yields the original number. For example, 5 is a square root of 25, because 5* = 25. 


3 
Since (-5) = 25, we can say that -5 is a square root of 25 as well. Every positive 
real number has two square roots, one positive and one negative. For this reason, 
we use the radical sign vA to denote the principal (nonnegative) square root’ and 


a negative sign in front of the radical — vA to denote the negative square root. 


V25=5 Positive square root of 25 
—4/25 =—5 Negative square root of 25 


Zero is the only real number with one square root. 


0 =( because 07 =0 


1. A number that when multiplied 
by itself yields the original 
number. 


2. The positive square root of a 
positive real number, denoted 


with the symbol J . 
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Example 1 


Evaluate. 


ay AZ 1 


bh Sl 


Solution: 


fot) 
— 
N 
— 
I| 
— 
— 
N 
I| 
— 
— 


If the radicand’, the number inside the radical sign, can be factored as the square 


of another number, then the square root of the number is apparent. In this case, we 
have the following property: 


Va =a if a>O 


Or more generally, 


V@= ld if aER 


The absolute value is important because a may be a negative number and the 
radical sign denotes the principal square root. For example, 


3. The expression A within a 


2 — 
radical sign, WA. (-8y) = I-81=8 
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Make use of the absolute value to ensure a positive result. 


Example 2 


Simplify: V/ (x — 2)°. 
Solution: 


Here the variable expression x — 2 could be negative, zero, or positive. Since 
the sign depends on the unknown quantity x, we must ensure that we obtain 
the principal square root by making use of the absolute value. 


Answer: |x — 2] 


The importance of the use of the absolute value in the previous example is apparent 
when we evaluate using values that make the radicand negative. For example, when 
be 


4/(x — 2% =x — 2I 


=l1 -2l 
=I-1l 
=" 
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Next, consider the square root of a negative number. To determine the square root 
of -25, you must find a number that when squared results in -25: 


However, any real number squared always results in a positive number. The square 
root of a negative number is currently left undefined. For now, we will state that 


/-25 is not a real number. Therefore, the square root function’ given by 
bese — x is not defined to be a real number if the x-values are negative. The 
smallest value in the domain is zero. For example, f (0) = V0 = Oand 
fA= /4 = 2.Recall the graph of the square root function. 


The domain and range both consist of real numbers greater than or equal to zero: 
(0, 00) . To determine the domain of a function involving a square root we look at 
the radicand and find the values that produce nonnegative results. 


4. The function defined by 


f@ =. 
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Example 3 
Determine the domain of the function defined by f (x) = +1/2x + 3. 
Solution: 


Here the radicand is 2x + 3. This expression must be zero or positive. In other 


words, 
2x+3>0 
Solve for x. 
2x +3>0 
2x>-3 
3¢ Be a 
cae eo) 


Answer: Domain: [- - ; 0) 


A cube root? of a number is a number that when multiplied by itself three times 
yields the original number. Furthermore, we denote a cube root using the symbol 


Vv , where 3 is called the index’. For example, 


5. Anumber that when used as a 
factor with itself three times 
yields the original number, 
denoted with the symbol Va : 


/64=4, because 4° = 64 


6. The positive integer n in the 


notation / that is used to 
indicate an nth root. 
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The product of three equal factors will be positive if the factor is positive and 
negative if the factor is negative. For this reason, any real number will have only 


one real cube root. Hence the technicalities associated with the principal root do 
not apply. For example, 


,/-64 = -4, because (—4) = —64 


In general, given any real number a, we have the following property: 


V@=a if aER 


When simplifying cube roots, look for factors that are perfect cubes. 
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Example 4 


Evaluate. 


1 
Cc om 
di 
Coe = 


Solution: 


It may be the case that the radicand is not a perfect square or cube. If an integer is 


not a perfect power of the index, then its root will be irrational. For example, V2 is 
an irrational number that can be approximated on most calculators using the root 


button . Depending on the calculator, we typically type in the index prior to 
pushing the button and then the radicand as follows: 


3 |v} 2 [=] 


Therefore, we have 
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V2 ~ 1.260, because 1.260%3 x2 


Since cube roots can be negative, zero, or positive we do not make use of any 
absolute values. 


Example 5 
Simplify: 1; (y - ie 
Solution: 


The cube root of a quantity cubed is that quantity. 


O=0) sy=% 


Answer: y — 7 


Try this! Evaluate: \/—1000. 


Answer: -10 


(click to see video) 


Next, consider the cube root function’: 


7. The function defined by 


FoH=—7. f(x) = y/x Cube root function. 
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Since the cube root could be either negative or positive, we conclude that the 
domain consists of all real numbers. Sketch the graph by plotting points. Choose 
some positive and negative values for x, as well as zero, and then calculate the 
corresponding y-values. 


Ordered Pairs 


f(-8)=*/-8=-2 (-8, -2) 
-1 f(-D=V/-1=-1 (-1,-1) 
0 f(0) =V0 =0 (0, 0) 
1 fd) =*#/1 =1 (1,1) 
2 fF) S78 =2 (8, 2) 


The graph passes the vertical line test and is indeed a function. In addition, the 
range consists of all real numbers. 
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Example 6 


Given g(x) = 1/x + 1 + 2, find g (—9), g (—2), g (—1), and g (0) . Sketch the 
graph of g. 


Solution: 


Replace x with the given values. 


x 


(x) e(x)= xt 1 +2 Ordered Pairs 
-9 0 g(-9)=y/-9+14+2=4/-8+2=-2+2=0 (-9,0) 
—2) 1 9(-2)=4/-24142=/-1+2=-142=1 (-2,1 
—1)2 g(-I=/-14+14+2=/0+2 =04+2 =2 (-1,2) 
013 gO)=V/041+2 =V/1+2 =1+2 =3 (0,3) 


We can also sketch the graph using the following translations: 


— Vx Basic cube root function 


y=VWx+1 Horizontal shift left 1 unit 
y=VWx+142 Vertical shift up 2 units 


Answer: 
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nth Roots 


For any integer n > 2, we define an nth root’ of a positive real number as a 
number that when raised to the nth power yields the original number. Given any 
nonnegative real number a, we have the following property: 


W/d' =a, if a>0O 


Here n is called the index and a’ is called the radicand. Furthermore, we can refer 
to the entire expression VA as a radical’. When the index is an integer greater 
than or equal to 4, we say “fourth root,” “fifth root,” and so on. The nth root of any 
number is apparent if we can write the radicand with an exponent equal to the 
index. 


8. A number that when raised to 
the nth power (1 > 2) yields 
the original number. 


9. Used when referring to an 
expression of the form WA ; 
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Example 7 
Simplify. 
a. V/81 
b 4/32 
a ail 
1 
ee a 


Solution: 


Note: If the index isn = 2, then the radical indicates a square root and it is 
customary to write the radical without the index; va = a. 


We have already taken care to define the principal square root of a real number. At 
this point, we extend this idea to nth roots when n is even. For example, 3 is a 
fourth root of 81, because 3* = 81. And since (=3)' = 81, we can say that -3 isa 
fourth root of 81 as well. Hence we use the radical sign WV to denote the principal 
(nonnegative) nth root’’ when n is even. In this case, for any real number a, we use 
the following property: 


Vd’ = lal When nis even 


For example, 
10. The positive nth root when n is 
even. 
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4 


/81=1/3* =31 =3 


81 =f (-3)' =I-31=3 


The negative nth root, when n is even, will be denoted using a negative sign in front 


of the radical — WV : 


- i =-VF =-3 


We have seen that the square root of a negative number is not real because any real 
number that is squared will result in a positive number. In fact, a similar problem 
arises for any even index: 


We can see that a fourth root of -81 is not a real number because the fourth power 
of any real number is always positive. 


4/—81 These radicals are not real numbers. 


You are encouraged to try all of these on a calculator. What does it say? 
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Example 8 
Simplify. 
a. V(—10)' 
b VV —10° 
ey (2y se He 
Solution: 


Since the indices are even, use absolute values to ensure nonnegative results. 


a. V(-10)' = I-101 = 10 
b. V—-10* = 4/—10,000 is not a real number. 


c. y/(2y+1)° = y+] 


When the index n is odd, the same problems do not occur. The product of an odd 
number of positive factors is positive and the product of an odd number of negative 
factors is negative. Hence when the index n is odd, there is only one real nth root 
for any real number a. And we have the following property: 


Wd" =a Whenn is odd 
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Example 9 

Simplify. 
ae (Oy. 
by — 32 
canal (2y 4 1)’ 

Solution: 


Since the indices are odd, the absolute value is not used. 


In summary, for any real number a we have, 


Wd' =|a| When nis even 
W/d' =a When n is odd 


When n is odd, the nth root is positive or negative depending on the sign of the 
radicand. 


J27 =V3 =3 


4/-27= 4) (-3" =-3 
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11. Given real numbers WA and 
vB 
VA-B = WA - WB. 
12. Given real numbers VA and 
7 n ‘A 
VB, i" 4 — Te 
V VB 
Bz 0. 
13. A radical where the radicand 
does not consist of any factors 


that can be written as perfect 
powers of the index. 


5.1 Roots and Radicals 


When n is even, the nth root is positive or not real depending on the sign of the 


radicand. 


Try this! Simplify: —8 y/ —32. 


Answer: 16 


(click to see video) 


Simplifying Radicals 


It will not always be the case that the radicand is a perfect power of the given index. 
If it is not, then we use the product rule for radicals'’ and the quotient rule for 


radicals” to simplify them. Given real numbers /A and WB , 


Product Rule for Radicals: 


Quotient Rule for Radicals: 


A radical is simplified”? if it does not contain any factors that can be written as 


perfect powers of the index. 
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Example 10 


Simplify: +/ 150. 


Solution: 


Here 150 can be written as 2 - 3 - 5°. 


/150=V2-3-5% Apply the product rule for radicals. 


oS = /52 Simplify. 
=V6005 
=51/6 


We can verify our answer on a calculator: 


V150 8 12.25 and 51/6 & 12.25 


Also, it is worth noting that 


12.25° = 150 


Answer: 5 /6 
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Note: 51/6 is the exact answer and 12.25 is an approximate answer. We present 
exact answers unless told otherwise. 


5.1 Roots and Radicals 1129 


Chapter 5 Radical Functions and Equations 


Example 11 


Simplify: 1/ 160. 
Solution: 


Use the prime factorization of 160 to find the largest perfect cube factor: 


160=2> -5 
5 


Replace the radicand with this factorization and then apply the product rule for 
radicals. 


4/160= 1/2? - 27-5 Apply the product rule f or radicals. 
=V2? . /2” - 5 Simplify. 


=) =4/20 


We can verify our answer on a calculator. 


160 5.43 and 24/20 x 5.43 


Answer: 2 4/ 20 
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Example 12 


Simplify: \/—320. 
Solution: 


Here we note that the index is odd and the radicand is negative; hence the 
result will be negative. We can factor the radicand as follows: 


— 320 = -1- 32-10 =(-1) - (2) - 10 


Then simplify: 


4/—320=4/(-1 - 2Y - 10 Apply the product rule for radicals. 


= 1/(-1Y - 4/2) - </10 Simplify. 
=-1-2-¥/10 
=—2- +/10 


Answer: —2/10 
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5.1 Roots and Radicals 


Example 13 

: 3 8 
Simplify: ./— Fae 
Solution: 


In this case, consider the equivalent fraction with —8 = (—2) in the 
numerator and 64 = 4° in the denominator and then simplify. 


| -8 
y— ao : Sa Apply the quotient rule for radicals. 


3 3 
—2 

= iy) Simplify. 
3/43 


Answer: — - 


4/80 


Try this! Simplify: y/ — 


4 


Answer: 3 


(click to see video) 
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KEY TAKEAWAYS 


* To simplify a square root, look for the largest perfect square factor of 
the radicand and then apply the product or quotient rule for radicals. 

* To simplify a cube root, look for the largest perfect cube factor of the 
radicand and then apply the product or quotient rule for radicals. 

* When working with nth roots, n determines the definition that applies. 
We use </ a’ = awhen nis odd and </ a’ = lalwhen nis even. 

* To simplify nth roots, look for the factors that have a power that is equal 
to the index n and then apply the product or quotient rule for radicals. 
Typically, the process is streamlined if you work with the prime 
factorization of the radicand. 
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TOPIC EXERCISES 
PART A: SQUARE AND CUBE ROOTS 


Simplify. 


WG 


», i100 


bo 
a)jersy 


a, wal 

10, /—5? 

nn. —y¥(-3)" 
2. —/(-4) 
3. Wx? 

v4. (=x)? 
ey ee 
i VO Se 
17. >/64 
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5.1 Roots and Radicals 


18. 1/216 

19. 1/—216 
20. */—64 

a. 1/-8 

22, v1 

23. —/(-2)° 
a. 4) (-y)” 
2. 93 
29. y/(y—8)° 


500) (Ona) 
Determine the domain of the given function. 

gi 2 (x) — v/ x+5 

Se. 0) Wop aD 

33, f (x) = fS5x+1 

34. f (x) = 3x44 

35.2 (x) = s/ 2.51 

Ge On) = / Se) 

-h@=V5—-x 


Go 
N 
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et C8 — / 2 — 3x 
39. g(x) = Vxt4 
40. g(x) = Vx—3 
Evaluate given the function definition. 
41. Given f(x) = s/x — 1, find f(1),f(2), and f(5) 
42, Given f(x) = /x +5, find f(—5),,f(—1), and f (20) 
43, Given f(x) = 4/x + 3, find f(0),f(1), and f(16) 
44, Given f(x) = 4/x — S, find f(0),f(1), and f(25) 
45. Given g(x) = y/x, find g(—1), g(0), and g(1) 
46. Given g(x) = /x — 2, find g(—1), g(0), and ¢(8) 
47. Given g(x) = ¥/x +7, find g(—15), g(—7), and g(20) 


48. Given g(x) = Wx — 1 + 2, find g(0), g(2), and g(9) 


Sketch the graph of the given function and give its domain and range. 


a9, f(x) = Yxt9 
50. f(x) = Vx—3 
a, 7) = Vee 
52, f (x) = /x+1 +43 
53. g(x) = Vx—1 
54. g(x) = xt1 
55. g(x) = y/x —4 
56. g(x) = ¥/x +5 
57. g(x) = Wxt2—-1 
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58. g(x) = W/x-243 
59. f (x) = —4/x 
60. f (x) =-W/x-1 


PART B: NTH ROOTS 


Simplify. 
61. */64 
62. */16 
63. */625 
ee 
«. (256 
66. ¥/10, 000, 
o. MB 
68. ¥/100, 000 


7. —1/16 


2, -<f1 
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a, 6) SO 
78. =) 5 
79. 2¥/—1, 000, 
80. 74/-243 
81. Gy SIE 

82, 12\/—64 


0 

- 

Go 
N 
Nn 


(or) 

a 

SN 
— 
ree 


ay 
54'/ 
ey) 105 
D 
86. 745 ao 
2 
8 
. —54'/ — 
87 7 
625 
. —84'/ — 
88 16 
89. 24/100, 000 
90. 24/128 
Simplify. 
a1. 96 
92. 4/500 
93. 1/480 
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5.1 Roots and Radicals 


Tae 


ni, 


(0 
320 
_ 216 


a5 ie: 
. 10/135 
mo PAG) 
m3 162) 


a4 
a 
WR 
a 
0 


120 
/162 


/'500 


150 

101. 49" 
200 

102. fon 
G72 

103. D1 
192 

104. ei 

,/ 94 
iLL}, 15 
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5.1 Roots and Radicals 


,/ 40 
Tale —— 
343 
115. 54/ —48 
116. 24/ —108 
TAF, 81/96 
118. 74/ 162 
119. v/ 160 
120. 1/486 
;/ 224 
TOT —. 
243 
ie 
122. — 
Sy! 
1 
5 ao ———a 
123 35 
1 
6 — —e 
124. 6A 


Simplify. Give the exact answer and the approximate answer rounded 
to the nearest hundredth. 


125% 60 


126. 1/600 
96 
127. 4] 75 
1o2 
128. 4/ Se 
129. 4/240 
130. +/320 
ees 288 
PV 125 
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5.1 Roots and Radicals 


133. 


134. 


Is5% 


136. 


mS 


138. 


139. 


140. 


141, 


142. 


143. 


144, 


145. 


146. 


ee 625 
8 


6 
88 


Rewrite the following as a radical expression with coefficient 1. 


2/15 

35/7 

54/10 

10/3 

2/7 

3/6 

20/5 

34/2 

Each side of a square has a length that is equal to the square root of the 


square’s area. If the area of a square is 72 square units, find the length of each 
of its sides. 


Each edge of a cube has a length that is equal to the cube root of the cube’s 
volume. If the volume of a cube is 375 cubic units, find the length of each of its 
edges. 


The current I measured in amperes is given by the formula / = 4 / - where P 


is the power usage measured in watts and R is the resistance measured in 
ohms. If a 100 watt light bulb has 160 ohms of resistance, find the current 
needed. (Round to the nearest hundredth of an ampere.) 


v/s 
a 
where s represents the distance in feet the object has fallen. How long will it 


take an object to fall to the ground from the top of an 8-foot stepladder? 
(Round to the nearest tenth of a second.) 


The time in seconds an object is in free fall is given by the formula t = 
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PART D: DISCUSSION BOARD 


147. Explain why there are two real square roots for any positive real number and 
one real cube root for any real number. 


148. What is the square root of 1 and what is the cube root of 1? Explain why. 


149. Explain why sf —] is not a real number and why s/ —1] is areal number. 


150. Research and discuss the methods used for calculating square roots before the 
common use of electronic calculators. 
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ANSWERS 


il, © 

2 
oF 3 
Oy ts 
Uf, 8) 


9. Notareal number 


as: 3} 


i), (—-0, ~) 

41. f(1) = 0;f(2) = 1,f(5) = 2 

450 (0) = 3.7 ( 1) = 4 1G) — 7 
45. g(—1) = —1;g(0) = 0; e9(1) = 1 
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47. g(-15) = —2;9(-7) = 0;9(20) = 3 


49. Domain: |-9. ~) ; range: [0, ~) 


Pe a Spt / SL Sa tbs! ae 
=e 


51. Domain: [1. ») ; range: & 0) 


Zee sae Ole Oe LD Le LZ La, 


53. Domain: R; range: R 
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Age es OG 7 3 © 


8 a1 =6:=5 =4>3 =2 S11 


55. Domain: R; range: R 


10-9 -8 -7 -6 -5 —-4-3 -2 S5S ASS BTR OD 


57. Domain: R; range: R 


=12-1F 10-9 —8=7 -6 —5 —4 -3 


23.4 567.8 


l 
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5.1 Roots and Radicals 


59. Domain: R; range: R 


61. 


63. 


65. 


67. 


69. 


ale 


3a 


TDs 


Wis 


FS, 


81. 


83. 


85. 


87. 


89. 


Ol, 


9-8-7 -6 5 4. -3 2 


Not a real number 
18 
-20 


Not a real number 


ib 
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5.1 Roots and Radicals 


OB, 


OB, 


Wo 


oY), 


44/30 
84/5 
20/7 
=84/ 15) 


ao) 


eG, 
2) 


2/7 
3 


; 24/30; 6.21 
24/36 


5 e872 
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1683 


1653 


BS} 7/. 


139. 


141. 


143. 


145. 


147. 


149. 


5 ‘/ 6; 4.70 

Joo 

/250 

56 

“80 

6 / 2 units 

Answer: 0.79 ampere 


Answer may vary 


Answer may vary 
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5.2 Simplifying Radical Expressions 


LEARNING OBJECTIVES 


1. Simplify radical expressions using the product and quotient rule for 
radicals. 
2. Use formulas involving radicals. 


Simplifying Radical Expressions 


An algebraic expression that contains radicals is called a radical expression’*. We 
use the product and quotient rules to simplify them. 


Example 1 


Simplify: \/27x3. 


Solution: 


Use the fact that ¥/a" = awhen n is odd. 


V 27x? =V3? -x? Apply the product rule for radicals. 
= V3? - Wx? Simplify. 
—oe 


=onG 


Answer: 3x 


14. An algebraic expression that 
contains radicals. 
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Example 2 
Simplify: +/ 16y*. 
Solution: 


Use the fact that ¥/a@" = lalwhen nis even. 


4/ l6yt=4/24y* ~~ Apply the product rule for radicals. 
= 2" - 4/y* Simplify. 
=2- |y| 
=2\y| 


Since y is a variable, it may represent a negative number. Thus we need to 
ensure that the result is positive by including the absolute value. 


Answer: 2 |y| 
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Important Note 


Typically, at this point in algebra we note that all variables are assumed to be 
positive. If this is the case, then y in the previous example is positive and the 
absolute value operator is not needed. The example can be simplified as follows. 


In this section, we will assume that all variables are positive. This allows us to 
focus on calculating nth roots without the technicalities associated with the 
principal nth root problem. For this reason, we will use the following property 
for the rest of the section, 


Wa" =a, if a>0O  nthroot 


When simplifying radical expressions, look for factors with powers that match the 
index. 
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Example 3 
Simplify: +/ 12x y3. 
Solution: 


Begin by determining the square factors of 12, x°, and y?. 


=) 3 
xo= (2 3 Square f actors 
yoy -y 


Make these substitutions, and then apply the product rule for radicals and 
simplify. 


4/12x®y? =4/2?.3. ey yoy Apply the product rule f or radicals. 
=V2’. 4/ (x3)° -4/y? - 4/3y Simplify. 
De 4) Oy, 


=2x*y/3y 


Answer: 2x* y4/3y 
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Example 4 
Simplify: = a 
Solution: 


Begin by determining the square factors of 18, a, and b°. 


@=a -¢ -a= (¢)° ‘a Square factors 


Make these substitutions, apply the product and quotient rules for radicals, and 
then simplify. 


Apply the product and quotient rule f or radicals. 


= Simplify. 
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Example 5 


Simplify: +/80x>y’. 
Solution: 


Begin by determining the cubic factors of 80, x°, and y’. 


80=24-5 =2°-.2-5 


5 ceasee 
XU =X +X Cubic factors 


yl=yo-y =(y?) ey 


Make these substitutions, and then apply the product rule for radicals and 
simplify. 


4/80x°y" 2-5 -x3 x? (yy ey 
fF VF tea es 
=2-xy~ - ¥/10x“y 


=2xy? 4/10x*y 


Answer: 2xy7 ¥/10x2y 
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5.2 Simplifying Radical Expressions 


Example 6 


2) 9x® 
379 ° 
Sg 


Simplify 


Solution: 


The coefficient 9 = 37, and thus does not have any perfect cube factors. It will 
be left as the only remaining radicand because all of the other factors are cubes, 
as illustrated below: 


y= (y)° Cubic factors 
3 


Replace the variables with these equivalents, apply the product and quotient 
rules for radicals, and then simplify. 
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x2 4/9 


Answer: —; 
yZ 


Example 7 


simplify: V 81a*b°. 
Solution: 


Determine all factors that can be written as perfect powers of 4. Here, it is 


important to see that b> = b* - b. Hence the factor b will be left inside the 
radical. 


V/81a'b> = \/3* «db -b 
=V3*. Wal. Wb". “/b 
=3-a-b- /b 
=3abw/b 


Answer: 3ab Wb 


5.2 Simplifying Radical Expressions 
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Example 8 
Simplify: +/—32x3y®z°. 
Solution: 


Notice that the variable factor x cannot be written as a power of 5 and thus will 
be left inside the radical. In addition, y° = y> - y; the factor y will be left inside 
the radical as well. 


ee 
=—2yeyfx°y 


Answer: —2yzy/x3 y 


Tip: To simplify finding an nth root, divide the powers by the index. 


Vad=a, whichis a? =a 
Vb°=b*, whichis b°? =b’ 
Ve=c, whichis c=c! 


If the index does not divide into the power evenly, then we can use the quotient and 
remainder to simplify. For example, 
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V@=@-\fa, whichis @? =a"! 
Vb=b- Vb’, whichis b?=b!" 
Vet =c’ - Ve4, whichis c!4> =c?"4 


The quotient is the exponent of the factor outside of the radical, and the remainder 
is the exponent of the factor left inside the radical. 


Try this! Simplify: V/ 162a’b>c4. 
Answer: 3a” bc Vv 6ab*c 


(click to see video) 


Formulas Involving Radicals 


Formulas often consist of radical expressions. For example, the period of a 
pendulum, or the time it takes a pendulum to swing from one side to the other and 
back, depends on its length according to the following formula. 


L 
T = 22,/— 
71} 39 


Here T represents the period in seconds and L represents the length in feet of the 
pendulum. 
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Example 9 


If the length of a pendulum measures 1 + feet, then calculate the period 
rounded to the nearest tenth of a second. 


Solution: 


Substitute | - = for L and then simplify. 


Answer: The period is approximately 1.36 seconds. 


Frequently you need to calculate the distance between two points in a plane. To do 
this, form a right triangle using the two points as vertices of the triangle and then 
apply the Pythagorean theorem. Recall that the Pythagorean theorem states that if 
given any right triangle with legs measuring a and b units, then the square of the 
measure of the hypotenuse c is equal to the sum of the squares of the legs: 


5.2 Simplifying Radical Expressions 1159 


Chapter 5 Radical Functions and Equations 


a +b* = c?.Inother words, the hypotenuse of any right triangle is equal to the 
square root of the sum of the squares of its legs. 


a+hP=c 
. or 
a 
c=vVa +b? 
b 
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Example 10 
Find the distance between (-5, 3) and (1, 1). 
Solution: 


Form a right triangle by drawing horizontal and vertical lines though the two 
points. This creates a right triangle as shown below: 


The length of leg b is calculated by finding the distance between the x-values of 
the given points, and the length of leg a is calculated by finding the distance 
between the given y-values. 


a=3-—1 = 2units 
b=1- (-5) =1+5 = 6units 


Next, use the Pythagorean theorem to find the length of the hypotenuse. 
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=2,/10 units 


Answer: The distance between the two points is 2/10 units. 


Generalize this process to produce a formula that can be used to algebraically 
calculate the distance between any two given points. 


(X),¥>) 


(X15) 


Given two points, ( Rig ¥] ) and ( x2, Yo) , the distance, d, between them is given 


by the distance formula”, d = /(x2 — x1) + (¥. — yy i” 


15. Given two points (x1, y, )and 


(X2, VY), calculate the 
distance d between them using 
the formula 


A= 


4/ (Xo — x1 + (9 - yy) 
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Example 11 
Calculate the distance between (-4, 7) and (2, 1). 
Solution: 


Use the distance formula with the following points. 


(x1, ¥1) (%2, Yo) 
ie Oe ib) 


It is a good practice to include the formula in its general form before 
substituting values for the variables; this improves readability and reduces the 
probability of making errors. 


d=4/ (x2 — x11) +02 -y1P 
=4/2-(-4¥ +(1-7/ 


=1/(2+47 +(-79 


/ (6) + (-6Y 
36+ 36 

v7) 
= 36-2 
6/2 


i 


N 


N 


Answer: The distance between the two points is 6 /2 units. 


5.2 Simplifying Radical Expressions 1163 


Chapter 5 Radical Functions and Equations 


Example 12 
Do the three points (2, -1), (3, 2), and (8, -3) forma right triangle? 
Solution: 


The Pythagorean theorem states that having side lengths that satisfy the 
property a@ +b” = c? is anecessary and sufficient condition of right 
triangles. In other words, if you can show that the sum of the squares of the leg 
lengths of the triangle is equal to the square of the length of the hypotenuse, 
then the triangle must be a right triangle. First, calculate the length of each 
side using the distance formula. 


Geometry Calculation 


Points: (2, -1) and (8, -3) 


a=4/( — 27 + [-3-(b} 


= (6) f(y 


= 1/36 + (-2) 


= 3644 
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Geometry Calculation 


Points: (2, -1) and (3, 2) 


4/1 + (2 + 17 
J1+9 
/10 


Points: (3, 2) and (8, -3) 


c=4/(8 — 3y + (-3 — 2/ 


Now we check to see if a + b* = c?. 
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+b =c’ 
(2v10) + (v10) =(sv2) 
(vi) + (yi0) =25(v2) 


4-104 10=25-2 
50=50 V 


Answer: Yes, the three points form a right triangle. 


Try this! The speed of a vehicle before the brakes were applied can be 
estimated by the length of the skid marks left on the road. On wet concrete, the 


speed v in miles per hour can be estimated by the formula v = 24/3d, where d 
represents the length of the skid marks in feet. Estimate the speed of a vehicle 
before applying the brakes if the skid marks left behind measure 27 feet. Round 
to the nearest mile per hour. 


Answer: 18 miles per hour 


(click to see video) 
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KEY TAKEAWAYS 


* To simplify a radical expression, look for factors of the radicand with 
powers that match the index. If found, they can be simplified by 
applying the product and quotient rules for radicals, as well as the 


property 4/ da’ = awhere a is nonnegative. 

* A radical expression is simplified if its radicand does not contain any 
factors that can be written as perfect powers of the index. 

* We typically assume that all variable expressions within the radical are 
nonnegative. This allows us to focus on simplifying radicals without the 
technical issues associated with the principal nth root. If this 
assumption is not made, we will ensure a positive result by using 
absolute values when simplifying radicals with even indices. 
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TOPIC EXERCISES 


PART A: SIMPLIFYING RADICAL EXPRESSIONS 


Assume that the variable could represent any real number and then 
simplify. 


1 GEE 
Vice 
v8y> 
1258 
5 ES 
. Vi 
36a 
1000 
ae 
“i, fei 

iL V18ab> 
v2, V4805b> 
13, ¢/T28xy> 


14. Vb! 3 


NS 


Go 


= 


sv 


8 


2 


6 Vice oa 
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nee 

19. 4x2 + 12x +9 

20. 9x2 + 6x +1 
Simplify. (Assume all variable expressions represent positive numbers.) 

y WE 

22, V64b2 

nn VE 

Ls, EE LREE 

25, /180x> 

16, f 1509? 

27, V49e b* 

2s, V4ab3c 

i aS 

30. «50x°y* 

31. 64725615 

32, 14478 5672 

a, V@s 2 

34, 4/(2x + 3)? 

1, VAGn= De 

6. /9(2x + 3)” 


wo 
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B50 


278 
_ 12563 
9/250x4y3 


_ V1620b> 
. ¥/64x3 yo 
. 4/216x 2 y3 


; ¥/8x3y4 


[Tey 


Vb 
Valb°3 


56. \/540r3 5219 
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36075 s!2713 


38. a eaeT 


39. 


40. 


8x4 
Boa 
Dipye 
x> 
Gy, ne 
125y® 
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57. W81x4 
a ey 
59. V/16x4y8 


60. 9/81x Iie 


61. V tb 
62. V/'54 6 8 
63, 1/128x6 
64, \/243y7 
cone 
65. 
rs 
,| 3m? 
66. “10 
67. ~3 4x2 
68. 74/9y? 
69. —5x1/4x7y 


70. —3yy/16x3y2 
ls 12abV ab? 

72. 6 bv/ 9a b? 
7 2xwV/8x6 

74, —5x29/27x3 
75. 2ab\/—8a b> 
76. 5@-bW 278 b* 


Rewrite the following as a radical expression with coefficient 1. 
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77. 3xr/6x 

78. Sy/5y 

79. abv/10a 
80. 2ab*,/a 
81. m>ny/mn 
82, 2m?n>4/3n 
83, 2xy/3x 

84, By y/y2 

85. 2y?W/4y 


86. x? yx/9xy? 


PART B: FORMULAS INVOLVING RADICALS 


The period T in seconds of a pendulum is given by the formula 


L 
T = 2a4/—~ 
V Sy 
where L represents the length in feet of the pendulum. Calculate the period, 


given each of the following lengths. Give the exact value and the approximate 
value rounded to the nearest tenth of a second. 


87. 8 feet 


88. 32 feet 


1 
89. 5 foot 


1 
90. 8 foot 


The time t in seconds an object is in free fall is given by the formula 
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t 


238 
4 


where s represents the distance in feet the object has fallen. Calculate the time 
it takes an object to fall, given each of the following distances. Give the exact 
value and the approximate value rounded to the nearest tenth of a second. 


Ol, 


92. 


OB}, 


94, 


OB, 


96. 


48 feet 
80 feet 
192 feet 
288 feet 


The speed of a vehicle before the brakes were applied can be estimated by the 
length of the skid marks left on the road. On dry pavement, the speed v in 


miles per hour can be estimated by the formula v = 2 / 6d , where d 
represents the length of the skid marks in feet. Estimate the speed of a vehicle 
before applying the brakes on dry pavement if the skid marks left behind 
measure 27 feet. Round to the nearest mile per hour. 


6x2V 

Dip” 
where V represents the sphere’s volume. What is the radius of a sphere if the 
volume is 367 cubic centimeters? 


The radius r of a sphere can be calculated using the formula r = 


Given the function find the y-intercept 
i) / eee 
f@=Vx+8-3 

iG) = 4 7a 


100. f («) = 4/x + 27 


101 


102 


103. 


5.2 Simplifying Radical Expressions 


.f @ = ¥x+16 
f@ = V¥x4+3-1 


Use the distance formula to calculate the distance between the given 
two points. 


(5, -7) and (3, -8) 
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104. (-9, 7) and (-8, 4) 

105. (-3, -4) and (3, -6) 

106. (-5, -2) and (1, -6) 

107. (-1, 1) and (-4, 10) 

108. (8, -3) and (2, -12) 

109. (0, -6) and (-3, 0) 

110. (0, 0) and (8, -4) 

111. (+ — +) and (-1, >) 

182; (- : 22} and (2 ,7 =) 
Determine whether or not the three points form a right triangle. Use 
the Pythagorean theorem to justify your answer. 

113. (2,-1), (-1,2), and (6,3) 

114. (-5,2), (-1, -2), and (-2,5) 

115. (-5,0), (0,3), and (6,-1) 

116. (-4,-1), (-2,5), and (7,2) 

117. (1,-2), (2,3), and (-3,4) 

118. (-2,1), (-1,-1), and (1,3) 

119. (-4,0), (-2,-10), and (3,-9) 


120. (0,0), (2,4), and (-2,6) 


PART D: DISCUSSION BOARD 


121. Give a value for x such that / x? # x. Explain why it is important to assume 
that the variables represent nonnegative numbers. 


122. Research and discuss the accomplishments of Christoph Rudolff. What is he 
credited for? 


123. What is asurd, and where does the word come from? 
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124. Research ways in which police investigators can determine the speed of a 
vehicle after an accident has occurred. Share your findings on the discussion 
board. 
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ANSWERS 


dee p| 

a. ZY 

e, 2 bal 

i, eee 

5, 2|a| 

iLL, 3a b* 4/2b 
ee 2b £/2y2 
15. [5x —4| 

17. x —3l 

19, [2x + 3| 

2 a 


23. oy 

25 6x1/5x 

27. Taby/a 

29. 3x°y4/Sxy_ 
Sie 8rsit? \/t 
Sn eae 


a, Boe = |) 


oie 


39. 


Al. 


43. 3a 
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45. 


47. 


49. 


Bil, 


55: 


Dis 


52), 


61. 


63. 


67. 


69. 


ale 


TB 


1D 


ides 


TD, 


81. 


83. 


85. 


87. 
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Sxyv/ x 
Axy?z3 
2xy/y 
abc” v/ ab? 
2x4/'x 


Sor 
3y 


2rs*t4 v/ 457-1 
3X 
Oxy 

abc \/ be2 


2x¥/8x2 


65. 


n 
—6x 


—10x* \/y 
12a b* sab 
Age 

—4@ b? ¥/ ab? 
54x3 

V 108 b? 
Vmin3 

9 24x4 
[OP 


7 seconds; 3.1 seconds 
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103. 


105. 


107. 


109. 


Wale 


123; 
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we. 


A seconds; 0.8 seconds 


/ 3 seconds; 1.7 seconds 


: 24/3 seconds; 3.5 seconds 


. 25 miles per hour 


(0. 213) 


(0, —2) 


101. (0. 24/2) 


Som 
2 / 10 units 
3 / 10 units 
2 / 5 units 


5 : 
5) units 


. Right triangle 
. Nota right triangle 
. Right triangle 


. Right triangle 


Answer may vary 


Answer may vary 
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5.3 Adding and Subtracting Radical Expressions 


16. Radicals that share the same 
index and radicand. 


17. Term used when referring to 


like radicals. 


LEARNING OBJECTIVES 


1. Add and subtract like radicals. 
2. Simplify radical expressions involving like radicals. 


Adding and Subtracting Like Radicals 


Adding and subtracting radical expressions is similar to adding and subtracting like 
terms. Radicals are considered to be like radicals”, or similar radicals’’, when 


they share the same index and radicand. For example, the terms 21/6 and 5 6 
contain like radicals and can be added using the distributive property as follows: 


2/6 + 5\/6=(2+5) 6 
=7/6 


Typically, we do not show the step involving the distributive property and simply 
write, 


2/6 + 51/6 = 71/6 


When adding terms with like radicals, add only the coefficients; the radical part 
remains the same. 
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Example 1 
Add: 74/5 + 31/5. 
Solution: 


The terms are like radicals; therefore, add the coefficients. 


71/5 + 3y/5 = 10/5 


Answer: 10 V5 


Subtraction is performed in a similar manner. 
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Example 2 


Subtract: 4/10 — 54/10. 


Solution: 


410 - sy T0=(4~5) VT0 
=-1,/10 
=-yi0 


Answer: — /10 


If the radicand and the index are not exactly the same, then the radicals are not 
similar and we cannot combine them. 
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Example 3 


simplify: 10\/5 + 64/2 — 91/5 — 7/2. 


Solution: 


10/5 + 6/2 — 94/5 — 74/2 10/5 — 94/5 + 61/2 — 7/2 


o- WP 


We cannot simplify any further because /5 and /2 are not like radicals; the 
radicands are not the same. 


Answer: /5 = /2 


Caution: It is important to point out that /5 - 2 # V/5 — 2.We can verify this 


by calculating the value of each side with a calculator. 


/5 — 2.80.82 
/5 -2 = 31.73 


In general, note that Wa cE Wb # y/atb. 
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Example 4 
simplify: 54/10 + 34/10 — +/10 — 24/10. 
Solution: 


5/10 + 3+/10 — y/10 -2/10 = 51/10 - 1/10 + 34/10 —pv/10 
4v/10 + 1/10 


We cannot simplify any further, because 1/10 and 1/10 are not like radicals; 
the indices are not the same. 


Answer: 41/10 + vy 10 


Adding and Subtracting Radical Expressions 


Often, we will have to simplify before we can identify the like radicals within the 
terms. 
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Example 5 


Subtract: 1/32 - /18 + 1/50. 


Solution: 


At first glance, the radicals do not appear to be similar. However, after 
simplifying completely, we will see that we can combine them. 


=44/2 -— 3/2 + 51/2 
=6,/2 


Answer: 6 2 


5.3 Adding and Subtracting Radical Expressions 1184 


Chapter 5 Radical Functions and Equations 


Example 6 


Simplify: \/108 + »/24 — +/32 — 81. 
Solution: 


Begin by looking for perfect cube factors of each radicand. 


108 + 1/24 — ¥/32 — +/81= 1/27 -4 + */8 -3 — W/8-4 — ¥/27- 3Simplify. 


= 35/4 + 21/3 - 2/4 - 3/3 Combine lik 


=5- fi 


Answer: V4 = V3 


Try this! Simplify: 4/20 se 27 = 34/5 - Daye, 
Answer: —/5 = V3 


(click to see video) 


Next, we work with radical expressions involving variables. In this section, assume 
all radicands containing variable expressions are nonnegative. 
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Example 7 
Simplify: -9\/5x — 1/2x + 101/5x. 
Solution: 


Combine like radicals. 


~9y/5x — y/2x + 10x/5x 


~9 y/5x + 10 \/5x — y/2x 
= 5x — ¥/2x 


We cannot combine any further because the remaining radical expressions do 
not share the same radicand; they are not like radicals. Note: 


W/5x — ¥/2x # ¥/5x — 2x. 
Answer: 5x = 4/2x 


We will often find the need to subtract a radical expression with multiple terms. If 
this is the case, remember to apply the distributive property before combining like 
terms. 
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Example 8 


Simalise (Syz -4y¥) - (4-75). 


Solution: 


(5 4/7) - (4 ¥- 1/9) =5 Ta ae x + 74/y Distribute. 
=5y/x —4y/x — 4 y+7,/y 
= x +3,/y 


Answer: 4/x + 3,/y 


Until we simplify, it is often unclear which terms involving radicals are similar. The 
general steps for simplifying radical expressions are outlined in the following 
example. 
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Example 9 
Simplify: 5/3x4 + +/24x3 — (« 24x +4 % 3x3 ) . 


Solution: 


Step 1: Simplify the radical expression. In this case, distribute and then 
simplify each term that involves a radical. 


5 Bn yA = (« 4/24x + 4y 3x ) 

= 5 3x4 + V24x? — x 1/24x — 4/3x7 
=5V3-x-x2 +V8-3-x7? —x V8 - 3x —4/3x7 
= 5x W/3x + 2x 4/3 — 2x 3x — 4x 4/3 


Step2: Combine all like radicals. Remember to add only the coefficients; the 
variable parts remain the same. 


=5x ¥/3x + 2x4/3 — 2x /3x — 4x 4/3 
=3x 4/3x — 2xy/3 


Answer: 3x1V/ 3x — 2x1/3 
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Example 10 


simplify: 2a,\/125@2b — @ /80b + 4/20db. 


Solution: 


2a 125a° b — & \/80b + 4 20a*b 
= 2aV25-5-@ -b-aV/16-5-b+44/4-5-(¢) b Factor. 


=2a-5-a/Sb-@ -4y/5b4+4-2-a@ /5b Simplify. 
= 10a \/5b — 4a \/5b + 8a 4/5b Combine like terms. 
= 14a’ 4/5b 


Answer: 14c2 5b 


Try this! \/2x°y + y/xy3 - (» \/27x — 2xy/2xy ) 
Answer: 3x7 s/2y — 2y4/x 


(click to see video) 
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Tip 


Take careful note of the differences between products and sums within a 
radical. Assume both x and y are nonnegative. 


Products Sums 


4/x°y? ay x+y? éxt+y 
x33 =xy 4 txty 


The property Va: b= </a . </b says that we can simplify radicals when the 


operation in the radicand is multiplication. There is no corresponding property 


for addition. 
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Example 11 


Calculate the perimeter of the triangle formed by the points (—2, —1), (-3, 6), 
and (2,1). 


Solution: 


The formula for the perimeter of a triangle is P = a + b + cwhere a, b, and c 
represent the lengths of each side. Plotting the points we have, 


Use the distance formula to calculate the length of each side. 


a=4/[-3- (-2} + [o- nf b=4/[2- (2) +[1- Coy 
=1/(-3 +27 + (6+1) Sq Cor Hei 


=1/(-1" + Y =,/(4F + (2) 
=4/1 +49 =,/16+4 
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Similarly we can calculate the distance between (-3, 6) and (2,1) and find that 
c = 5/2 units. Therefore, we can calculate the perimeter as follows: 


P=at+b+4+c 


=54/2 + 24/5 +52 


= 10/2 + 21/5 


Answer: 101/2 + 21/5 units 


KEY TAKEAWAYS 


+ Add and subtract terms that contain like radicals just as you do like 
terms. If the index and radicand are exactly the same, then the radicals 
are similar and can be combined. This involves adding or subtracting 
only the coefficients; the radical part remains the same. 

* Simplify each radical completely before combining like terms. 
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TOPIC EXERCISES 


PART A: ADDING AND SUBTRACTING LIKE RADICALS 


simplify 
m0 a= 543 
2, 154/6 — 8/6 
ee 9/3 + 5/3 
4, 12/6 + 3/6 
ey hy SOS 
can) 10284) 10) = 2 10) 
7a O44 6-24 6 
55 y) 10 Sy 10) = 10) 
ley Gy San ena 2 
fommOy 18) mi eles) 1 ns) 15) 
u. 6/5 - (4V3 - 315) 
ty 100) = (6 6+ 2) 
3. (2/5 — 3/10) - (10 +35) 
a, (-8/3 + 6y/15) - (V3 - vi5) 
5. 41/6 — 34/5 + 6/6 
i WO 5) SA 10) 
v7. (7979 -4¥/3) - (9-33) 
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18. (-8/5 + v25 | = (2/5 + 6v/25) 


Simplify. (Assume all radicands containing variable expressions are 
positive.) 


19), 
20. 
Ale 
Bebe 
23% 
24, 
Dos 


26. 


27 
28. 
We), 


30. 


31. 


b 


32. 


33} 


34. 


Sos 


36. 


sf 2x — 44/2x 

54/3y — 6y/3y 

Os/x + 74/x 

-8,/y +4,/y 

Tas/y — 3xy/¥ + x/¥ 

IO ye 1) 
2Vab — 5/a+ 6y/ab - 10,/a 
~3x4/¥ + 6y/¥ — 4xy/¥ - 74/9 
5/7 — Bya > 7/3 ) 
-8ar/b - (2ayb = 4,/ab) 
(32x - V3x | - (V2« — 7/3x ) 
(V7 - 42) - (v7 - 527) 
Shy ee — es oe 

-24/¥ -— 3y/y 

av/3b + 4av/3b — ax/3b 

~81/ab + 3\/ab — 2\/ab 

62a — 4y/2a + 71/24 - 2a 
44/3a + ¥/3a — 9%/3a + ¥/3a 
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n (Ryo) (2 — yr) 
38. (Soy - 5/7) - (2Vor +3,/7) 
39, 2x? 4/3x — (x? W/3x - xV/3x) 
40. Sy34/6y — (4/6y — 4y? \/6y) 


PART B: ADDING AND SUBTRACTING RADICAL 


EXPRESSIONS 


Simplify. 
a, Wo 
42, 24 — 1/54 
43, 1/32 + 1/27 - 8 
a, VE — AS 
s, (28 -/271+Va-V2 
om (OD = 
a7, 45 — v/80 + 1/245 — 1/5 
i (Rs (= —W 
49, 44/2 - (27 - 72) 
=a = (20 - 50) 
1. 16 - 54 
o (0-42 
33, 135 + </40 - 75 
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54, s/108 — 4/32 — v/4 

yt =n 

56. 31/50 — 44/32 

Do) 243 25) Sen, 4) 

58, 64/216 — 21/24 — 21/96 

Be, Das BWI VERS fo ck a8 

60. 24/45 — 4/12 + 21/20 — 1/108 

61. (2/363 = 3/96 ) = (V2 = 24/54 ) 
62. (2/288 in 31/360 ) 2 (272 7 71/40 ) 
63. 34/54 + 54/250 — 4y/16 

64, 44/162 — 2/384 — 34/750 


Simplify. (Assume all radicands containing variable expressions are 
positive.) 


65. \/81b + 4b 

66. /100a + fa 

67. (9b — \/36a2b 

68. 1/5002 — 1/ 18a? 

9. (BE - 5+ \F-V5 

70. 9x + /O4y — 25x - V/¥ 
71, 74/8x - (3,/Toy - 2/18 ) 
72. 2r/64y — (34/32 — Bly) 
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Wak 


74, 


1D 


76. 


Tie 


78. 


We), 


80. 


81. 


82. 


83. 


84. 


85. 


86. 


87. 


88. 


89. 


90. 


Cl 


92. 


OB, 


2V9m2n — 5my/9n + /m2n 

44/18n2m —2nv/8m + nrv/2m 

V4x2y — of Oxy? — +/16x2y + 4/y?x 
say Wares — oy Wee — 5 baa 
(V9x7y - Tey) - ( /49x7y - 4/7) 

( YTV — YIP) — (V5 + v7) 
V12m4n — my 75m2n + 2V27m4n 
SnV/27mn2 + 2,/12mn* — nv/3mn2 
2\/278b — av/48ab — av/144eb 

2 98a'b — 2av/1622b + ar/200b 
9/1254 — >/27a 

¥/10002 — +/64a2 

2x1/54x —20/16x4 + 54/2x4 

xv/54x3 — ¥/250x6 + x? 4/2 
JF + 8? 

BR IF 

1/328 — V1628 + 5¥/2a2 

\/80d'b + \/Sa'b — ax/5b 

V/27x3 + V/8x — V125x3 

9/24x — ¥/128x — ¥/81x 


4/27x4y _ y/8xy3 + xy/64xy — ya/x 
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94, 4/125xy> + ¥/8x3y — x/216xy> + 10x¥/¥ 
95. ( V/1s2x4y = 250%)? ) = ( y2e'y? = 38477 | 
96. ( 32879" =) 243°y? ) = (79° — x4 | 


Calculate the perimeters of the triangles formed by the following sets 
of vertices. 


97. {(-4, -5), (-4, 3), (2, 3)}} 
98. {(-1, 1), (3, 1), (, -2)} 
99 4(¢3,1))\(G3,5), (1 5)} 
100. {(-3, -1), (-3, 7), @, -1)} 
101. {(0,0), (2,4), (-2,6)} 
102. {(-5,-2), (-3,0), (1,-6)} 


103. A square garden that is 10 feet on each side is to be fenced in. In addition, the 
space is to be partitioned in half using a fence along its diagonal. How much 
fencing is needed to do this? (Round to the nearest tenth of a foot.) 


104. A garden in the shape of a square has an area of 150 square feet. How much 
fencing is needed to fence it in? (Hint: The length of each side of a square is 
equal to the square root of the area. Round to the nearest tenth of a foot.) 


PART C: DISCUSSION BOARD 


105. Choose values for x and y and use a calculator to show that 
x+y # f/x + Jy: 
106. Choose values for x and y and use a calculator to show that 


fxr +y2Axty. 
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i 54/3 
& 14/3 
ey 54) 5 


PDE eee 
a oe 

33. 4ay/3b 

35. 134/2a — 5x/2a 
37. —\/4xy 

39, x2 ¥/3x +.xv/3x 
a1, 34/3 
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43. 


45. 


47. 


49. 


Sil, 


53. 


55: 


Sis 


32), 


61. 


OS}, 


65. 


67. 


69. 


yale 


To 


75. 


Vi. 


TD), 


81. 


pan 


83. 


85. 


2/2 + 3/3 
5 5 8 
54/5 
10/2 — 35/3 
=47) 


2/3 

By 2 ey D 
8/2 + 3 
Say dae ton) 6) 
26/2 

lib 

~3ar/b 

Sy 4/0) 
20/2x - 12,/y 
~8my/n 
2h 2yr/x 
—4x4/¥ 

3m? \/3n 
2a/3ab — 12a s/ab 
2</a 


Tx 92x 
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87. 5/2 
89. 4/28 
o1, —2x + 24/x 


93. 7x4/xy — Byy/x 

95. Txx/ Oxy — 6x4/2xy2 
97. 24 units 

99. 8+ 44/2 units 

101. 44/5 se 24/10 units 


103. 54.1 feet 


105. Answer may vary 
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5.4 Multiplying and Dividing Radical Expressions 


LEARNING OBJECTIVES 


1. Multiply radical expressions. 
2. Divide radical expressions. 
3. Rationalize the denominator. 


Multiplying Radical Expressions 


When multiplying radical expressions with the same index, we use the product rule 


for radicals. Given real numbers 1/A and +/B, 
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Example 1 


Multiply: +/12 - Vo. 
Solution: 


Apply the product rule for radicals, and then simplify. 


V12 . V6= 4/12 -6 Multiply the radicands. 
= 72 Simplify. 
Fe 
=2 3? 


=2/9 


Answer: 2 V9 


Often, there will be coefficients in front of the radicals. 
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Example 2 
Multiply: 3/6 : 54/2 
Solution: 


Using the product rule for radicals and the fact that multiplication is 
commutative, we can multiply the coefficients and the radicands as follows. 


3/6 - 54/2 


aa 6 . V2 Multiplication is commutative. 
= ee Multiply the coef ficients and 


the radicands. 
= 155/4-3 Simplify. 
= 15-2. V3 
= 30/3 


Typically, the first step involving the application of the commutative property 
is not shown. 


Answer: 30 3 
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Example 3 
Multiply: — 3¥/4y2 - 5x/l6y. 


Solution: 


—3 1/4y" - 5 ¥/l6y =—15 +7/64y°? Multiply the coefficients and then multiply the 1 


=-15 ,/4? y? Simplify. 
=—-15-4y 
=—60y 


Answer: —60y 


Use the distributive property when multiplying rational expressions with more 
than one term. 
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Example 4 
Multiply: 5+/2x (3yx ™ y2x), 
Solution: 


Apply the distributive property and multiply each term by 5+/ 2x. 


Sy/2x (34/8 — V2x) =S 2x - 34% — 52x - 2x Distribute 


= 15 2x? — 51/4x? Simplify. 
= 15x12 —5- 2x 
=15x+/2 — 10x 


Answer: 15x/2 — 10x 
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Example 5 


Multiply: \/6x2 y ( \/9x2y?2 —5 - ¥/4 y) 


Solution: 


Apply the distributive property, and then simplify the result. 


4/ 6x25 ( \/9x7y? -5 +43 a ) =1/6x7y - 4/9x7y* — \'/6x7y - 5 ¥/4xy 
=) 54x"y? —5 4/24x7y" 
=4/27-2-x-x% -y? —5 4/8 -3-x7-y’ 


=3xy ¥/2x — 5 - 2x 4/3y? 
=3xy +/2x — 10x 4/3y" 


Answer: 3xyv/ 2x — 10x /3y 


The process for multiplying radical expressions with multiple terms is the same 
process used when multiplying polynomials. Apply the distributive property, 
simplify each radical, and then combine like terms. 


5.4 Multiplying and Dividing Radical Expressions 1207 


Chapter 5 Radical Functions and Equations 


Example 6 


2 


Multiply: (ve -5 Vy ) 


Solution: 


(ve-Sy5) = (vF-sys) (vF-5y5) 


Begin by applying the distributive property. 


yen 
(Vx -5y/y)(Vx-5Jy) 
= 


Ss se ST fase ay) (easy) 
= Vx? — 5, iy — 5/7 + 25y/y? 


=x — 10,/xy + 25y 


Answer: x — 10,/xy + 25y 


The binomials (a + b) and (a — b)are called conjugates’*. When multiplying 
conjugate binomials the middle terms are opposites and their sum is zero. 


18. The factors (a + b) and 


(a = b) are conjugates. 
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Example 7 
Multiply: (10 + v3) (yi10 - v3) : 


Solution: 


Apply the distributive property, and then combine like terms. 


(V+ v8) (v= ¥8) 


g 
a 
3 
_ 


Answer: 7 


It is important to note that when multiplying conjugate radical expressions, we 
obtain a rational expression. This is true in general 


(ve + yi) (VE yi) =ve? — y+ yar yo? 


=x-y 


Alternatively, using the formula for the difference of squares we have, 
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(a + b) (a - b) =a —b* Dif ference of squares. 
(ve + v5) (vE- v5) =(va)" (vs) 
=x-y 


Try this! Multiply: (3 - 2/9) (3 + 24/7) .(Assume y is positive.) 


Answer: 9 — 4y 
(click to see video) 
Dividing Radical Expressions 


To divide radical expressions with the same index, we use the quotient rule for 


radicals. Given real numbers +/A and WB ; 
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Example 8 


‘oe 
% 


Divide: 


Solution: 


In this case, we can see that 6 and 96 have common factors. If we apply the 
quotient rule for radicals and write it as a single cube root, we will be able to 
reduce the fractional radicand. 


3) 


We =e Apply the quotient rule f or radicals and reduce the radicand. 
6 

=4+/16 Simplify. 

= 4/002 

=) 


Answer: 2 V2 
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Example 9 


4/50x °y4 


Divide: 
\/8xy 
Solution: 


Write as a single square root and cancel common factors before simplifying. 


V50x%y4 [50x 6 y4 
ses = Apply the quotient rule for radicals and cancel. 
xy 
V/ 8x3 y 


Tsp 


=\ a Simplify. 


4/ 25x3 y3 


V4 
_ Sayyay 
=-=—— 


Sxy, /xy 


2 


Answer: 


Rationalizing the Denominator 


When the denominator (divisor) of a radical expression contains a radical, it is a 
common practice to find an equivalent expression where the denominator is a 
rational number. Finding such an equivalent expression is called rationalizing the 
denominator”. 

19. The process of determining an 


equivalent radical expression 
with a rational denominator. 
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Radical expression Rational denominator 


To do this, multiply the fraction by a special form of 1 so that the radicand in the 
denominator can be written with a power that matches the index. After doing this, 
simplify and eliminate the radical in the denominator. For example: 


v3 


1 1 


Remember, to obtain an equivalent expression, you must multiply the numerator 
and denominator by the exact same nonzero factor. 
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Example 10 


D 
Rationalize the denominator: a0) ; 


5x 
Solution: 


The goal is to find an equivalent expression without a radical in the 
denominator. The radicand in the denominator determines the factors that you 


> 
need to use to rationalize it. In this example, multiply by 1 in the form mas : 


EE 


Jie 


= Simplify. 


10x 


Answer: —— 
5x 


Sometimes, we will find the need to reduce, or cancel, after rationalizing the 
denominator. 
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Example 11 


3 
Rationalize the denominator: — 


Solution: 


\/6ab 


In this example, we will multiply by 1 in the form ale : 
Gee 
3a/2 _ 3ax/2 6ab 
6ab 6ab 6ab 
3a 12ab ee 
= —_——_ Simplify. 
V36a2b* 
3av/4 - 3ab 
—— 6ab 
_ 6arx/3ab Z 
= nGuEn ancel. 
_ V3ab 
OD 


Notice that b does not cancel in this example. Do not cancel factors inside a 


radical with those that are outside. 


/3ab 


Answer: 7 
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Try this! Rationalize the denominator: =, 


3,/2xy 
2y 


Answer: 


(click to see video) 


Up to this point, we have seen that multiplying a numerator and a denominator by 
a square root with the exact same radicand results in a rational denominator. In 
general, this is true only when the denominator contains a square root. However, 
this is not the case for a cube root. For example, 


1 vx 7 x 
Note that multiplying by the same factor in the denominator does not rationalize it. 
ie} 2 


a 
in the denominator as a power of 3. Simplifying the result then yields a rationalized 
denominator. 


In this case, if we multiply by 1 in the form of then we can write the radicand 


Therefore, to rationalize the denominator of a radical expression with one radical 
term in the denominator, begin by factoring the radicand of the denominator. The 
factors of this radicand and the index determine what we should multiply by. 
Multiply the numerator and denominator by the nth root of factors that produce 
nth powers of all the factors in the radicand of the denominator. 
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Example 12 
°/2 
Rationalize the denominator: 2 : 
4/25 


Solution: 


The radical in the denominator is equivalent to Vv 5? To rationalize the 


denominator, we need: Vv 53. To obtain this, we need one more factor of 5. 


3 
5 
Therefore, multiply by 1 in the form of = : 


5 


= . Multiply by the cube root of factors that result in powers of 3. 


= Simplify. 


Answer: 
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Example 13 


Rationalize the denominator: ,°/ aa 


Solution: 


\/27b 


In this example, we will multiply by 1 in the form = 


igen 3: 
3 — Sek Apply the quotient rule for radicals. 
2b 2b? 
3y/a = x/27b 
== wa > == Multiply by the cube root of factors that result in powers 
V2b?  V/2°b 
_ 32? ab 
9/353 


_ 3/4ab 


Simplify. 
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Example 14 


2x95 
Rationalize the denominator: ae 


Solution: 


5 x 2y4 


5/23 x24 


In this example, we will multiply by 1 in the form 


= —— . - ———_Multiply by the fifth root of factors that result inj 
Vary 22x3y 49/23 


= ——_——_ Simplify. 


When two terms involving square roots appear in the denominator, we can 
rationalize it using a very special technique. This technique involves multiplying 
the numerator and the denominator of the fraction by the conjugate of the 


denominator. Recall that multiplying a radical expression by its conjugate produces 
a rational number. 
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Example 15 


Rationalize the denominator: 


v5-vi 


Solution: 


In this example, the conjugate of the denominator is /5 aE 3 . Therefore, 
(58) 


multiply by 1 in the form ————. 


Ca) 


eee ce) 
/5- V3 [vs- v4 [v4 v3 Multiply numerator and 


denominator by the conjugate 


of the denominator. 


V5+v3 


= Simplify. 
VB + Vis- yis- 
v5+ V3 


SS) 


V5+ Vi 


2 


vei 


2 


Answer: 
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Notice that the terms involving the square root in the denominator are eliminated 
by multiplying by the conjugate. We can use the property 


(va + vb) (va — Vb ) = a — bto expedite the process of multiplying the 


expressions in the denominator. 
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Example 16 


Rationalize the denominator: 


i+ 

Solution: 

Multiply by 1 in the form sans 
vi-vs 


vio (v9) (v2-v6) 


Yi+y6 (vi+ v6) (v2- 8) 
Ves VOR 
15-25 


4 
_2(v8- vi) 


ee 
Aol AB, 


yib-v5 


2 


Answer: 


5.4 Multiplying and Dividing Radical Expressions 


Multiply by the conjuge 


Simplify. 


= 5-4 15 


2 
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Example 17 


Rationalize the denominator: 


Solution: 


vi-y 


In this example, we will multiply by 1 in the form 


vi-ys 


) Multiply by the conjugate of the denomir 


= —_—— simplify. 


Answer: —————— 
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Try this! Rationalize the denominator: 


5-3 


5/343 
Answer: i 


1 


(click to see video) 


KEY TAKEAWAYS 


* To multiply two single-term radical expressions, multiply the 
coefficients and multiply the radicands. If possible, simplify the result. 

* Apply the distributive property when multiplying a radical expression 
with multiple terms. Then simplify and combine all like radicals. 

* Multiplying a two-term radical expression involving square roots by its 
conjugate results in a rational expression. 

* It is common practice to write radical expressions without radicals in 
the denominator. The process of finding such an equivalent expression 
is called rationalizing the denominator. 

+ Ifan expression has one term in the denominator involving a radical, 
then rationalize it by multiplying the numerator and denominator by 
the nth root of factors of the radicand so that their powers equal the 
index. 

* Ifa radical expression has two terms in the denominator involving 
square roots, then rationalize it by multiplying the numerator and 
denominator by the conjugate of the denominator. 
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TOPIC EXERCISES 


PART A: MULTIPLYING RADICAL EXPRESSIONS 


Multiply. (Assume all variables represent non-negative real numbers.) 
1 V3.7 
VIO 
. 6-12 
4 10 - 15 


Son 1D) 
Ee 


17, 4/2x -3/6x 
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18. 54/10y - 24/2y 

». f3-99 

0. /4-</16 

n. V5 JB 

v2, */T00 - o/50 

2, Y4-*f10 

1. 18-6 

a. (5/5) (24/8) 

26. (2 : 4) (3 ; 4) 

27, (272), 
) 


1s. V3 - Pa 

» We DE 

31. V6x2 - 4x2 

32. 4/T2y - ¥/9y? 

33. 9/20x7y - ¥/10x?y? 
ss, [Cay - xe? 
35, 5 (3 = V5) 

s y2(V3-2) 


Go 
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37. 34/7 (2v7 = V3) 

38, 21/5 (6 = 3/10 ) 

ss, 6 (V3 - v2) 

wo. Vi5 (V5 + V3) 

a. Vx (e+ ya) 

w. Jy (yar + vv) 

1s, 2b ( y/T4a - 2/108 ) 
us, \/eab (52a 3b) 
ss. fo (/9 - 20) 

ss, 12 (36 + V4) 

a. (y2- V5) (v3+v7) 
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53. (23 + v2) (23 - v2) 
(Peat) (eae 
ss, (Ja V2) 
| (ab +1) 


57. What is the perimeter and area of a rectangle with length measuring 5 / 3 


54 


56 


centimeters and width measuring 3 s/ 2 centimeters? 


58. What is the perimeter and area of a rectangle with length measuring 2 / 6 


centimeters and width measuring / 3 centimeters? 


59. If the base of a triangle measures 6 / 2 meters and the height measures 
3 / 2 meters, then calculate the area. 


60. If the base of a triangle measures 6 / 3 meters and the height measures 


3 s/ 6 meters, then calculate the area. 


PART B: DIVIDING RADICAL EXPRESSIONS 


Divide. (Assume all variables represent positive real numbers.) 


JB 


61. 
3 

/ 360 

62. 
vio 
637 vn 
VB 
64. 90 
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/90x5 
f 2x 
OG 
/3y 
4/162x7y 
v25 
4/363x4y? 
af 3xy 
¥/ 16a b? 
. 2a b? 
19202! 
Vier 


6 


67. 


68. 


69 


PART C: RATIONALIZING THE DENOMINATOR 


Rationalize the denominator. (Assume all variables represent positive 
real numbers.) 


1 
A = 
/5 
1 
Le, SS 
V6 
2 
133, => 
Ye 
ue 
V7 
5 
WD 
DAO 
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5.4 Multiplying and Dividing Radical Expressions 


Lk = 


O =<—<—— 


i 


3b? 
SZ) 
2/3ab 
2 
83: — 
/ 36 
14 
CA 
JT 
1 
ir 
/ 4x 
1 
86. ay? 
ve 
Ox4/2 
87. ——. 
v Oxy? 
Bye 
88. a 
ony 
c 3a 
21/3ab? 
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5.4 Multiplying and Dividing Radical Expressions 


es 25n 
~ 34/25m2n 
3 
91. Tiny 
pee 
/ l6xy? 
- ab 
98 b 
a abc 
. Vab?3 
3 ane 
8y2z 
,| 4x97 
Ora 
2) 
97. 
10 -3 
2 
98. 
Woa2 
1 
99. 
i545 
100. : 
V7 - 2 
101. v3 
346 
102. vs 
/54 is 
10 
103. ————— 
5 30/5 
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108. 
1/5 = 4/9) 
b=) 
109. 
vi yi 
X—y 
0 
vi~ ys 
_ 
Ee i Vv 
x— /y 
i523, cam v9 


i135, 
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1 
oO, ———— 
yey 
Vx + V2 
———— 


V2x — /¥ 
ea 


ital 
VE+ vy 
119. 2x41 
V2xt1—-1 


lay rl 


me fx+1 ay al 
fx+1 = eal 


Vee = ESS 
f2x +3 a 2s 


123. The radius of the base of a right circular cone is given by r = 4 / — where V 


represents the volume of the cone and h represents its height. Find the radius 
of a right circular cone with volume 50 cubic centimeters and height 4 
centimeters. Give the exact answer and the approximate answer rounded to 
the nearest hundredth. 


124. The radius of a sphere is given by 7 = 1° — where V represents the volume 


of the sphere. Find the radius of a sphere with volume 135 square centimeters. 
Give the exact answer and the approximate answer rounded to the nearest 


hundredth. 


PART D: DISCUSSION 


125. Research and discuss some of the reasons why it is a common practice to 
rationalize the denominator. 
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126. Explain in your own words how to rationalize the denominator. 
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ANSWERS 


1 21 


29. 3a 


el, 2x4/3x 

as. Qxy/25x 
35. 34/5 =5 

37. 42 — 34/21 
39. 272 - 2/3 
41. x+x4/y 


43. 2a7b = 4b\/5a 
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45. 34/2 = 24/5) 

a7. 6 + 14 — 15 — 35 
1 RSD oy 2 = ky Gc! 
fi, © = 2/5 

53), 110) 


55. G2 Pap 


57. Perimeter: (10V ae 64/ 2) centimeters; area: 15 s/ 6 square 


centimeters 


59. 18 square meters 


61. 5 
63. a 
a, oS) 
67. 9x3 y? 
69. 2a 
75. v.10 


Wie 
(Ee 
79. Tx 
81. Vab 
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8 
via 
/ ab 
89. ob 
5 
9 
xy 
V27eb4 
a 
onan 
95. uae : 
2yZ 
97. 3/10 +9 
EERE 
i 
101 lea /2 
== 35 
rr 
105,94 V15 
iy Gl 
107. oan 


aE anv 


eee 
ame 
C= 24/ab 4°) 
113, ————— 
a-—b 
54/x + 2x 
7 Sa 
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Re + 2x,/y +y 
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aut, 
ay 


Qx+1+Y2x4+1 


119. 
2x 


i. x+ Vx? -1 


IT 
centimeters; 3.45 centimeters 


123% oe 


125. Answer may vary 
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x2 + 34/xy + yV2 
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5.5 Rational Exponents 


LEARNING OBJECTIVES 


Write expressions with rational exponents in radical form. 

Write radical expressions with rational exponents. 

Perform operations and simplify expressions with rational exponents. 
Perform operations on radicals with different indices. 


BP WH fF 


Rational Exponents 


So far, exponents have been limited to integers. In this section, we will define what 
rational (or fractional) exponents mean and how to work with them. All of the rules 
for exponents developed up to this point apply. In particular, recall the product 
rule for exponents. Given any rational numbers m and n, we have 


For example, if we have an exponent of 1/2, then the product rule for exponents 
implies the following: 


BUD RU og OFIO: 251 oe 


Here 5!” is one of two equal factors of 5; hence it is a square root of 5, and we can 
write 


UP VJ5 


2"? is one of three equal factors of 2. 


Furthermore, we can see that 


21/3 : Q3 : 21/3 _ QV3+13+1/3 = 93/3 = oy ao 


Therefore, 2"3 is a cube root of 2, and we can write 


21/3 = V2 


This is true in general, given any nonzero real number a and integer n > 2, 


qin = </a 
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In other words, the denominator of a fractional exponent determines the index of 


an nth root. 


Example 1 
Rewrite as a radical. 


a: 612 


b. 613 


Solution: 


Example 2 


Rewrite as a radical and then simplify. 


ye 
by dle” 


Solution: 


a. 1612 = 16 = V4 =4 
b. 164 = y/16 = V2! =2 
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Example 3 


Rewrite as a radical and then simplify. 


a. (64x3)"" 
b. (—32x°y!° a 


Solution: 


Next, consider fractional exponents where the numerator is an integer other than 
1. For example, consider the following: 


523 : 523 » 523 — §2/34+2/3+2/3 = 59/3 = 52 


523 


This shows that is one of three equal factors of 57. In other words, 5~” is a 


cube root of 5* and we can write: 
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523 _ 3/52 


In general, given any nonzero real number a where m and n are positive integers 


(n > 2), 


An expression with a rational exponent” is equivalent to a radical where the 
denominator is the index and the numerator is the exponent. Any radical 
expression can be written with a rational exponent, which we call exponential 
form”’. 


Radicalform Exponential form 


5 
eo 25 


Example 4 
Rewrite as a radical. 


a 62> 


b. 33/4 


20. The fractional exponent m/n Solution: 
that indicates a radical with 
index n and exponent m: 


qn” = Wa". a. 62> = Ve: = : 36 


21. An equivalent expression b, 324 = v/ 3 = W/27 
written using a rational 
exponent. 
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Example 5 


Rewrite as a radical and then simplify. 


BP 
be oy 


Solution: 


We can often avoid very large integers by working with their prime 
factorization. 


2 
=) (3° i Replace 27 with 3°. 
= 3° Simplify. 
=3? 
=") 


Cy? = ae Replace 12 with2? - 3. 


=4/ (2: . 3)° Apply the rules for exponents. 
= 2053) Simplify. 

Sy eee 

=2? .3. 2-3? 

Syl 
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Given a radical expression, we might want to find the equivalent in exponential 
form. Assume all variables are positive. 


Example 6 


Rewrite using rational exponents: Vv Be? 
Solution: 


Here the index is 5 and the power is 3. We can write 


Answer: x 3i5 
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Example 7 
Rewrite using rational exponents: / y>. 
Solution: 


Here the index is 6 and the power is 3. We can write 


Answer: y i? 


It is important to note that the following are equivalent. 


In other words, it does not matter if we apply the power first or the root first. For 
example, we can apply the power before the nth root: 


278 = W2P = 4/(33) = V3 =3? =9 


Or we can apply the nth root before the power: 
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2 2 
27 = (427) = (V8) =CP =9 
The results are the same. 


Example 8 
Rewrite as a radical and then simplify: (—8)~”. 
Solution: 


Here the index is 3 and the power is 2. We can write 


(87? = (y=) = (27 =4 


Answer: 4 


Try this! Rewrite as a radical and then simplify: 100°”. 


Answer: 1,000 


(click to see video) 


Some calculators have a caret button | which is used for entering exponents. 


If so, we can calculate approximations for radicals using it and rational exponents. 
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5.5 Rational Exponents 


For example, to calculate 2 = 2'? = 2% (1/2) = 1.414 we make use of the 
parenthesis buttons and type 


2 i || le a 


To calculate V/27 = 273 = 2 * (2/3) = 1.587, we would type 


7a i ea 


Operations Using the Rules of Exponents 


In this section, we review all of the rules of exponents, which extend to include 
rational exponents. If given any rational numbers m and n, then we have 


Product rule for exponents: 


Quotient rule for exponents: 


Power rule for exponents: 


Power rule for a product: 
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Power rule for a quotient: 


Negative exponents: 


Zero exponent: 


These rules allow us to perform operations with rational exponents. 


Example 9 
Simplify: 7)? - 74”. 


Solution: 


713, 74/9 


m+n 


=7'3+49 4 pply the product rulex™ - x" = x 
— 73/9+4/9 


= 79 


Answer: 7? 
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Example 10 


. . x 3/2 
Simplify: are 


Solution: 
Woe xm 
—__ = x3/-/3 A nly the quotient rule —— = x" 
x 2/3 G n 
— 96-416 
aes 
Answer: x~° 
Example 11 
2/3 
Simplify: CG ) : 
Solution: 
3/4\2/3 __ (3/4)(2/3) m)\n mn 
(y ) =) Apply the power rule (x ) = 
= yl? Multiply the exponents and reduce. 
= yl? 


Answer: y le 


5.5 Rational Exponents 
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Example 12 


Simplify: (81a8b? ae 


Solution: 


(81aép' yn = (3*a’b i Rewrite 81 as 3°. 
= (a: ye (a ) (bY? ye Apply the power rule f or a product (xy) "=. 
Sa pe Apply the power rule to eachf actor. 

=30b Simplify. 

=27a°b° 


Answer: 27a°b? 
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Example 13 
Simplify: (9x* a 
Solution: 
4) 22 ! ne : ae 1 
(9x ) = ay Apply the def inition of negative exponents x"" =\— . 
(9x*) x 
1 
= (x) ' Write 9 as 3° and apply the rules of exponents. 
37x4 
_ 1 
~ 32(3/2) 43/2) 
il 
33 . x6 
a! 
 27x6 
Answer: = ; 
(125a!44°)” 


Try this! Simplify: ee 


6 


Answer: 25b* 


(click to see video) 
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Radical Expressions with Different Indices 


To apply the product or quotient rule for radicals, the indices of the radicals 
involved must be the same. If the indices are different, then first rewrite the 
radicals in exponential form and then apply the rules for exponents. 


Example 14 


Multiply: /2 . 2. 
Solution: 


In this example, the index of each radical factor is different. Hence the product 
rule for radicals does not apply. Begin by converting the radicals into an 
equivalent form using rational exponents. Then apply the product rule for 
exponents. 


2 . V2 =2)? .2!8 Equivalents using rational exponents 


=2'2+13 Apply the product rule f or exponents. 


— 75/6 


— 7/2° 


Answer: V ae 
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Example 15 


3 
4, 
Divide: sti 


rl 
Solution: 


In this example, the index of the radical in the numerator is different from the 
index of the radical in the denominator. Hence the quotient rule for radicals 
does not apply. Begin by converting the radicals into an equivalent form using 
rational exponents and then apply the quotient rule for exponents. 


=— Equivalents using rational exponents 


=273-1/5 Apply the quotient rule for exponents. 
—9715 


= all 


Answer: VV al 
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Example 16 


Simplify: iv : 


Solution: 


Here the radicand of the square root is a cube root. After rewriting this 
expression using rational exponents, we will see that the power rule for 
exponents applies. 


(F-VF 


= (2 2 vee Equivalents using rational exponents 


=2°9)0) Apply the power rule for exponents. 
= 2i3 


Answer: V2 


KEY TAKEAWAYS 


* Any radical expression can be written in exponential form: 
GG merge 

* Fractional exponents indicate radicals. Use the numerator as the power 
and the denominator as the index of the radical. 

* All the rules of exponents apply to expressions with rational exponents. 

* If operations are to be applied to radicals with different indices, first 
rewrite the radicals in exponential form and then apply the rules for 
exponents. 
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TOPIC EXERCISES 


PART A: RATIONAL EXPONENTS 


Express using rational exponents. 
Shite 
AG 

VB 


oo Bw! ON 
— 
a 


\| 
13, ——= 
Xx 
1 
14. ore 
x2 


Express in radical form. 


fs, Oe 


ie ee 
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5.5 Rational Exponents 


WZ 


18. 


19. 


20. 


“dle 


lide 


25 


“all 


28 


31 


32. 


38) 


72/3 


93/5 


Oh meee 


(5x -1 


) 1/2 


Write as a radical and then simplify. 


ee 
WAGs 


4-le 


g— 1/2 


gl/3 
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“6 1s” 


ss, (ea 
40. (—64) ee 
41. 164 
2025" 
reverse 
Aon 

45. 100,000! 
Le, (= ae® 


My, OP 


50. 4° 


51, 8°? 
En Da 
53, 16°” 


5 
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1 3/4 
« (+) 
a (2) 
ay 


59) (32) > 
60. (205° 


Use a calculator to approximate an answer rounded to the nearest 
hundredth. 


a, DYE 


62, 21% 


63, 2°" 


a Be 


as, 51 


660 te 


Cp (9) 2 


me, —Oe 


69. Explain why (-4)4(3/2) gives an error on a calculator and -44(3/2) gives an 
answer of -8. 


70. Marcy received a text message from Mark asking her age. In response, Marcy 
texted back “125/(2/3) years old.” Help Mark determine Marcy’s age. 


PART B: OPERATIONS USING THE RULES OF EXPONENTS 


Perform the operations and simplify. Leave answers in exponential 
form. 


= GOP BIE 


72. 32/3 ; 37/3 
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5.5 Rational Exponents 


ve 


74 


75. y 


TS 36 


512 : 


21/6 . 


4. 


aes 


91. (36x4y2) 0° 


92. (8x? y°z? eae 


935 


(2x ree 
(8x 2 1/ 


q* 


qi/2 


p*> 


pi/10 


‘) 
*) 


4/3 


10/3 
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107 
108 
109 


110 


5.5 Rational Exponents 


a 
- 
- ( 
- 


NG =) 


Ske yerze | 


100a-23 bt ¢-3/2 


95s 


1 
W7x 3/4 ie 


1/2, 2/3 
ye 
a 


(27a pi? 
qi6 p\2 


ee 


105. 


106. 
q6 pi 


= =) 
ie 22/3 ) 


—3/4 


ae 


(ee ee 


(25@8 54)" 
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PART C: RADICAL EXPRESSIONS WITH DIFFERENT 


INDICES 


Perform the operations. 
mn. 9-98 
ho, (5. VE 
13. e+ yf 
na 
15, Vx2 + ox 
be iS: ais 


Yo 
io 
/ 16 
i Ss 
°/4 
aa 
ial), ve 
Ja 
5/4 
120. vot 
WD 
= 
il, vi? 
4 x3 

23 


123. S16 


124. V/9 
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Was 


126. 


Wee 


128. 


PART D: DISCUSSION BOARD 


129° 


130. 


5.5 Rational Exponents 


Who is credited for devising the notation that allows for rational exponents? 
What are some of his other accomplishments? 


When using text, it is best to communicate nth roots using rational exponents. 
Give an example. 
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ANSWERS 


23. ¥/x 

a5, +f (2x + 1)” 
27. 8 

29, 
a 


33}, 


i) 


BD: 
Bo 


Beh 3) 


41. 2 
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5.5 Rational Exponents 


43. 


45. 


47. 


49. 


Sl, 


Bak 


55s 


io 


8), 


61. 


63. 


65. 


67. 


69. 


TAL, 


W33, 


75. 


Wis 


TD), 


81. 


83. 


87. 


89. 


Not a real number 
Answer may vary 
2S 


55/6 


13/20 
MY 


85. 


>| = 
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5.5 Rational Exponents 


OB, 


103. 


105. 


111. 


113. 


gl 115), 


N17, 


gL), 


Wale 


123: 


25), 


Was 


1295 


ay 


1 
91. 
6x2y 
1/3 
a 
Ix 1/3 
95. D 
x ae 
Tce" b4 
W7x Haye 
Qpl/2 
y 1/2 
L102 SS 
64x 3z 
qg3 p34 
109. Serres 
10b 


Answer may vary 
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5.6 Solving Radical Equations 


LEARNING OBJECTIVES 


1. Solve equations involving square roots. 
2. Solve equations involving cube roots. 


Radical Equations 


A radical equation” is any equation that contains one or more radicals with a 
variable in the radicand. Following are some examples of radical equations, all of 
which will be solved in this section: 


We begin with the squaring property of equality”’; given real numbers a and b, we 
have the following: 


Ifa =b, thend =D’. 


In other words, equality is retained if we square both sides of an equation. 


—3=-3 = (37 =(-39 


22. Any equation that contains one 9=9 Vv 
or more radicals witha 
variable in the radicand. 


23. Given real numbers a and b, 


: ‘ The converse, on the other hand, is not necessarily true, 
where d = b,thena = b~. 


1266 


Chapter 5 Radical Functions and Equations 


9=9 
(-3¥ =BY >-343 x 


This is important because we will use this property to solve radical equations. 
Consider a very simple radical equation that can be solved by inspection, 


x =5 


Here we can see that x = 25 is a solution. To solve this equation algebraically, 


2 
make use of the squaring property of equality and the fact that (Va) =j/e =a 


when a is nonnegative. Eliminate the square root by squaring both sides of the 
equation as follows: 


As a check, we can see that 1/25 = 5 as expected. Because the converse of the 
squaring property of equality is not necessarily true, solutions to the squared 
equation may not be solutions to the original. Hence squaring both sides of an 
equation introduces the possibility of extraneous solutions”, which are solutions 
that do not solve the original equation. For example, 


24. A properly found solution that | This equation clearly does not have a real number solution. However, squaring both 
does not solve the original 


equation, sides gives us a solution: 
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As acheck, we can see that 1/25 # —5. For this reason, we must check the answers 
that result from squaring both sides of an equation. 


5.6 Solving Radical Equations 1268 


Chapter 5 Radical Functions and Equations 


Example 1 
Solve: 1/3x + 1 = 4. 
Solution: 


We can eliminate the square root by applying the squaring property of equality. 


3x+1=4 


(/3x +1 r =(4y Square both sides. 


3x+1=16 Solve. 
3x=15 


5) 


Next, we must check. 


Answer: The solution is 5. 


There is a geometric interpretation to the previous example. Graph the function 
defined by f (x) = +/3x + | and determine where it intersects the graph defined 
by g(x) = 4. 
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As illustrated, f (x) = g(x) where x = 5. 
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Example 2 
Solve: ~x -—3 =x—-5. 
Solution: 


Begin by squaring both sides of the equation. 


Vl Sie 
2 
(ve - 3) = (x — 5)” Square both sides. 


x —3=x? — 10x + 25 


The resulting quadratic equation can be solved by factoring. 


x—3=x7 — 10x +25 
O=x7 — 11x + 28 
0=( -4) «-7) 


x-—4=0 or x—7=0 
x=4 56 7/ 


Checking the solutions after squaring both sides of an equation is not optional. 
Use the original equation when performing the check. 
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Checkx =4 Checkx =7 


After checking, you can see that x = 4 is an extraneous solution; it does not 
solve the original radical equation. Disregard that answer. This leaves x = 7 as 
the only solution. 


Answer: The solution is 7. 


Geometrically we can see that f (x) = 1/x + 3 is equal to g (x) = x — 5 where 
x=], 


In the previous two examples, notice that the radical is isolated on one side of the 
equation. Typically, this is not the case. The steps for solving radical equations 
involving square roots are outlined in the following example. 
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Example 3 


Solve: \f/2x —-1+2=x. 


Solution: 


Step 1: Isolate the square root. Begin by subtracting 2 from both sides of the 
equation. 


V2x-1+2=x 
2x -l=x-2 


Step 2: Square both sides. Squaring both sides eliminates the square root. 


(V2x=1) =@-27 


2x — 1=x* — 4x44 


Step 3: Solve the resulting equation. Here we are left with a quadratic equation 
that can be solved by factoring. 
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Ix —1l=x? -4x4+4 
O=x7? —6x+5 
O=(x- 1) (x — 5) 


x—1=0 or x—5=0 
x=1 is) 


Step 4: Check the solutions in the original equation. Squaring both sides 
introduces the possibility of extraneous solutions; hence the check is required. 


Checkx = | Check. =5 


EoD yeaa 2 


aC) Sl to 2(5)-14+2 
V1+2 = J9+2 


ap 342 
Y= 5 


After checking, we can see that x = | is an extraneous solution; it does not 
solve the original radical equation. This leaves x = 5 as the only solution. 


Answer: The solution is 5. 


Sometimes there is more than one solution to a radical equation. 
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Example 4 
Solve: 21/2x +5 —x = 4. 
Solution: 


Begin by isolating the term with the radical. 


2\f2x+5—-x=4 Add x to both sides. 
2\/2x + 5=x+4 


Despite the fact that the term on the left side has a coefficient, we still consider 
it to be isolated. Recall that terms are separated by addition or subtraction 
operators. 


2\f2x+5=x4+4 


(2 2x +5 ‘i =(x +4) Square both sides. 
4 (2x +5) =x? + 8x + 16 


Solve the resulting quadratic equation. 
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Aue once + 8x+ 16 
8x + 20=x? + 8x + 16 
O=x? -4 

O=(x + 2) (x —-2) 


36 do A= (0) or x—2=0 


Y=—2 = 


Since we squared both sides, we must check our solutions. 


Checkx = —2 Checkx = 2 


2\V2x+5-—x 2V2x+5—-—x 


2/2 (—2) + 35 = (2) 2a/2(2) +5 = (©) 


2/244 5 42 /445=2 
24/1 +2 2 
24+2 = G2 

4 = 4 


After checking, we can see that both are solutions to the original equation. 


Answer: The solutions are +2. 


Sometimes both of the possible solutions are extraneous. 
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Example 5 


Solve: 1/4 — llx -x+2=0. 


Solution: 


Begin by isolating the radical. 


V/4-11lx-x+2=0 Isolate the radical. 
V4—1lx=x-2 
2 
(v4 — Iz) =(x — 2) Square both sides. 


A —11x=x* — 4x+4 Solve. 
O=x* + 7x 
O=x(x+ 7) 


x=0 orx+7=0 


x=-7 


Since we squared both sides, we must check our solutions. 
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Checkx = 0 Check x = —7 


sy = Mile = 3-62 
VISTO) 082 aan a ag, 
Vos 4 TT Te 

24+2 = oe 


eaied 
18 


V4—11x-x+2 


4 


Since both possible solutions are extraneous, the equation has no solution. 


Answer: No solution, @ 


The squaring property of equality extends to any positive integer power n. Given 
real numbers a and b, we have the following: 


Ifa = b, then a’ = db". 


This is often referred to as the power property of equality”’. Use this property, 
along with the fact that (x/a)" = 1/a" = a,when ais nonnegative, to solve 
radical equations with indices greater than 2. 


25. Given any positive integer n 
and real numbers a and b 


where a = b,thena’ = b”. 
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Example 6 
Solve: \1/4x2 + 7-2 =0. 
Solution: 


Isolate the radical, and then cube both sides of the equation. 


Isolate the radical. 


3 
( 1 Ax? + 7) =(2) Cube both sides. 
Ax? +7=8 Solve. 
4x? —1=0 
O2* i @r— Dat 


2x+1=0 or 2x — 1=0 
2x=-1 27 =] 

re ull 1 
a7 aa 


Check. 
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Checkx = — 


Checkx = 4 


i 
2 


Answer: The solutions are + a 


Try this! x — 34/3x +1 =3 


Answer: The solution is 33. 


(click to see video) 


It may be the case that the equation has more than one term that consists of radical 
expressions. 
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Example 7 


Solve: 5x —3 = V/4x-1. 


Solution: 


Both radicals are considered isolated on separate sides of the equation. 


V/5x —-3=1/4x -1 
( V5" —3 ) _ (V4 - r) Square both sides. 


5x —-3=4x - 1 Solve. 


Gheckoa— 25 


Answer: The solution is 2. 
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Example 8 
Solve: x2 +x-14= /x+50. 
Solution: 


Eliminate the radicals by cubing both sides. 


Vx? +x- 14= Vx +50 
(Wa? +x—14) = (Vx + 50) Cube both sides. 


x? +x—-14=x+50 Solve. 
x? —64=0 
(x + 8) (x -— 8)=0 
x+8=0 or x—8=0 


x=-8 x=8 


Check. 
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Checkx = 


Ix? ++x—-14 = Wx+50 


v(-8Y + (-8)-14 = 
64 —8 — 14 
V42 = W42 Vv 


Answer: The solutions are +8. 


/(—8) + 30 


Checkx = 8 


Wx? +x—14 
1G +e) 14 
/64+8-14 = 
758 | = 


It may not be possible to isolate a radical on both sides of the equation. When this is 
the case, isolate the radicals, one at a time, and apply the squaring property of 
equality multiple times until only a polynomial remains. 
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Example 9 


Solvwers/4 4 2 — /x =a 


Solution: 


Begin by isolating one of the radicals. In this case, add /x to both sides of the 


equation. 


Vx+2—-/x=1 
Vx+2=x+1 


Next, square both sides. Take care to apply the distributive property to the 
right side. 


(ve+2)=(ye+1) 
x+2=(yx +1) (ye +1) 
x+2= Vx 4 fet yet 


Kate — Nae Ae te 


At this point we have one term that contains a radical. Isolate it and square 
both sides again. 
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xed Daase do Wajee 45 II 


1=2,/x 


(y= (2yx) 
1=4x 
1 
ore 


9 1 
eye 
Vi 2 
31 
ae =| 
DF 
2 
ee | 
2 
lal 


Answer: The solution is 7 ; 


Note: Because (A + B)? # A* + B?, we cannot simply square each term. For 
example, it is incorrect to square each term as follows. 


(ve+2) - (yx) =P 


Incorrect! 
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This is acommon mistake and leads to an incorrect result. When squaring both 
sides of an equation with multiple terms, we must take care to apply the 
distributive property. 
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Example 10 


Solve: of/2x + 10 — +/x+6=1 


Solution: 


Begin by isolating one of the radicals. In this case, add 1/x + 6 to both sides of 


the equation. 


V2x+ 10 —1/x+6=1 
V2x+10=Vx+64+1 


Next, square both sides. Take care to apply the distributive property to the 
right side. 


(/2x + 10) =(Vx+6+ 1) 
2x + 10=x+64+2\/x+641 
2x + 10=x+7+2,/x+6 


At this point we have one term that contains a radical. Isolate it and square 
both sides again. 
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2x + 10=x+7+4+2/x+6 
x+3=2V/x+6 
(x +3) =(2yx46) 
x +6x+9=4 (x +6) 
x +6x+9=4x +24 
x? +2x—15=0 
(x — 3) (x +5)=0 


x—3=0 or 


73) 


Check. 


Checkx = 3 


V2x+ 10 -— V/x+6 


4/2(3) + 10— 1/3 +6 


Answer: The solution is 3. 
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x+5=0 
x=-5 

Check x = —5 

2x +10 -—1/x+6 

2 (-5) + 10- V—-5 + 6 

yo- v1 

O-1 

—] 
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Try this! Solve: «/4x + 21 — f/2x+22 = 1 


Answer: The solution is 7. 


(click to see video) 


KEY TAKEAWAYS 


* Solve equations involving square roots by first isolating the radical and 
then squaring both sides. Squaring a square root eliminates the radical, 
leaving us with an equation that can be solved using the techniques 
learned earlier in our study of algebra. 

* Squaring both sides of an equation introduces the possibility of 
extraneous solutions. For this reason, you must check your solutions in 
the original equation. 

* Solve equations involving nth roots by first isolating the radical and 
then raise both sides to the nth power. This eliminates the radical and 
results in an equation that may be solved with techniques you have 
already mastered. 

* When more than one radical term is present in an equation, isolate them 
one at a time, and apply the power property of equality multiple times 
until only a polynomial remains. 
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TOPIC EXERCISES 


PART A: SOLVING RADICAL EQUATIONS 


u. V7x+4+6=11 
2, V3x-5+9=14 
Ey 2 ee 3 0 
4. 3y/x+1-2=0 
i. Vxt1 = x41 
16, Y2x—1 = 2x -1 
7. V4x—1 =24/x -1 
ws. /4x—11 = 2x -1 
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iG), 


20. 


alts 


Das 


23) 


24, 


25 


26. 


Wis 


28. 


29. 


30. 


Sl, 


32. 


38), 


34, 


35. 


36. 


Sip 


38. 


39. 


40. 


Vxt8 = /x-4 


V25x- 1 =5\/x +1 


V/5x+74+3=1 
4/3x-6+5=2 
4—2/x+2 =0 

6 — 3y/2x —3 =0 
V3@ +10) =2 
*/4x4+34+5=4 
f/8x+11 =3Vx41 
rVaen4 = yIGrFD 
VIEHID = Vie=15 
V5 @—4) = Vx +4 
4/5x —2 = */4x 
V9@-1) = W347 
V3x4t1 = y/2@-D 
V9x = 3/30 — 6) 

4/3x —5 = ¥/2x 48 
x43 = 2x45 
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5.6 Solving Radical Equations 


Al. 


61. 


62. 


/4x + 21 — 6 


. (8x49 =x 

. f4(2x—3) =x 

. 3 4x—9) =x 
22 

. 3x/2x-9 =x 
.f9xt9 =x+1 

. 73x+10 =x+4 
_yx-l=x-3 
oa 245 —=21—4 

. 716 — 3x =x-6 
oy Poon =3 3 

. 34/2x+10 =x+9 
.2f2x+5 =x4+4 
3ypSi alan 
22x42 -1l=x 
. Y10x+41 -5=x 
. f6(«+3) -3 =x 
, 8x2 — 4r 41 
, 18x? — 6x +1 


Ane || as ay 
—6x+1 =3x 
54) ee) =o 
4,/2(x+ 1) =x+7 


1292 


Chapter 5 Radical Functions and Equations 


63. x? —25 =x 

64, Vx249=x 
a ear oe 

peu 2 ee) Ine 

67. 4x +25 —x=7 

68. Ses 
69. Dy OEY = 2 oh 
70, 24/6x+3 —3 = 3x 
7A, 2x-4 = 14 - 10x 
72, 3x — 6 = 33 — 24x 
3. W/x2-24=1 

74. W/x2 — 54 =3 

IS Vx? +6x+1=4 

76. Vx? 42x +5=7 

Dh, 4/25x2 — 10x —7 = -2 
78, 9x2 — 12x —23 =-3 
79. ¥/4x2 —1-2=0 

go. 4y/x2 —1 =0 

ail V/x(Q2x+1) -1=0 
g2. \/3x2 — 20x —2=0 


g3, 2x? — 15x +25 = 4/(x+5) (x—5) 
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5.6 Solving Radical Equations 


84. 


85. 


86. 


87. 


88. 


89. 


x2 = 4x + 


4/2 (x2 +3x—20) = Va +3)" 


a x (5—x) 


4/3x2 + 3x +40 + 3x +40 = Meas 


sf/2x—5 + +/2x =5 


V4x + 13 - 2x =3 


4 Oe) ae 


90. 3x —6 — 2x -3 =1 
91. V2@—-2-Yx-1=1 
92. ye a ee 

93. V204+1 - V3x+4-1=0 
94. VWGe ont 2288 1 S70 
ss, Vxnd-1= V2E=3) 
96. 4/14 = 11x +>f/7 = 9x =1 
Pe oat no ee 
98.  DeeO =o) ae =D 

99. x —10=0 

100. x7 -6=0 

101, ex ee =O) 

102051224 0) 

103, (x — 1)'7 -3 =0 

104. (x +2)" -6=0 
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5.6 Solving Radical Equations 


105. (2x -1)'2 +3 =0 
106, Gr =), = 2 0 


107. (4x + 15) a= 


2) 
108. (3x + 2)!” —3x=0 
109. (2x + 12)'* -x =6 


) 1/2 


110. (4x +36) ° —x=9 


)* =x+10 


1a 2(5x + 26 
Hi, 8B@ — 1? =x I 
ey oes So(ehe ye =) 


he 7 (3x) WP es l 


114. (6x + 1 
His (Gree ss) 2 2 
Hema eee) 0) 


Determine the roots of the given functions. Recall that a root is a value 
in the domain that results in zero. In other words, find xX where 


f &) = 0. 

ive gees) — | 

lig) f @)i= 4 Dees — 

119. f (x) = 2s/x+2-8 

120, f @) =3/x—7 —6 

Nee (0) el 22 

122. f (x) = 2v/x-14+6 
Solve for the indicated variable. 


123, Solve for P: f = VP = 
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124. 


N25), 


126. 


7), 


128. 


129) 


130. 


131. 


132. 


g15}3}, 


134. 


1655 


136. 


Solve for x: y = /x —-h+k 


Solve for s:t = 4 / a 
& 

a wD 

Solve for L: T = 274 / a5 
Solve forR: [ = 4/ “ 


Solve forh: r = aM 
mth 

Solve forV:r = + — 
(a 

Dp 
Solve forc:d = — 
Cc 


The square root of 1 less than twice a number is equal to 2 less than the 
number. Find the number. 


The square root of 4 less than twice a number is equal to 6 less than the 
number. Find the number. 


The square root of twice a number is equal to one-half of that number. Find the 
number. 


The square root of twice a number is equal to one-third of that number. Find 
the number. 


The distance d in miles a person can see an object on the horizon is given by 
the formula 


_ voh 
eS 


where h represents the height in feet of the person’s eyes above sea level. How 
high must a person’s eyes be to see an object 5 miles away? 


The current I measured in amperes is given by the formula 


where P is the power usage measured in watts and R is the resistance measured 
in ohms. If a light bulb requires 1/2 amperes of current and uses 60 watts of 
power, then what is the resistance through the bulb? 
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The period of a pendulum T in seconds is given by the formula 


E 
T = 2n,/— 
NaS) 


where L represents the length in feet. Calculate the length of a pendulum 
given the period. Give the exact value and the approximate value rounded to 
the nearest tenth of a foot. 


137. 1second 


138. 2seconds 


139. ‘ second 


140. x second 


The time t in seconds, an object is in free fall is given by the formula 


t 


_ vs 
4 


where s represents the distance it has fallen, in feet. Calculate the distance an 
object will fall given the amount of time. 
141. 1 second 


142. 2 seconds 


143. “ second 


144, n second 


PART B: DISCUSSION BOARD 


145. Discuss reasons why we sometimes obtain extraneous solutions when solving 
radical equations. Are there ever any conditions where we do not need to 
check for extraneous solutions? Why or why not? 
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146. If an equation has multiple terms, explain why squaring all of them is 
incorrect. Provide an example. 
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ANSWERS 


1. 49 


8, Il 
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S7= 152 
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99 


101. 


103. 


105. 


107. 


109. 


glilil., 


143. 


145. 


100 

-8 

10 

=113} 

3 

2 

-6, -4 

= 2) 

i 

=) 

=il 

14 

=) 

P = (r+ 1¥ 
2 

Raa 

5 

0,8 

16 + feet 


— feet; 0.8 feet 
o/s 


= feet; 0.2 feet 
os 


16 feet 
4 feet 


Answer may vary 
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5.7 Complex Numbers and Their Operations 


LEARNING OBJECTIVES 


1. Define the imaginary unit and complex numbers. 
2. Add and subtract complex numbers. 
3. Multiply and divide complex numbers. 


Introduction to Complex Numbers 


Up to this point the square root of a negative number has been left undefined. For 
example, we know that 1/—9 is not a real number. 


There is no real number that when squared results in a negative number. We begin 
to resolve this issue by defining the imaginary unit”®, i, as the square root of -1. 


To express a square root of a negative number in terms of the imaginary unit i, we 
use the following property where a represents any non-negative real number: 


Jri= Vla= VA- y= iyi 


26. Defined as i = 1/—1 where With this we can write 
2 
“v=. 
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V/-9 = V-1-9 = V-1- V9 =i-3 = 3i 


If 4/—9 = 33, then we would expect that 37 squared will equal -9: 


Giy =97 =9(-1l)=-9 V 


In this way any square root of a negative real number can be written in terms of the 
imaginary unit. Such a number is often called an imaginary number”’. 


Example 1 


Rewrite in terms of the imaginary unit i. 


Solution: 


a. . [ 
b. 4/—25 = /=1-25 = V=1- 1/25 =i -5 =5i 
c W—72 = V=1- 36-2 = 1/-1- 36-2 =i -6- 1/2 = 62 


Notation Note: When an imaginary number involves a radical, we place i in front of 
the radical. Consider the following: 


27. A square root of any negative 
real number. 
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28. Anumber of the forma + bi, 
where a and bare real 
numbers. 


29. The real number a of a complex 
number a + bi. 


30. The real number b of a complex 
number a + bi. 


6i1/2 = 6y/2i 


Since multiplication is commutative, these numbers are equivalent. However, in the 


form 6+/2i, the imaginary unit i is often misinterpreted to be part of the radicand. 
To avoid this confusion, it is a best practice to place i in front of the radical and use 


61/2. 


A complex number” is any number of the form, 


at bi 


where a and b are real numbers. Here, a is called the real part”’ and b is called the 
imaginary part®’. For example, 3 — 4iis a complex number with a real part of 3 
and an imaginary part of -4. It is important to note that any real number is also a 
complex number. For example, 5 is a real number; it can be written as 5 + Oiwitha 
real part of 5 and an imaginary part of 0. Hence, the set of real numbers, denoted R, 
is a subset of the set of complex numbers, denoted C. 


C= {at bila,b € R} 


Complex Numbers: a+ bi 


2-3i -lt+i 3421/5 


Real Numbers: a+0i 


Rational Irrational 7 


0.012 0.63 7 V3 0.10010001... 


Complex numbers are used in many fields including electronics, engineering, 
physics, and mathematics. In this textbook we will use them to better understand 
solutions to equations such as x* + 4 = 0. For this reason, we next explore 
algebraic operations with them. 
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Adding and Subtracting Complex Numbers 
Adding or subtracting complex numbers is similar to adding and subtracting 
polynomials with like terms. We add or subtract the real parts and then the 
imaginary parts. 

Example 2 

Add: (5 — 2i) + (7 + 3i). 


Solution: 


Add the real parts and then add the imaginary parts. 


(5-21) + (7+ 3)=5 — 21+: 7 + 3i 
=5 4/7 — 21 4-31 
S25 


Answer: 12 + i 


To subtract complex numbers, we subtract the real parts and subtract the 
imaginary parts. This is consistent with the use of the distributive property. 
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Example 3 


Subtract: (10 — 77) — (9 + Si) : 
Solution: 


Distribute the negative sign and then combine like terms. 


(10 — 7i) — (9+ 5i) =10 - 71-9 - 5i 
=10-9-7i-5i 
= 112; 


Answer: | — 12i 


In general, given real numbers a, b, c and d: 


(a+ bi) + (c+di)=(a+c)+ (b+d)i 
(a + bi) - (c +di)=(a—c)+ (b-d)i 
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Example 4 
Simplify: (5 + i) + (2 —3i)- (4-7i). 


Solution: 


(5+i)+ 2-31) - 4-7)=5+i+2-31-44+7i 
=3 4 5i 


Answer: 3 + 5i 


In summary, adding and subtracting complex numbers results in a complex 
number. 


Multiplying and Dividing Complex Numbers 


Multiplying complex numbers is similar to multiplying polynomials. The 
distributive property applies. In addition, we make use of the fact that 7 = —1 to 
simplify the result into standard form a + bi. 
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Example 5 
Multiply: —67 (2 — 37). 
Solution: 


We begin by applying the distributive property. 


—6i (2 — 3i)=(-6i) -2 — (—6i) - 3iDistribute. 


=—12i + 187 Substitute? = —1. 
=—12i + 18(-1) Simplify. 

== 12; = 18 

=—18 - 12i 


Answer: —18 — 12i 
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Example 6 
Multiply: (3 — 47) (4 4 Si) : 


Solution: 


(3 —4i) (44 5i)=3-443-5i-4i- 4 — 4i - SiDistribute. 


=12 + 15i — 16i — 207 Substitute i? = —1. 
=12 + 15i — 16i — 20(-1) 

=12-i+20 

=32-i 


Answer: 32 — i 


In general, given real numbers a, b, c and d: 


(a + bi) (c + di) =ac + adi + bei + bdi* 
=ac + adi + bci + bd (—1) 
=ac + (ad + bc) i — bd 
=(ac — bd) + (ad + be) i 


Try this! Simplify: (3 — 2iy. 


Answer: 5 — 12i 


(click to see video) 


5.7 Complex Numbers and Their Operations 1309 


Chapter 5 Radical Functions and Equations 


Given a complex number a + bi, its complex conjugate*’ is a — bi. We next 
explore the product of complex conjugates. 


Example 7 


Multiply: (5 + 2i) (5 — 2i) : 


Solution: 
(5 + 2)(6 — 2D=5-5 —5- 2i+ 21-5 — 27 - 21 
=25 — 101+ 10i — 4/7 
=25 — 4(-1) 
=254+4 
=29 
Answer: 29 


In general, the product of complex conjugates” follows: 


(a+ bi) (a—bi)=a¢ -a-bit+bi-a-bi 
=a — abi+ abi—b (-1) 
=a +b 


31. Two complex numbers whose 


real parts are the same and 
imaginary parts are opposite. If 


given a + bi, then its complex | Note that the result does not involve the imaginary unit; hence, it is real. This leads 
conjugate is a — Di. us to the very useful property 


. The real number that results 
from multiplying complex 
conjugates: 


(a+ bi) (a—bi) =a +b’. 


3 


iS) 
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(a+bi) (a-bi) =a + 


To divide complex numbers, we apply the technique used to rationalize the 
denominator. Multiply the numerator and denominator by the conjugate of the 
denominator. The result can then be simplified into standard form a + bi. 
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Example 8 
Divide: —— 

© ay ° 
Solution: 


In this example, the conjugate of the denominator is 2 + 37. Therefore, we will 


multiply by 1 in the form —- : 
i ol (2 + 3i) 
023)" O=en Can 
_ (2+3i) 
ae 
B23) 
449 
_ 243i 
13 


To write this complex number in standard form, we make use of the fact that 13 
is acommon denominator. 


Eye ) ie 
ues 
ie 
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Example 9 
Divide: = . 
Solution: 
1-5i_(l-Si) (4-1 
4+i (441i) (4-i 
4-1-2014 57 
Ae 
_ 4-211 + 5(-1) 
7 16+1 
_4-211-5 
7 17 
_-1-2ii 
= ny, 
ee 
i? a 
Answer: — - _ a I 


In general, given real numbers a, b, c and d where c and d are not both 0: 
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(a+bi) (a+bi) (c-di) 
(c+di) (c+di) (c—di) 
_ ac —adi + bc = bdi* 
7 c2 +d’ 
_ (ac + bd) + (bc — ad)i 
7 ce +d’ 


(<<) (<=) 
= ae ka ak 
c+d c+d 
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Example 10 
Divide: — : 


Solution: 


Here we can think of 2i = 0 + 2iand thus we can see that its conjugate is 


Sy = Wa, 


Si sy (8 S130) (—2)) 


2i Cin 2 

—16i + 67 
—4? 

_ —16i + 6(-1) 

ar) 

=o 


Because the denominator is a monomial, we could multiply numerator and 


denominator by 1 in the form of ‘and save some steps reducing in the end. 
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Answer: — - —4i 


342i 


Try this! Divide: =— . 


edb an 28 
Answer: 5 + 51 


(click to see video) 


When multiplying and dividing complex numbers we must take care to understand 
that the product and quotient rules for radicals require that both a and b are 


positive. In other words, if </a and 1/b are both real numbers then we have the 
following rules. 


Product rule for radicals : ¥/a-b = </a - x/b 


Quotient rule for radicals : ," 
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For example, we can demonstrate that the product rule is true when a and b are 
both positive as follows: 


However, when a and b are both negative the property is not true. 


yA. y32 


Qi - 3i=6 
67 =6 
—6=6 x 


Here 1/ —4 and /-9 both are not real numbers and the product rule for radicals 
fails to produce a true statement. Therefore, to avoid some common errors 
associated with this technicality, ensure that any complex number is written in 
terms of the imaginary unit i before performing any operations. 
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Example 11 


Multiply: 1/—6 - 1/—15. 
Solution: 


Begin by writing the radicals in terms of the imaginary unit i. 


V6. V=B = iy6- iv 


Now the radicands are both positive and the product rule for radicals applies. 


V¥-6- Y-15=iV/6 - iv/15 
=) ons 
=(-1) 90 
=(-1) /9- 10 
=(-1)-3- 4/10 
=—34/10 


Answer: —3+/ 10 
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Example 12 


Multiply: /-10 ( y=6 - vi0) : 


Solution: 


Begin by writing the radicals in terms of the imaginary unit i and then 
distribute. 


V=10 ( y=6 - yi0) =iyI0 (iv - 70) 
=i 1/60 — i100 
=(-1) V4- 15 — ix/100 
=(-1)-2-/15-i- 10 


=—2,/15 — 10i 
Answer: —2+/ 15 — 107 


In summary, multiplying and dividing complex numbers results in a complex 
number. 


2 2 
Try this! Simplify: (2iv2) - (3 - iV) ; 


Answer: —12 + 61/5 


(click to see video) 
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KEY TAKEAWAYS 


* The imaginary unit i is defined to be the square root of negative one. In 


other words, 1 = /-1 andi? = —1. 

* Complex numbers have the form a + biwhere aand bare real 
numbers. 

* The set of real numbers is a subset of the complex numbers. 

* The result of adding, subtracting, multiplying, and dividing complex 
numbers is a complex number. 

* The product of complex conjugates, a + bianda — bi, isa real 
number. Use this fact to divide complex numbers. Multiply the 
numerator and denominator of a fraction by the complex conjugate of 
the denominator and then simplify. 

* Ensure that any complex number is written in terms of the imaginary 
unit i before performing any operations. 
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TOPIC EXERCISES 


PART A: INTRODUCTION TO COMPLEX NUMBERS 


Rewrite in terms of imaginary unit i. 


| 
— 
4 


5 oy 0) 
yr 
7, /-50 
8. /—48 


iil, = 


f 2 
Ip 9 


Write the complex number in standard form a + bi. 


15, 5 = 2 a 
16. oo 
7 =) ds =o 
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is. 4 — 24/-18 
Bian 224 
$+. $= 
a 
2+ +/-75 
20. 10 - 
/-63 - V5 
21. ———__——_ 
—12 = 
29D ae 
2 =o 
Given that i> = —1 compute the following powers of i. 
tee fe 
oat 
25. 2 
26.1 
mm oe 
Dy 


PART B: ADDING AND SUBTRACTING COMPLEX NUMBERS 


Perform the operations. 

29. (3+ 5i) + (7 - 4i) 

30. (6 — 7i) + (—5 — 2i) 

31. (-8 — 3i) + (5+ 2i) 

32. (—10 + 15i) + (15 — 20i) 
3 (s4+a)+ (s-4) 


i) + (G0 - 3) 


ex) 
ns 
——< 
Jt 
| 
Dal 
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35. (5 + 2i) — (8 — 3i) 

36. (7 -i) — (-6 — 9i) 

37. (—9 — 5i) — (8 + 12i) 

38. (-11 + 2i) — (13-7) 

sv. (b+4i)- ($43) 

w. (3-41) - (£-4)) 

a1, (2—i)+ (8+4i) — (6 —5i) 
42, (7+ 2i)-— (6-i) - 6 -4i) 
w. ($a) - (1-44) - (L440) 
u (1-31) + ($i) - (4-49) 
45. (5 — 3i) — (2+ 7i) — (1 - 103) 
46. (6 — 11i) + (2+3i)— (8 —4i) 


a. V—16 - (3- y-1) 
48. /-100 + (V-9 +7) 
49, (1+ V-1)- (1- y-1) 


( 
51. (5 = 2/25 | = (-3 i 4-1) 
(-12 - v-1) e (3 . V-49 ) 
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PART C: MULTIPLYING AND DIVIDING COMPLEX 


NUMBERS 


Perform the operations. 
me =a) 
Ba (em) 
55. 2i(7 — 4i) 
56. 67 (1) — 21) 
57. —21(3 — 41) 
==) 
Oe) (Oem) 
60. (3 — Si) (1 — 2i) 
a. (l=) (Bop) 
62. (1+ 5i) (5 + 2i) 
ea (42 30) 
ea (ell der 
65. (2 Si)” 
66. (5 — a 
7. 1+) -d 
BO) OL 
69. (4 — 27) (44+ 27) 
70. (6 + 5i) (6 — 5i) 


Tela) 
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7, (1 —3i)° 


1s. V2 (V2 - V6) 
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—12 
106. 
4 D227 
Given that 7” = compute the following powers of i. 


ni, oe 
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Moe, 


109. i> 


nee), 


Perform the operations and simplify. 
111. 27(2 — 1) —i1(3 — 41) 
112. i(5 —i) — 3i (1 — 6) 
me, 5 = al ap 
ny, 20 = Bay 133, 
he, l= or =2 (0) Se 
Mite, Clair = 2 (lesan) 


wn, (21y2) +5 
(v5) ~(iv3) 

ws (vE~i)' = (visi) 
(+1) ~ (av) 


118. 


120. 


2), (a — bi)” - (a 4s bi) 
124, (a 42 GF 1) (ac = (0 sr 1) 
125. Show that both —2i and 2i satisfyx* +4 = 0. 


126. Show that both —i and i satisfy x* + 1 = 0. 
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127. Show that both 3 — 2i and3 + 2i satisfyx* — 6x + 13 = 0. 
128. Show that both 5 — iand5 + isatisfyx* — 10x + 26 = 0. 
129. Show that 3, —2i, and 2i are all solutions tox? — 3x2 + 4x — 12 = O. 


130. Show that -2, 1 — i,and 1 + are all solutions tox? — 2x +4 = 0. 


PART D: DISCUSSION BOARD. 


131. Research and discuss the history of the imaginary unit and complex numbers. 


132. How would you define i? and why? 


133. Research what it means to calculate the absolute value of a complex number 
la + bil .Ilustrate your finding with an example. 


134, Explore the powers of i. Look for a pattern and share your findings. 
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ANSWERS 


1. 91 
3. —21 


Bi 21/5 
WE 5iV2 
9. 315 


it 5 
13 0) 51 
15. 5—4i 
7, Sp) PG 
19. i: — V6 | 
Ve 5 
5 
Bat [on a Te 
23. —1 
25. 1 
27. —i 
29. 10 +1 
31. —3-i 
a 242] 
35. —34+5i 
37. -17 -—17i 
eee 
39 5 BE ri 
4. —1+ 81 
= ee ae 
43, — 67 3! 
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89. 


ON, 


al 
a 8 


Deroy 15) 


22, 


2095 
mn 2 
31 


3) = (Gy 
She 2) 
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1. —-- = 
A 
4 
a aon 
93 u Le 
. >) 7 1 
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Wo 


103. 


107. 


109. 


1H 


113. 


gL ily, 


NI 7/, 


119. 


Wa 


1233 


Wis 


127. 


1293 


131. 


1685 


; el vine 
5S Se 
2) 5 
1+ 81 
99 : ae 
f 5 5 l 
a b 
101 ) 5 
e+b ae+b 
—I 
V6 3/3 
105. Th 71 
—1 
i 
—2+i1 
5 + 6 
0 
=} 
~4i4/2 
> 
—4abi 
Proof 
Proof 
Proof 


Answer may vary 


Answer may vary 
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5.8 Review Exercises and Sample Exam 
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REVIEW EXERCISES 


So nevisw exercises 
Simplify. 

1 - Vi 

2. VET 

09)" 

5 is 

. (A 

1 (ay) ” 


8. 1 (6x + 1)° 


PS 


9. Given f (x) = y/x + 10, find f (-1) andf (6) . 

10. Given g (x) = \/x — 5, find g (4) and g (13). 

11. Determine the domain of the function defined by g (x) = 1/5x +2. 

12, Determine the domain of the function defined by g (x) = /3x— 1. 
simplify. 

3. */250 

14. 4 v/ 120 

i = 3 v/ 108 


ia 
2 IO 
16 39 
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81 
17. —64' al 
18. 4/128 
19. */-192 
20. ~3 4/420 
Simplify. 
a1. 20x4y2 


22. —4 4/ 54x by? 
SE 
en Gan 
Simplify. (Assume all variable expressions are nonzero.) 


25. /100x2y4 


26. / 36a b? 
8a 
DU > 
(ny 
28. 
76 


29. 10x4/150x7y4 
30. —5n2/25m!0ns 
1. ¥/48x%y3z? 


32. V1 270a!9 p83 


Go 
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35. The period T in seconds of a pendulum is given by the formula T = 27 / a 


where L represents the length in feet of the pendulum. Calculate the period of 
a pendulum that is 2 5 feet long. Give the exact answer and the approximate 
answer to the nearest hundredth of a second. 
v/s 
36. The time in seconds an object is in free fall is given by the formula f = mae 


where s represents the distance in feet the object has fallen. How long does it 
take an object to fall 28 feet? Give the exact answer and the approximate 
answer to the nearest tenth of a second. 


37. Find the distance between (-5, 6) and (-3,-4). 


38. Find the distance between (4 .— + )and ia, — 3) F 


Determine whether or not the three points form a right triangle. Use 
the Pythagorean theorem to justify your answer. 
39. (-4,5), (-3,-1), and (3,0) 


40. (-1,-1), (1,3), and (-6,1) 


ADDING AND SUBTRACTING RADICAL EXPRESSIONS 


Simplify. Assume all radicands containing variables are nonnegative. 
a. 7/2 + 5/2 

a Sy = 15 

ey, Ney 2) ta Sey 2) = Si) iy 9) 

44, 224/ab — 5ay/b + 7\ab — 2av/b 

6. Tx - (3yx +27) 
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46, (89x - Txy/y) - (Sxy¥ - 12yV¥) 

47. (3V5 + 26) ‘ (sV5 e 3/6) 

48. (4V3 = viz) 2 (sv3 2 24/12 ) 

16) (2 = Vi0x +3,/7) = (1 +2y/10r - 67) 


50. (3av/ab? + 6Veb) + (9av/ab* = 12V eb) 
1, (45 +12 - 20 - 75 
52, 24 - 32 + 54 - 232 
53, 24/3x2 + /45x — x27 + /20x 
54. 562 + V8@2b2 — 29/24eb — av 18b? 
55. Syv/4x7y — (xr/l6y? — 2y/9x?y?) 
56. (26 V9ec = 3a 16b7c ) = ( Ve4e6e = obec) 
sy, «TG - «/TSay - of 
58. W128x3 — 2x9/54 + 3 2x3 
59, /8x°y — 2x4/By + /27x3y + xy/¥ 
60. V/27ab — 3\/8ab? + av/64b — by/a 


61. Calculate the perimeter of the triangle formed by the following set of vertices: 


= 3, =) 5) (1), 1) ) Ce =”))| 6 


62. Calculate the perimeter of the triangle formed by the following set of vertices: 
{(0, —4), (2,0), (—3,0)}. 


MULTIPLYING AND DIVIDING RADICAL EXPRESSIONS 


Multiply. 
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63 


64. 


fon) 
on 


fon 
fon 


fon 
ie) 


69 


70 


71 


72 


eis 

(v2) 

_ ¥2(y2- yi0) 

_ (v5- v6) 

_ (5- y3) (5+ v3) 

_ (26+ v3) (v2-53) 
_ (ya-syb) 

. 35/7 (y - 27) 
3a - ¥/18a 

. V49e8b - 72d? 


Divide. Assume all variables represent nonzero numbers and 
rationalize the denominator where appropriate. 


74, 
64 
5 
Ls 
v5. 
VJ 15 
76. 
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Vx 

yx - V¥ 
V2+ V6 

Ja- vo 


93. The base of a triangle measures 2 sf 6 units and the height measures 3 / 15 
units. Find the area of the triangle. 


90. 


94, If each side of a square measures 5 + 21/ 10 units, find the area of the 
square. 


RATIONAL EXPONENTS 


Express in radical form. 


os. 2 


9213 
ees 2 


: qs 


Write as a radical and then simplify. 


99. 161 
nis, (ane 
101) 87> 


102, 321 


1\3? 
103, = 
2 
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in pau 
A216 


Perform the operations and simplify. Leave answers in exponential 


form. 
105. 61/2 . 62/2 
106. 31/3 . 31/2 


109. (64x°y?) as 


110. (27x ye ) ie 


, (9x ~413 1/3 ) ~3/2 


i100, = 
qi/2 


1/2 
16x 4/3 i 
i, —= 
56x Ue 
14x ya - 
(4a*b*? 3 ) 


22 b\"6 ¢2/3 


113. 


114, 


7 9/3 \-3/4 
Ae (16x 415 y2 7 213 ) 


Perform the operations with mixed indices. 


1g, vee Vi 
118. Vy: */y3 
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119 we 
F 
120. yy 
SOLVING RADICAL EQUATIONS 
Solve. 


121. 24/x +3 = 13 

122, 1/3x—-2 =4 

123. /x—-5+4=8 

124. Sa/x +347 =2 

125, 4x —3 = +f/2x 4 15 
126. /8x—15 =x 

Vy, ce 1 ey) our 

128, /4x —3 = 2x -3 

29, Wx+5 =5-y/x 

30. Yxt+3 =3/x-1 

31. 241) - x42 =1 
132, Y6—x +4/x—-2 =2 
Ie VoD eS ail 
134, f9—-x = /x+16 -1 


135. 4x — 3 =2 


136. oe =-l 
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137. ¥/x (Bx + 10) = 2 
38. W2x2 —x+4=5 
139. y/3(@ +4) @ +1) = W/5x 4 37 


140. 3x2 — 9x +24 = W(x +2)? 
1. y!? —-3=0 


Wy? 3 =O 


) 2 


143. (x —5 —~2=0 


144, Ox = 1)? =5 = 0 
Ws, (Gee ly Se = Tl 
MeGe= 2)! 2 (1G) =o 


Wan Ge 4 > en) = 2 


) V2 


148. (5x +6 = 3-—(x+3)!” 


149. Solve for g:f = = ‘ 


150. Solve forx:y = x +4 —2. 


151. The period in seconds of a pendulum is given by the formula T = 27, / aa 


where L represents the length in feet of the pendulum. Find the length of a 
pendulum that has a period of | ‘ seconds. Find the exact answer and the 
approximate answer rounded off to the nearest tenth of a foot. 


152. The outer radius of a spherical shell is given by the formula r = ites a 2 


where V represents the inner volume in cubic centimeters. If the outer ae 
measures 8 centimeters, find the inner volume of the sphere. 


153. The speed of a vehicle before the brakes are applied can be estimated by the 
length of the skid marks left on the road. On dry pavement, the speed v in 


miles per hour can be estimated by the formula v = 2 / 6d , where d 
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represents the length of the skid marks in feet. Estimate the length of a skid 
mark if the vehicle is traveling 30 miles per hour before the brakes are applied. 


154. Find the real root of the function defined by f (x) = v/. x-342. 


COMPLEX NUMBERS AND THEIR OPERATIONS 


Write the complex number in standard form a + bi. 


166 = /-16 
156. =| 5 = 6 
Sy SE 
157, —10~— 
24 
i 


Perform the operations. 
159. (6— 12i) + (4+ 7i) 


1 


a 


0. (-3 + 2i)— (6-4i) 


163. (5 —2i) — (6-7i) + (4-4) 
164. (10 — 31) + (20+ 5i) — (30 — 15i) 
165. 41(2 — 31) 

166. (2 + 3i) (5 — 2i) 

167. (4+ i 

168. (8 — 3i)” 

169. (3 + 2i) (3 — 2i) 
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170. (—1 + 5i) (—1 - 5i) 


im 2a 
Tl. 
2i 
ND 
T=; 
we oe 
es 
eae 
7A, 
BEE 


Heel —= 52 = 37) 
en = 3) =e Sone 


in, 8 (V3 - y-4) 

(1 VFR) (-V3) 
ia. (V5 - y—10) 

1a, (1- Y=2) - (1+ y=2), 


183. Show that both —5i and 5i satisfyx* +25 = 0. 


bb 
le) 
So 


184. Show that both 1 — 2i and 1 + 2isatisfyx* — 2x +5 = 0. 
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ANSWERS 


i, =Ilil 


3. [xy 
yy 5) 


17. -9 
19 24) 6) 
a1. 2x? yl 4/Sy 
23. Ix — 7I 
25. 10xy? 
2a/2 
Dy. 
b2 
29. 50x*ty* /6x 
31. 2x? yx/ 622 
ab\/b 
33. ———— 
Ae 


mv/5 
35. sted seconds; 1.76 seconds 


Si 21/26 units 


39. Right triangle 


41. 12/2 
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43, 94/3 - 2 
45. Ay/x — 2,/y 
a7. 11/5 — V6 


49. 1 — 3/10x +9,/y 


V9 — 33 

53. may der o4/ oe 
55. 12xy,/y 

57. Ay/x — Sexy 
59. 2x</y 

61. 4 + 24/13 units 
63. 3/10 

65. 2 — 24/5 

OH, 2H 

69. a — 10/ab + 25b 
7A, 3ay/2 

73. 2/2 

7D 
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79. 
/9x 
81. 
4/ 35x2 yz 
83. Ty 
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89 


onl, 


OB, 


95% 


OW 


OP), 


101. 


103. 


105. 


107. 


109. 


1a 


113. 


WE 


129. 


BS 
a)4/3 

94/10 square units 
Jit 

ie 


Ax ene 
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85. 


8 


3xy4/3x4y3z2 


a ee 
; f5+ 3 
, pi 
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Tee 


1683 


1653 


IS 7/ 


1693 


141. 


143. 


145. 


147. 


149. 


151. 


153. 


S55 


BLS), 


161. 


163. 


165. 


167. 


169. 


7/1, 


Ws 


17/5), 


Wie 


a2; 


— 22g 
Se 


ee feet; 1.8 feet 
eh 


37.5 feet 
5 -4i 


IB, 
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179. 44/2 a 2iV/6 


is1. —15 + 104/2 


183. Answer may vary 
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SAMPLE EXAM 


Simplify. (Assume all variables are positive.) 


ie Spey ieee 
2, 2xy? y/—-64x6y9 
3. Calculate the distance between (-5, —3) and (-2, 6) ; 


/s 


4, The time in seconds an object is in free fall is given by the formula tf = we 
where s represents the distance in feet that the object has fallen. If a stone is 
dropped into a 36-foot pit, how long will it take to hit the bottom of the pit? 


Perform the operations and simplify. (Assume all variables are positive 
and rationalize the denominator where appropriate.) 


5, V/150xy2 — 2>/18x3 + yv/24x + x/128x 
5 oy) (ony = (2 4/250y? —* sax)? 
7 21/2 (y2 - 36) 
. (Vi0- v5) 
, ae 
f2+ 73 
2x 
10. 
yxy 
1 


——— 
4/ 8xy2z4 


12. Simplify: 81 


13. Express in radical form: x ee 


Simplify. Assume all variables are nonzero and leave answers in 
exponential form. 
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14. 


16. 


17 


18. 


iQ), 


20. 


Al 


Das 


29. 


(81x4y2) 71” 
(250858) 

115}, F 172 D 
Solve. 
sfx —5 = 1 
/5x-2+6=4 
5s/2x+5 —2x=11 
/ TO A) 
2x45 —sf/x+3 =2 
The time in seconds an object is in free fall is given by the formula f = se 


where s represents the distance in feet that the object has fallen. If a stone is 
dropped into a pit and it takes 4 seconds to reach the bottom, how deep is the 
pit? 


ya 


The width in inches of a container is given by the formula w = —>— + 1 


where V represents the inside volume in cubic inches of the container. What is 
the inside volume of the container if the width is 6 inches? 


Perform the operations and write the answer in standard form. 


6 = 32 = 3c 
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ANSWERS 


i, Soup ye 

3, 34/10 units 

5. Ty 6x + 2xr/2x 
g, A 1D 


2 See 


15. 125a@/2 pb!) 
7, = = 


IG, (4) 


21. 256 feet 


23. 3 + 3145/2 


25. 21 + 361 
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6.1 Extracting Square Roots and Completing the Square 


LEARNING OBJECTIVES 


1. Solve certain quadratic equations by extracting square roots. 
2. Solve any quadratic equation by completing the square. 


Extracting Square Roots 


Recall that a quadratic equation is in standard form’ if it is equal to 0: 


ax* + bx+c=0 


where a, b, and c are real numbers and a # 0). A solution to such an equation is a 
root of the quadratic function defined by f (x) = ax? + bx + c. Quadratic 
equations can have two real solutions, one real solution, or no real solution—in 
which case there will be two complex solutions. If the quadratic expression factors, 
then we can solve the equation by factoring. For example, we can solve 

4x? — 9 = Oby factoring as follows: 


4x? —9=0 
(2x + 3)(2x — 3)=0 


2x+3=0 or2x-—3=0 


2x=-3 2x=3 
x= > eo 
_s? 2 


1. Any quadratic equation in the 
formax? + bx+c=0, 
where a, b, and c are real 
numbers anda # 0. 
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The two solutions are + 7 .Here we use + to write the two solutions in a more 


compact form. The goal in this section is to develop an alternative method that can 
be used to easily solve equations where b = 0, giving the form 


ax* +c =0 


The equation 4x” — 9 = (is in this form and can be solved by first isolating x. 


4x* —9=0 
Ax? =9 

9 

Veet 
| 


If we take the square root of both sides of this equation, we obtain the following: 


3 


Pes 
ey 


Here we see that x = + + are solutions to the resulting equation. In general, this 


describes the square root property’; for any real number k, 


if x? =k, then x= tk 


2. For any real number k, if 


x? = k,thenx = +k. 
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Applying the square root property as a means of solving a quadratic equation is 
called extracting the root’. This method allows us to solve equations that do not 
factor. 


3. Applying the square root 
property as a means of solving 
a quadratic equation. 
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Example 1 
Solve: 9x2 — 8 = 0. 
Solution: 


Notice that the quadratic expression on the left does not factor. However, it is 


in the form ax* + c = Oand so we can solve it by extracting the roots. Begin 
by isolating x7. 


9x? — 8=0 
9x7 =8 

8 

Diegesi 
TS 


For completeness, check that these two real solutions solve the original 
quadratic equation. 
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Check x = — : Check x = —— 


Da) 2) 
3 


24/2 
Answer: Two real solutions, + gl 


Sometimes quadratic equations have no real solution. In this case, the solutions will 
be complex numbers. 
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Example 2 
Solve: x? + 25 = 0. 
Solution: 


Begin by isolating x* and then apply the square root property. 


After applying the square root property, we are left with the square root of a 
negative number. Therefore, there is no real solution to this equation; the 
solutions are complex. We can write these solutions in terms of the imaginary 


tae = 7 = 


205 
234/00 
=+i-5 
Sab) 
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Checkx = Checkx = 5i 


fe OS pe eS 


(ony) 2s (oF soos 
257 +25 = 257 + 25 

DE El3 eS = D1) 455 
~254+25 = 605 

0 = 0 


Answer: Two complex solutions, +5i. 


Try this! Solve: 2x” — 3 = 0. 


Answer: The solutions are + 


V6 
ay . 
(click to see video) 


Consider solving the following equation: 


(x+5) = 0 


To solve this equation by factoring, first square x + 5 and then put the equation in 
standard form, equal to zero, by subtracting 9 from both sides. 
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(x +5) =9 
x? + 10x + 25=9 
x* + 10x + 16=0 


Factor and then apply the zero-product property. 


x? + 10x + 16=0 
(x + 8)(x + 2)=0 


x+8=0 orx+2=0 


The two solutions are -8 and -2. When an equation is in this form, we can obtain the 
solutions in fewer steps by extracting the roots. 
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Example 3 
Solve by extracting roots: (x + 5)” =), 
Solution: 


The term with the square factor is isolated so we begin by applying the square 


root property. 
Gs + 5)” =! Apply the square root property. 
x+5= +9 Simplify. 
Xa ae 
WS 5 ae 3 


At this point, separate the “plus or minus” into two equations and solve each 
individually. 


x=—-5+3o0rx=—5 —3 


Answer: The solutions are -2 and -8. 


In addition to fewer steps, this method allows us to solve equations that do not 
factor. 
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Example 4 
Solve: 2(x — 2)? —-5 = 0. 
Solution: 


Begin by isolating the term with the square factor. 


(x — 2)? —5=0 
2(x — 2)? =5 
(r-2P=3 


Next, extract the roots, solve for x, and then simplify. 


5 
x—-2=+ Vs Rationalize the denominator. 


4—4/10 44/10 
and eae 


Answer: The solutions are 5 
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Try this! Solve: 2(3x — 1)° +9 = 0. 


S 


Answer: The solutions are + ae . 


(click to see video) 


Completing the Square 


In this section, we will devise a method for rewriting any quadratic equation of the 
form 


ax’ +bx+c=0 


as an equation of the form 


(x-p) =¢ 


This process is called completing the square’. As we have seen, quadratic 
equations in this form can be easily solved by extracting roots. We begin by 
examining perfect square trinomials: 


(x +3) =x? + 6x + 9 


4. The process of rewriting a 
quadratic equation to be in the 


form (x =p) = q. 
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The last term, 9, is the square of one-half of the coefficient of x. In general, this is 
true for any perfect square trinomial of the form x* + bx +c. 


In other words, any trinomial of the form x* + bx + c will be a perfect square 
trinomial if 


(3) 


Note: It is important to point out that the leading coefficient must be equal to 1 for 
this to be true. 
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Example 5 
a) 2 
Complete the square:x“ —6x+ ? = (x + ? ) : 


Solution: 


In this example, the coefficient b of the middle term is -6. Find the value that 
completes the square as follows: 


The value that completes the square is 9. 


x* —6x + 9=(x— 3) (x3) 
=(x — 3° 


Answer: x2 — 6x +9 = (x — 3)° 
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Example 6 

7 B: 
Complete the square:x* +x+ ? = iG a 2) : 
Solution: 


Here b = 1. Find the value that will complete the square as follows: 


L 


= completes the square: 


The value 


2 Do ie 
Answer: X +x+2=(x+$) 


We can use this technique to solve quadratic equations. The idea is to take any 
quadratic equation in standard form and complete the square so that we can solve 
it by extracting roots. The following are general steps for solving a quadratic 
equation with leading coefficient 1 in standard form by completing the square. 
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Example 7 

Solve by completing the square: x* — 8x — 2 = 0. 
Solution: 

It is important to notice that the leading coefficient is 1. 


Step 1: Add or subtract the constant term to obtain an equation of the form 
x* + bx = c. Here we add 2 to both sides of the equation. 


No = 8 =o 0 


x? —8x=2 


2 
Step 2: Use (4) to determine the value that completes the square. In this 
case, b = -8: 


2 
Step 3: Add (4) to both sides of the equation and complete the square. 


x? —8x=2 
(6 =o G 
(x-4) (x«-4)=18 

(x — 4) =18 
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Step 4: Solve by extracting roots. 


(x -— 4) =18 
x—4=+4/18 
x=44 9-2 
x=44 3/2 


Answer: The solutions are 4 — 3 /2 and 4 + 3 2 . The check is left to the 


reader. 
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Example 8 
Solve by completing the square: x” + 2x — 48 = 0. 
Solution: 


Begin by adding 48 to both sides. 


x? 4+ 2x —48=0 
x? + 2x=48 


Next, find the value that completes the square using b = 2. 


()-@) or 


To complete the square, add 1 to both sides, complete the square, and then 
solve by extracting the roots. 


x? + 2x=48 Complete the square. 
x? 42x + 1=48 +1 
(x+ 1) «+ 1)=49 
(x + 1)? =49 Extract the roots. 
x + 1=+1/49 
x+1=+7 


x=-1+7 
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At this point, separate the “plus or minus” into two equations and solve each 
individually. 


x=-l1-—-—7orx=-1+7 
x=—8 x=6 


Answer: The solutions are -8 and 6. 


Note: In the previous example the solutions are integers. If this is the case, then the 
original equation will factor. 


x* + 2x — 48=0 
(x ~ 6) (x + 8)=0 


If an equation factors, we can solve it by factoring. However, not all quadratic 
equations will factor. Furthermore, equations often have complex solutions. 
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Example 9 
Solve by completing the square: x7 — 10x + 26 = 0. 
Solution: 


Begin by subtracting 26 from both sides of the equation. 


x? — 10x + 26=0 
x? — 10x=—26 


Here b = -10, and we determine the value that completes the square as follows: 


To complete the square, add 25 to both sides of the equation. 


x? — 10x=—26 
x — 10x + 25==26 + 25 
x =10c 4 25—=—1 


Factor and then solve by extracting roots. 
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x* —10x+25=-1 
(x — 5) (x -5)=-1 


(x—5)°=-1 
x—-5=4y-1 
I 

ee 


Answer: The solutions are 5 + i. 


Try this! Solve by completing the square: x> — 2x — 17 = 0. 


Answer: The solutions are x = 1 + 3 Va 


(click to see video) 


The coefficient of x is not always divisible by 2. 
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Example 10 


Solve by completing the square: x* + 3x +4 = 0. 


Solution: 


Begin by subtracting 4 from both sides. 


x? +3x+4=0 
x? +3x=—-4 


Use b = 3 to find the value that completes the square: 
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Solve by extracting roots. 


Pe bare ea 
X+ >= Sees 
DE a 
Be aa 
+ —=+ —— 
oa) 
Bea ie 
sehen 


Answer: The solutions are — - - 


So far, all of the examples have had a leading coefficient of 1. The formula ( by. 


determines the value that completes the square only if the leading coefficient is 1. If 
this is not the case, then simply divide both sides by the leading coefficient before 
beginning the steps outlined for completing the square. 
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Example 11 
Solve by completing the square: 2x* + 5x — 1 = 0. 


Solution: 


Notice that the leading coefficient is 2. Therefore, divide both sides by 2 before 
beginning the steps required to solve by completing the square. 


2 ey 
eel 
a ee 
2 B 2 
5 1 
y) 
+-—x--—=0 
Dy 25) 
Add +to both sides of the equation. 
1 
2 
ee) ae) 
x* + yO 
1 
2 i ge 
x +=xXx 5 
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To complete the square, add = to both sides of the equation. 


gee 

2 2 
Freee ge a oie ae ae 
2 16 2 16 


Next, solve by extracting roots. 


eee 
SSA NG 
a WBS 
= 
soe Fi 7 
G  Alee 
x=— = + —— 
4 a 
ah Ve 
x= 


—5+1/33 
Answer: The solutions are z : 
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Try this! Solve by completing the square: 3x7 — 2x + 1 = 0. 


von 
3 «CF 


Answer: The solutions are x = + kt 


(click to see video) 


KEY TAKEAWAYS 


* Solve equations of the form ax ce Oby extracting the roots. 

* Extracting roots involves isolating the square and then applying the 
square root property. Remember to include “+” when taking the square 
root of both sides. 

« After applying the square root property, solve each of the resulting 
equations. Be sure to simplify all radical expressions and rationalize the 
denominator if necessary. 

* Solve any quadratic equation by completing the square. 

* You can apply the square root property to solve an equation if you can 


D, 
first convert the equation to the form (x = P) = q. 
* To complete the square, first make sure the equation is in the form 


x? + bx = c. The leading coefficient must be 1. Then add the value 


b \2 , 
( 5 ) to both sides and factor. 


* The process for completing the square always works, but it may lead to 
some tedious calculations with fractions. This is the case when the 
middle term, b, is not divisible by 2. 
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TOPIC EXERCISES 


PART A: EXTRACTING SQUARE ROOTS 


Solve by factoring and then solve by extracting roots. Check answers. 


i x = 16=0 
2, x7 —36=0 
3, 9y-— 1 —0 
4, 4y? -25=0 


5 2) = 1—0 
6 @+41)? —4=0 
7. 4(y— 2)" -9=0 
8. W(y+1)°-4=0 
9. (u—5)° —25=0 
10. (u+2)* -4=0 


Solve by extracting the roots. 


un. x? =81 
wv. x27 =1 
il 
0) 
iG: = — 
73 
2 = — 
i eS iG 
15 Sl 
16. x7 = 18 
17. 16x? =9 
18. 4x2 = 25 
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ie, 2 = Il 
%, Be =D 
ae = 4070 
2a 4) 


2x et lO 
24, x* +100 =0 
25 ox lh = 0 
26. 6x7 —5 = 0 
yi. eee 5 aa) 
Ben len 0 
2. y> +4=0 
30. y7 +1=0 


33. x7 -8 =0 

34. t? —18 =0 

35. x7 +8 =0 

a6. + 125 = 0 

57 oy 0 

38. 3x7 -1=0 

2, Grey) =e Sl 

40. (x + 9)? — 36 =0 
a. (x—5)” —20=0 


6.1 Extracting Square Roots and Completing the Square 


1380 


Chapter 6 Solving Equations and Inequalities 


42. 


43. 


44, 


45. 


46. 


47. 


48. 


Sil, 


52, 


So 


54, 


553 


56. 


Sys 


58. 


Be), 


60. 


Gly = 28 a0 

Qi=2 2D £6 SO 

(31-5)? +10 =0 
Ax + 1)* —27=0 
Vrs ey =Sat 
1671) eo) 
5001) +20 


2 
D 
so 2(3- 5) > =0 
= lp Se 
=2¢>1y +8 =0 
Solve for x:px* —q =0,p,q > 0 


De 
Solve for x: (x —p) —g=0,p,q>0 
The diagonal of a square measures 3 centimeters. Find the length of each side. 


The length of a rectangle is twice its width. If the diagonal of the rectangle 
measures 10 meters, then find the dimensions of the rectangle. 


If a circle has an area of 50a square centimeters, then find its radius. 


If a square has an area of 27 square centimeters, then find the length of each 
side. 


The height in feet of an object dropped from an 18-foot stepladder is given by 
h(t) = —16t* + 18, where t represents the time in seconds after the object 
is dropped. How long does it take the object to hit the ground? (Hint: The 
height is 0 when the object hits the ground. Round to the nearest hundredth of 
a second.) 


The height in feet of an object dropped from a 50-foot platform is given by 
h(t) = —16t* + 50, where t represents the time in seconds after the object 
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is dropped. How long does it take the object to hit the ground? (Round to the 
nearest hundredth of a second.) 


61. How high does a 22-foot ladder reach if its base is 6 feet from the building on 
which it leans? Round to the nearest tenth of a foot. 


62. The height of a triangle is “ the length of its base. If the area of the triangle is 
72 square meters, find the exact length of the triangle’s base. 


PART B: COMPLETING THE SQUARE 


Complete the square. 
, fo = Dees = (x- u 
eee = (x- Ys 
B22 bie P =e 
6 G2 BID 2 =o 2 
67. x7 + 7x+ ? = (x+ me 


ayo epee = (x+ oe 


Gan Y ahs Vy 

fh a enis P Sea 7) 
ee | 
7, Hoe tae 2 = (e+ 2)” 


Solve by factoring and then solve by completing the square. Check 
answers. 


73. x7 +2x-8 =0 
74. x? —8x+15=0 
Te, Wo de y= 4 = 
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76. y> —-12y+11=0 
77. t? +3t—28=0 
7. 1? —7t+10=0 
79. 2x* +3x—-2=0 
80. 3x7 —x -2=0 
1. 2y? -y—-1=0 
2. 2y° +7y—-4=0 
Solve by completing the square. 
ex or — 10 
84. x7 +8x+10=0 
ae 21 7 10 
s60x- = 61 — 30 
87. y> —-2y+4=0 
ss. y> —-4y+9=0 
39. t? + 10t— 75 = 0 
oo, @ + (= 10 =O 


93. x7 +x-1=0 
94. x7 +x-3 =0 
95, y+ 3y-2=0 
9. y7 +5y—3=0 
97. x7 +3x+5=0 


9. x7 +x+1=0 
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11 

99) xe = 0 
3 

100. ote 


1 
2 
fll) 
101 5 


1 
2 
eel) 
102 3 


. 4x? —- 8x -1=0 

. 2x? —4x -3 =0 

. 3x7 +6x+1=0 

. 5x2 +10x+2=0 

De Ae 0) 

(ore OSS 

ane = We = 15 SO 

eo 4 43 — 6 

1 2y7 4 + 10 = 0 

nGe> 24, 40 16) 

(2? — x 2=0 

Or eee lel 

bu BaD Sl 

. 3u*7-u-1=0 

x? = 44 —- 1 = 15 

x — 124 8 — 10 
.x(x+1)-11@-2)=0 
UG 1G + 7i—4Gx +2) —0 
— (2y + 3) (y-1)-2(y-1) 
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1a (2y + 5) (y-5) -y(y-8) =-24 
123. (t +2) = 3 (t+ 1) 
LaGEee IG = 4) = (88) — We 10r 


Solve by completing the square and round the solutions to the nearest 
hundredth. 


125, (2 — 1)7 = 2x 

Ms, (Cie De = 5 Sn 

Wee, (he te 1) Gipes 1) Oye se 
128. (3x + 1) (44-1) = 17x-4 
129. 9x(x — 1) -—-2(Qx-1) = -4x 


130. (6x + 1)° —6(6x+1) = 0 


PART C: DISCUSSION BOARD 


131. Create an equation of your own that can be solved by extracting the roots. 
Share it, along with the solution, on the discussion board. 


132. Explain why the technique of extracting roots greatly expands our ability to 
solve quadratic equations. 


133. Explain why the technique for completing the square described in this section 
requires that the leading coefficient be equal to 1. 


134. Derive a formula for the diagonal of a square in terms of its sides. 
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129% 0:33;/0:67 
131. Answer may vary 


133. Answer may vary 
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6.2 Quadratic Formula 


LEARNING OBJECTIVES 


1. Solve quadratic equations using the quadratic formula. 
2. Use the determinant to determine the number and type of solutions to a 
quadratic equation. 


The Quadratic Formula 


In this section, we will develop a formula that gives the solutions to any quadratic 
equation in standard form. To do this, we begin with a general quadratic equation 
in standard form and solve for x by completing the square. Here a, b, and c are real 
numbers and a # 0: 


ax” +bx+c=0 Standard form of a quadratic equation. 


2 
+ bx+ 0 
es ee Divide both sides by a. 
a a 


b c c 
x7 4+—x+—=0 Subtract — from both sides. 
a a a 


5. D c 
x + —-x=-- 
a a 


Determine the constant that completes the square: take the coefficient of x, divide it 
by 2, and then square it. 


Add this to both sides of the equation to complete the square and then factor. 
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5. The formula 


—btV/b?—4ac 
X= 3, Which 


gives the solutions to any 
quadratic equation in the 
standard form 

ax” + bx +c = 0,wherea, 
b, and c are real numbers and 
ax#0 


6.2 Quadratic Formula 


egg Pe 

a 4c a 4¢@ 

(x+2) (s+2)=-< im 
2a 2a a 4@e 


Solve by extracting roots. 


b b* — 4ac 
xX+ 7 St 
a 4d? 
b / b? — 4ac 
x + —=+ —_—_ 
2a 2a 
b = Vb? — 4ac 
x=-— — + ————. 
2a 2a 
_ b+\Vb* —4ac 
~ 2a 


This derivation gives us a formula that solves any quadratic equation in standard 
form. Given ax? + bx + c = 0, where a, b, andc are real numbers anda # 0, the 
solutions can be calculated using the quadratic formula’: 
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6.2 Quadratic Formula 1392 


Chapter 6 Solving Equations and Inequalities 


Example 1 


Solve using the quadratic formula: 2x? — 7x — 15 = 0. 


Solution: 


Begin by identifying the coefficients of each term: a, b, and c. 


Substitute these values into the quadratic formula and then simplify. 


Separate the “plus or minus” into two equations and simplify further. 


6.2 Quadratic Formula 


—b+vV b* — 4ac 


2a 
=((= 7) 


i— 


(-7y — 4(2) (-15) 
2 (2) 

_ 7+ V49 + 120 
—— 

_ 7+ y 169 


A 
_7+13 
net 
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eats eels 
ee a 
foes ra 20 
ae A 

3 
aan Ls 


Answer: The solutions are — Sand 5. 


The previous example can be solved by factoring as follows: 


2x* — Ix —15=0 
(2x + 3) (x-5)=0 


2x+3=0 orx—5=0 


2x=-3 x=5 
3 

x=- = 
2 


Of course, if the quadratic expression factors, then it is a best practice to solve the 
equation by factoring. However, not all quadratic polynomials factor so easily. The 
quadratic formula provides us with a means to solve all quadratic equations. 
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Example 2 
Solve using the quadratic formula: 3x7 + 6x — 2 = 0. 
Solution: 


Begin by identifying a, b, and c. 


Substitute these values into the quadratic formula. 


—b+v b* —4Aac 


2a 
— (6) + \/ (6) — 403) (-2) 
2@) 


—6 + 36+ 24 
6 

aot y 08 

= 


ie 


At this point we see that 60 = 4 x 15 and thus the fraction can be simplified 
further. 
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5 
Say) ks, 
5 
It is important to point out that there are two solutions here: 


Oy 
= 
3 


We may use + to write the two solutions in a more compact form. 


-3+15 


3 


Answer: The solutions are 


Sometimes terms are missing. When this is the case, use 0 as the coefficient. 
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Example 3 
Solve using the quadratic formula: x7 — 45 = 0. 
Solution: 


This equation is equivalent to 


Ix? + 0x - 45 =0 


And we can use the following coefficients: 


Substitute these values into the quadratic formula. 
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—b+ Vb — 4ac 


2a 


— (0) + \/() -4(1) (-45) 


2 (1) 


_O+ v0 + 180 


2 
ae) 150 


C= 


2 


Since the coefficient of x was 0, we could have solved this equation by 
extracting the roots. As an exercise, solve it using this method and verify that 
the results are the same. 


Answer: The solutions are +3 /5 


Often solutions to quadratic equations are not real. 
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Example 4 
Solve using the quadratic formula: x* — 4x + 29 = 0. 
Solution: 


Begin by identifying a, b, and c. Here 


Substitute these values into the quadratic formula and then simplify. 


= —b+ Vb — 4ac 
7 D 


a 
(ey WEN Vay (Os) 


2(1) 


4+ V16- 116 


= Negative radicand 


Two complex solutions 


Check these solutions by substituting them into the original equation. 
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Check x = 2 — Si Check x = 2 


jee ye = 8) MW — 4x 

Pao 4/2 = 5) BS (2+ 5i) —4 (245i) 
AO ROS = Gy es) = ee? Ope sid — 20i 
257 +25 = 257 

5h 25— 45 (-1) 

—25+25 = —25 


Answer: The solutions are 2 + 5i. 


The equation may not be given in standard form. The general steps for using the 
quadratic formula are outlined in the following example. 
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6.2 Quadratic Formula 


Example 5 
Solve: (5x “f 1) (x-1l)=x(+1). 


Solution: 


Step 1: Write the quadratic equation in standard form, with zero on one side of 


the equal sign. 


(Sx + 1) (x —- l=x@+4+1) 

De Ssh eS a es 
Sea eacilaet ceo 
4x? — 5x —1=0 


Step 2: Identify a, b, and c for use in the quadratic formula. Here 


Step 3: Substitute the appropriate values into the quadratic formula and then 
simplify. 
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ar 2a 
—(-5) +1/(-5) -4@ CD 


2 (4) 


_5# 725 +16 
a 
ee yall 
—— 


5+ 


Fa 


Answer: The solution is = 


Try this! Solve: (x + 3) (x - 5) = -19 


Answer: | +i 3 


(click to see video) 


The Discriminant 


If given a quadratic equation in standard form, ax* + bx + c = 0, where a, b, and c 
are real numbers and a ¥ Q, then the solutions can be calculated using the 
quadratic formula: 


—b+ Vb — 4ac 


= 2a 


6. The expression inside the As we have seen, the solutions can be rational, irrational, or complex. We can 


ical of th i ; ; bo pas 
deapaen a oma determine the number and type of solutions by studying the discriminant’, the 
formula, b“ — 4ac. 
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expression inside the radical, b* — 4ac. If the value of this expression is negative, 
then the equation has two complex solutions. If the discriminant is positive, then 
the equation has two real solutions. And if the discriminant is 0, then the equation 
has one real solution, a double root. 

Example 6 

Determine the type and number of solutions: 2x* + x +3 = 0. 


Solution: 


We begin by identifying a, b, and c. Here 


Substitute these values into the discriminant and simplify. 


b* — 4dac=(1¥ — 4(2) (3) 
=1-24 
=—23 


Since the discriminant is negative, we conclude that there are no real solutions. 
They are complex. 


Answer: Two complex solutions. 


If we use the quadratic formula in the previous example, we find that a negative 
radicand introduces the imaginary unit and we are left with two complex solutions. 


6.2 Quadratic Formula 1403 


Chapter 6 Solving Equations and Inequalities 


6.2 Quadratic Formula 


i Two complex solutions 


Note: Irrational and complex solutions of quadratic equations always appear in 
conjugate pairs. 
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6.2 Quadratic Formula 


Example 7 
Determine the type and number of solutions: 6x” — 5x — 1 = 0. 
Solution: 


In this example, 


Substitute these values into the discriminant and simplify. 


b? — dac=(-5) — 4 (6) (-1) 
=25 + 24 
=49 


Since the discriminant is positive, we conclude that the equation has two real 
solutions. Furthermore, since the discriminant is a perfect square, we obtain 
two rational solutions. 


Answer: Two rational solutions 


Because the discriminant is a perfect square, we could solve the previous quadratic 
equation by factoring or by using the quadratic formula. 
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1 ; ; 
Solve by factoring: oe es sia 


—b+V/b*—4ac 


6x? —5x-—1=0 
(6x + 1)\(x — 1)=0 


6x+1=0 orx-—1=0 
6x=—-1 x=1 


Given the special condition where the discriminant is 0, we obtain only one 
solution, a double root. 
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Example 8 


Determine the type and number of solutions: 25x* — 20x + 4 = 0. 


Solution: 


Here a = 25,b = —20,andc = 4, and we have 


b* — 4ac=(-20y — 4 (25) (4) 
=400 — 400 
=O 


Since the discriminant is 0, we conclude that the equation has only one real 
solution, a double root. 


Answer: One rational solution 


Since 0 is a perfect square, we can solve the equation above by factoring. 


25x* — 20x +4=0 
(5x — 2)(5x — 2)=0 


5x —2=0 or5x —2=0 


5x=2 5x=2 
2 2 
.= = x= 
5 5 


Here zis a solution that occurs twice; it is a double root. 
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Example 9 
Determine the type and number of solutions: x7 — 2x — 4 = 0. 
Solution: 


Here a = 1,b = —2,andc = —4, and we have 


b’ — 4ac=(-2Y — 4(1) (-4) 
=4+ 16 
=20 


Since the discriminant is positive, we can conclude that the equation has two 
real solutions. Furthermore, since 20 is not a perfect square, both solutions are 
irrational. 


Answer: Two irrational solutions. 


If we use the quadratic formula in the previous example, we find that a positive 
radicand in the quadratic formula leads to two real solutions. 
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6.2 Quadratic Formula 


_-bs VP hae 


2a 


—(-2) + 20 


= ——_————__ Positive discriminant 
2(1) 


24+V4x5 


1 
=1+ /5 Two irrational solutions 


The two real solutions are 1 — /5 and 1 + /5 . Note that these solutions are 
irrational; we can approximate the values on a calculator. 


1-5 %-1.24 and 14 5 & 3.24 


In summary, if given any quadratic equation in standard form, ax” + bx +c = 0, 
where a, b, andc are real numbers and a # O, then we have the following: 


Positive discriminant :b* — 4ac>0 Two real solutions 
Zero discriminant : _b* — 4ac=0 One real solution 


Negative discriminant b” — 4ac<0 Two complex solutions 


Furthermore, if the discriminant is nonnegative and a perfect square, then the 
solutions to the equation are rational; otherwise they are irrational. As we will see, 
knowing the number and type of solutions ahead of time helps us determine which 
method is best for solving a quadratic equation. 
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Try this! Determine the number and type of solutions: 2x” = x — 2. 


Answer: Two complex solutions. 


(click to see video) 


KEY TAKEAWAYS 


* We can use the quadratic formula to solve any quadratic equation in 
standard form. 
* To solve any quadratic equation, we first rewrite it in standard form 


ax? + bx +c = 0, substitute the appropriate coefficients into the 


—b+/b* —4ac 
2a 
+ We can determine the number and type of solutions to any quadratic 


quadratic formula, x = , and then simplify. 


equation in standard form using the discriminant, b? — 4ac. if the 
value of this expression is negative, then the equation has two complex 
solutions. If the discriminant is positive, then the equation has two real 
solutions. And if the discriminant is 0, then the equation has one real 
solution, a double root. 

* We can further classify real solutions into rational or irrational 
numbers. If the discriminant is a perfect square, the roots are rational 
and the equation will factor. If the discriminant is not a perfect square, 
the roots are irrational. 
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TOPIC EXERCISES 


PART A: THE QUADRATIC FORMULA 


Identify the coefficients, a, b and c, used in the quadratic formula. Do 
not solve. 


1 x* —x4+3=0 

2. 5x* —2x -8 =0 

3. 4x? -9 = 0 

4. x7 +3x =0 

5. —x? +2x-7=0 

6. —2x* —5x+2=0 
7, jee = Ge = =O 

8. p°x? —x+2g =0 
9. (x 5)” = 49 

10. (2x+1)? =2x-1 


Solve by factoring and then solve using the quadratic formula. Check 
answers. 


th 2 =r = 16 =O 
i, e? = Be = (8 =O 
13. 2x7 + 7x-4=0 
4, 3x° +5x-2=0 


15. 4y7 -9=0 
16. 9y* —-25=0 
17. 547 —6t=0 
is. 1? +6t=0 
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6.2 Quadratic Formula 


il), 


20. 


Al 


DD 


23% 


24, 


295 


26. 


Zils 


28. 


ne), 


30. 


Sil, 


32. 


Bi5)o 


34, 


S55 


36. 


Ys 


38. 


39. 


—x* + 9x—20=0 
=Oy = 374-5 = 0 
l6y? — 24y +9 =0 
Ay* — 20y + 25 =0 


Solve by extracting the roots and then solve using the quadratic 
formula. Check answers. 


x? —-18=0 
x*-12=0 
pe atl 
x? +20=0 
Mee EO) — 0 
a 3 = 0 
(x +2)? +9=0 
(@- 4)? +1=0 


Ors? 2 =0 
Gree) = 5 ]0 


Solve using the quadratic formula. 


x? —5x+1=0 
x? —7x+2=0 
x? +8x+5=0 
x? —4x+2=0 
y? —2y+10=0 
y? —4y+13=0 
2x7 —- 10x --1=0 
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6.2 Quadratic Formula 


40. 


Al. 


42. 


43. 


44, 


45. 


46. 


47. 


48. 


49. 


50. 


Bil, 


52, 


53, 


54. 


55) 


56. 


iia 


58. 


52), 


60. 


61. 


62. 


4 3 = 0 
3x? —x+2=0 
4x* —3x+1=0 
Sue — 2u + 1 =0 
Oe =n ss 1S 
=y lov 62 —0 
=y> 4) —46— 0 
2 A 
—47? + 8t+1=0 


ihre pe 
zy aF Sy + a 0 
By? + Fy-4=0 
2x*-tx+4=0 
D 2 i 
3x — zx + Ci 0 


1.2x? — 0.5x —3.2=0 
0.4x2 + 2.3x+1.1=0 


2.5x7 —x+ 3.6 =0 


=().8k% > 2 21 — 6.1 —=0 


—2y* =3(y-1) 
By? = 5 (2y-1) 
(eee 
(2t- 1) = 73-41 


(x+5) @-D=2x4+1 
(x +7) (x-2)=3(¢+1) 
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6.2 Quadratic Formula 


63. 2x(x-1l)=-1 

64. x (2x +5) =e) 
Gey aU = ae at = 
6on 57 (Gl) 
67. (2x +3)? = l6x+4 


68. (2y+5)° —12(y+1) =0 


Assume p and q are nonzero integers and use the quadratic formula to 
solve for x. 


2, je eet l =o 
70. x* +px+1=0 
1. x7 +x—-p=0 
72. x? +px+q=0 
73. p?x* +2px+1=0 


74, x? —2qx+q? =0 


Solve using algebra. 


75. The height in feet reached by a baseball tossed upward at a speed of 48 feet per 
second from the ground is given by h (t) = —16t7 + 481, where t 
represents time in seconds after the ball is tossed. At what time does the 
baseball reach 24 feet? (Round to the nearest tenth of a second.) 


76. The height in feet of a projectile launched upward at a speed of 32 feet per 
second from a height of 64 feet is given by h (t) = —16f? + 32¢ + 64. at 
what time after launch does the projectile hit the ground? (Round to the 
nearest tenth of a second.) 


77. The profit in dollars of running an assembly line that produces custom 
uniforms each day is given by P(t) = —40t7 + 960t — 4,000 where t 
represents the number of hours the line is in operation. Determine the number 
of hours the assembly line should run in order to make a profit of $1,760 per 
day. 
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6.2 Quadratic Formula 


78. 


Vie 


80. 


81. 


82. 


83. 


84. 


A manufacturing company has determined that the daily revenue R in 


thousands of dollars is given by R (n) = 12n — 0.6n? where n represents 
the number of pallets of product sold. Determine the number of pallets that 
must be sold in order to maintain revenues at 60 thousand dollars per day. 


The area of a rectangle is 10 square inches. If the length is 3 inches more than 
twice the width, then find the dimensions of the rectangle. (Round to the 
nearest hundredth of an inch.) 


The area of a triangle is 2 square meters. If the base is 2 meters less than the 
height, then find the base and the height. (Round to the nearest hundredth of a 
meter.) 


To safely use a ladder, the base should be placed about + of the ladder’s length 


away from the wall. If a 32-foot ladder is used safely, then how high against a 
building does the top of the ladder reach? (Round to the nearest tenth of a 
foot.) 


The length of a rectangle is twice its width. If the diagonal of the rectangle 
measures 10 centimeters, then find the dimensions of the rectangle. (Round to 
the nearest tenth of a centimeter.) 


Assuming dry road conditions and average reaction times, the safe stopping 


distance in feet of a certain car is given by d (x) = + x7 + xwhere x 


represents the speed of the car in miles per hour. Determine the safe speed of 
the car if you expect to stop in 50 feet. (Round to the nearest mile per hour.) 


The width of a rectangular solid is 2.2 centimeters less than its length and the 
depth measures 10 centimeters. 
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Deane 


10cm 


Determine the length and width if the total volume of the solid is 268.8 cubic 
centimeters. 


85. An executive traveled 25 miles in a car and then another 30 miles ona 
helicopter. If the helicopter was 10 miles per hour less than twice as fast as the 
car and the total trip took 1 hour, then what was the average speed of the car? 
(Round to the nearest mile per hour.) 


86. Joe can paint a typical room in 1.5 hours less time than James. If Joe and James 
can paint 2 rooms working together in an 8-hour shift, then how long does it 
take James to paint a single room? (Round to the nearest tenth of an hour.) 


PART B: THE DISCRIMINANT 


Calculate the discriminant and use it to determine the number and type 
of solutions. Do not solve. 


87. x7 —x +1=0 
gs. x7 +2x+3=0 
g9. x* —2x -3 =0 
90. x* —5x -5 =0 


9. 3x* -1lx-2=0 
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6.2 Quadratic Formula 


92, 3x? —Ix+2=0 
93. 9y7 +2=0 
94, 9y? -2=0 
95, 2x7 +3x=0 


96. 4x2 —5x =0 


a om 
Oh ees 2x+5 =0 
‘eee ene ee ee 
OE, aos x-Z= 


99. —x? —3x+4=0 
100, —x* —5x+3=0 
101. 2577 + 30+ 9 =0 
102. 917 —12¢t+4=0 


Find a nonzero integer p so that the following equations have one real 
solution. (Hint: If the discriminant is zero, then there will be one real 
solution.) 


103. px? —4x -1=0 
Wi, eo = Se hyp SO 
Ws, ype WS Sl 


106. x? —2x+p* =0 


PART C: DISCUSSION BOARD 


107. When talking about a quadratic equation in standard form 


ax? + bx +c = 0,whyisit necessary to state that a # 0? What would 
happen if a is equal to zero? 


108. Research and discuss the history of the quadratic formula and solutions to 
quadratic equations. 


109. Solvemx? + nx + DP = O for x by completing the square. 
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ANSWERS 


lc =O Dea eS 

a — 4) — 0,9 

5a — 1p 26 — 7 
7. = 0G. ——1 
9. a= 1;b = -10;c = —24 


13. —4, 


NW] v9 


6 
1700: 2 
19. 4,5 
3 
Zale a 
23, +32 
25. +2ix/3 


(Mf aie 
3 
29, —2+3i 
-1+2 
Si. 
z 
5421 
38, >) 
oy iil 
yy Mae Sy 
5 + 31/3 
3S), 5) 
ie 1/23 | 
41, oS 
6> 6. 
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6.2 Quadratic Formula 


45. 


49. 


S35 


55) 


Bie), 


61. 


635 


T50 


Wi. 


Fs 


81. 


83. 


x2 -1.4 ox 21.9 


Isis Use ay 


0.6 seconds and 2.4 seconds 


12 hours 


Length: 6.22 inches; width: 1.61 inches 


31.0 feet 


23 miles per hour 
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6.2 Quadratic Formula 


85. 


87. 


89. 


Ol, 


93) 


OB), 


ie 


oY), 


101. 


103. 


105. 


107. 


109. 


42 miles per hour 

-3; two complex solutions 
16; two rational solutions 
25; two rational solutions 
-72; two complex solutions 
9; two rational solutions 
-1; two complex solutions 
25; two rational solutions 
0; one rational solution 
4 

p = +10 

Answer may vary 


Answer may vary 
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6.3 Solving Equations Quadratic in Form 


LEARNING OBJECTIVES 


1. Develop a general strategy for solving quadratic equations. 
2. Solve equations that are quadratic in form. 


General Guidelines for Solving Quadratic Equations 


Use the coefficients of a quadratic equation to help decide which method is most 
appropriate for solving it. While the quadratic formula always works, it is 
sometimes not the most efficient method. If given any quadratic equation in 
standard form, 


ax* + bx+c=0 


where c = 0, then it is best to factor out the GCF and solve by factoring. 
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Example 1 
Solve: 12x? — 3x = 0. 


Solution: 


In this case, c = 0 and we can solve by factoring out the GCF 3x. 


12x? — 3x=0 
3x (4x — 1)=0 


Then apply the zero-product property and set each factor equal to zero. 


3x=0 or 4x — 1=0 


(0) 4x=1 
1 

i 

4 


Answer: The solutions are 0 and 7 : 


If b = 0, then we can solve by extracting the roots. 


6.3 Solving Equations Quadratic in Form 
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Example 2 
Solve: 5x7 + 8 = 0. 


Solution: 


In this case, b = 0 and we can solve by extracting the roots. Begin by isolating 


the square. 


5x? + 8=0 
5x7 =-8 
8 
a — 
ans 


Next, apply the square root property. Remember to include the +. 


Answer: The solutions are + 


6.3 Solving Equations Quadratic in Form 


Rationalize the denominator. 


2ix/10 
ce 
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When given a quadratic equation in standard form where a, b, and c are all nonzero, 
determine the value for the discriminant using the formula b” — 4ac. 


a. If the discriminant is a perfect square, then solve by factoring. 
b. If the discriminant is not a perfect square, then solve using the 
quadratic formula. 


Recall that if the discriminant is not a perfect square and positive, the quadratic 
equation will have two irrational solutions. And if the discriminant is negative, the 
quadratic equation will have two complex conjugate solutions. 
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Example 3 
Solve: (3x +5) (3x +7) = 6x + 10. 
Solution: 


Begin by rewriting the quadratic equation in standard form. 


(3x +5) Gx +7)=6x + 10 


Ox* + 21x + 15x + 35=6x + 10 
Ox? + 36x + 35=6x + 10 
9x? + 30x + 25=0 


Substitute a = 9, b = 30, and c = 25 into the discriminant formula. 


b* — 4ac=(30Y — 4(9) (25) 
=900 — 900 
= 


Since the discriminant is 0, solve by factoring and expect one real solution, a 
double root. 
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9x? + 30x + 25=0 
(3x +5) (3x+5)=0 


3x+5=0 or 3x+5=0 


3x=—5 3x=—5 
5 5 

= x=-- 
3 3 


Answer: The solution is — “ : 


It is good to know that the quadratic formula will work to find the solutions to all of 
the examples in this section. However, it is not always the best solution. If the 
equation can be solved by factoring or by extracting the roots, you should use that 


method. 


Solving Equations Quadratic in Form 


In this section we outline an algebraic technique that is used extensively in 
mathematics to transform equations into familiar forms. We begin by defining 


quadratic form’, 


au + bu+c=O0 


Here u represents an algebraic expression. Some examples follow: 


7. An equation of the form 


au~ + bu + c = Owhere a, 
band c are real numbers and u 
represents an algebraic 
expression. 


6.3 Solving Equations Quadratic in Form 
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t+2 


roy t+2 u=4 
(=) +3 (= )+7-0=5 u’ + 8u+7=0 


u=x'3 
x73 _ 3x13 _ 10=0 =>’ — 3u— 10=0 


3y~2 + Ty! — 6 =0 “25 3? + Tu — 6=0 


If we can express an equation in quadratic form, then we can use any of the 
techniques used to solve quadratic equations. For example, consider the following 
fourth-degree polynomial equation, 


x4 — 4x? —-32 =0 


2 
If we let u = x2 thenw? = a} = x‘ and we can write 


x4 — 4x? — 32=0 = (x?) -4 (x?)-32=0 


This substitution transforms the equation into a familiar quadratic equation in 
terms of u which, in this case, can be solved by factoring. 


ue — 4u — 32 =0 
(u—8) (u+4) =0 


u=8 or u=-—4 


Since u = x” we can back substitute and then solve for x. 
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Therefore, the equation x* — 4x? — 32 = Ohas four solutions {#2 2g 2d \ 


two real and two complex. This technique, often called a u-substitution’, can also 
be used to solve some non-polynomial equations. 


8. A technique in algebra using 
substitution to transform 
equations into familiar forms. 
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Example 4 
Solve: x — 2,/x —8 = 0. 
Solution: 


This is a radical equation that can be written in quadratic form. If we let 


= 4/x then ue = en = x and we can write 


Solve for u. 


ue —2u—8 =0 
(u—4) u@+2)=0 
i= 4 07 f= —2 


Back substitute u = f/x and solve for x. 


Jx=4 or y/x=-2 
(ye) =P (ye) =29 


x=16 x=4 
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Recall that squaring both sides of an equation introduces the possibility of 
extraneous solutions. Therefore we must check our potential solutions. 


Check x — 16 Check x = 4 

x —2,/x —8=0 x —2,/x —8=0 
16-—2,/16-8=0 |4-21/4-8=0 
16-—2-4-—8=0 4-2-2-8=0 
16-8 -—8=0 4-4-8=0 
0=0V —8=0x 


Because x = 4 is extraneous, there is only one solution, x = 16. 


Answer: The solution is 16. 


6.3 Solving Equations Quadratic in Form 
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Example 5 


Solve: x23 — 3x! —10 =0. 


Solution: 


2 
If we let u = x!?thenu? = (2) = x7/3 and we can write 


Solve for u. 


ue —3u—-10 =0 
(u—5) (u+2)=0 


(i — On 


Back substitute wu = x!/3 and solve for x. 


718 a5 


6.3 Solving Equations Quadratic in Form 


or xP =-2 
(eo) S16)" (x18)? =2y° 
x=125 x=—8 
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Check. 

Check x = 125 Checkx = —8 

x23 = 3x18 = 10=0 x23 = 3x18 = 10=0 

(125)"> — 3(125)"" — 10=0 esr 3s) 100 
2/3 1/3 

G) =36), S1e=0) |/e2] —2|G2s]) —10=0 

5a 5 100 (—2) —3-+ (-2)- 10=0 

25 —15-—10=0 4+6-10=0 

0=0V 0=0V 


Answer: The solutions are -8, 125. 
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Example 6 
Solve: 3y-7 + Jy"! —6=0. 


Solution: 


2 
lfweletu =y ',thenv? = (va) = y~? and we can write 


52 ae 0 — 0 
i lh 
Bee Fe A”) 


Solve for u. 


3u- + Tu —-6 = 0 
(3u — 2) (u+3) =0 


1 


Back substitute u = y_ and solve for y. 


a) 
-1 -1 
= =-3 
y aol 
1 @ 1 
— —=-3 
ye y 
3 ll 
y=) y= 3 
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The original equation is actually a rational equation where y # 0. In this case, 
the solutions are not restrictions; they solve the original equation. 


Answer: The solutions are — x : ~ : 
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Example 7 


”) 
Solve: (2) +8 (2) +7=0. 


ir 


Solution: 
Dy, 
If we let u = aes then uv? = (=) and we can write 
2 
t+2 t+2 
(**) +8 (4? )+7-0 

y J 

ie 8 =O 
Solve for u. 


eee 0 
(u+1)(u+7)=0 


u=-l or u=-T 


Back substitute u = ue and solve for t. 
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i{——Y), 8t=—2 
1 

t=-1 t=-— 
4 


Answer: The solutions are -1, — 7 .The check is left to the reader. 


Try this! Solve: 12x-* — 16x-! +5 =0 


Answer: The solutions are 2s 


(click to see video) 


So far all of the examples were of equations that factor. As we know, not all 
quadratic equations factor. If this is the case, we use the quadratic formula. 


6.3 Solving Equations Quadratic in Form 
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Example 8 
Solve: x+ — 10x” + 23 = 0. Approximate to the nearest hundredth. 


Solution: 


?) 
If we let u = x”, thenu? = le) = x* and we can write 


x* — 10x? +23 =0 
I | 
ue —10u+ 23 =0 


This equation does not factor; therefore, use the quadratic formula to find the 
solutions for u. Herea = 1,b = —10, andc = 23. 


ae —b+ Vb? — 4ac 
vin 2a 


_ = 10) + VC10¥ ~ 4) @3) 


2(1) 
_ 10+ /8 
=e 


104272 


2 


Therefore, u = 5+ /2. Now back substitute u = x” and solve for x. 
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9. If multiple roots and complex 
roots are counted, then every 
polynomial with one variable 
will have as many roots as its 
degree. 


6.3 Solving Equations Quadratic in Form 


Round the four solutions as follows. 


Answer: The solutions are approximately +1.89, +2.53. 


If multiple roots and complex roots are counted, then the fundamental theorem of 
algebra’ implies that every polynomial with one variable will have as many roots as 
its degree. For example, we expect f (x) = x° — 8 to have three roots. In other 
words, the equation 


x7>-8=0 


should have three solutions. To find them one might first think of trying to extract 
the cube roots just as we did with square roots, 
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x? —8=0 
= 
x= /8 
swe 


As you can see, this leads to one solution, the real cube root. There should be two 
others; let’s try to find them. 
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Example 9 
Find the set of all roots: f (x) = x3 — 8. 
Solution: 


Notice that the expression x* — 8 is a difference of cubes and recall that 
@-b= (a - b) (ce +ab+ b’) Here a = x and b = 2 and we can write 


x? —8=0 
(x — 2) (x? +2x+4)=0 


Next apply the zero-product property and set each factor equal to zero. After 
setting the factors equal to zero we can then solve the resulting equation using 
the appropriate methods. 


x —2=Oorx? + 2x+4=0 


ie Vb — 4ac 


=) i 


2a 
_ =) + VF 4M 


2(1) 
—2++7-12 
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Using this method we were able to obtain the set of all three roots 
{2 -l+i 3 I one real and two complex. 


Answer: {2 -l+ iV} 


Sometimes the roots of a function will occur multiple times. For example, 
ge@M=a- 2)° has degree three where the roots can be found as follows: 


(x — 27 =0 
(x — 2)(x — 2)(x — 2)=0 


x — 2=Oorx — 2=0orx — 2=0 
x=2 x=2 x=2 


Even though g is of degree 3 there is only one real root {2}; it occurs 3 times. 


KEY TAKEAWAYS 


* The quadratic formula can solve any quadratic equation. However, it is 
sometimes not the most efficient method. 

* Ifa quadratic equation can be solved by factoring or by extracting 
square roots you should use that method. 

+ We can sometimes transform equations into equations that are 
quadratic in form by making an appropriate u-substitution. After 
solving the equivalent equation, back substitute and solve for the 
original variable. 

* Counting multiple and complex roots, the fundamental theorem of 
algebra guarantees as many roots as the degree of a polynomial 
equation with one variable. 
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TOPIC EXERCISES 


PART A: SOLVING QUADRATIC EQUATIONS 


Solve. 
1.x*7 —9x =0 
2 00 
3, 15%2 6x = 0 
4, 36x? — 18x =0 


5. x7 -90=0 
6. x7 +48 =0 
7 Oe le) 
s. 7x7 -1=0 


9 6x- — lixt4—0 

10. 9x? +12x-5=0 

(ie Eee ho 1) 

122. x7 +2x+8=0 

13. 4t7 + 281+ 49 =0 

1 2572 — 207 4 — 0 

15,4 —44—1—0 

ie, 1 = 2 = =O 

Ty, Gee) Hale a 
IS, (Qes (ea= Biba = sea 1) 
19, (3x+2)? =6(2x+ 1) 

en (Chea = tee = 2 = a 


6.3 Solving Equations Quadratic in Form 1442 


Chapter 6 Solving Equations and Inequalities 


21. 43x —- 1)? -5 =0 
22. 9(2x + 3)? -2 =0 


PART B: SOLVING EQUATIONS QUADRATIC IN FORM 


Find all solutions. 
23. x4 +x*—72=0 
2a, x4 —17x* —18 =0 
25, x* — 13x? + 36 =0 
og, Ae = ilybee ei 0) 
27. X+24/x —3 =0 
28. x— /x —-2=0 
29. x —54/x +6 =0 
30. x — 64/x +5 =0 
Ses oy iGO 
32, x73 — 2x18 — 35 =0 
sy, Aye diet 2 lil 
34, 3x73 —2x13 -1=0 
35. 5x * +9x-! -2=0 
36. 3x 7 +8x-! -3=0 
oy, Gene fide! = Sb Sl 
38. 9x~* — 24x-1416=0 


D 
30. (=) -2(7=*) -24=0 
XS AG 


6.3 Solving Equations Quadratic in Form 1443 


Chapter 6 Solving Equations and Inequalities 


43, 4y-7 -9 =0 
44. l6y-?+4y 1! =0 
45, 30y23 — 15y!3 =0 
1, We? =O Sp 
47, 8lyt-—1=0 

49, nofe mh, 
a Ie = ee =o 10 
Sh x = 3y + =O 
52. x + 54/x — 50 =0 
53. 8x-> Fx? —1=0 
ce = ee eS = 
55, y* — 14y? +46 =0 
Oe ys ee) 
, 2 Sy = | 0 
bea Oke? = 3 =) 
59. 4x-! — 17x12 +4=0 
60. 3x7! — 8x14 44=0 
él. 2x? — 37° £1 =0 
Cu x = 0) 


6.3 Solving Equations Quadratic in Form 
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Find all solutions. Round your answers to the nearest hundredth. 
63. x* — 6x7 +7=0 
64, x* — 6x? +6=0 
65. x° — 8x° + 14=0 
66. x* — 12x7 + 31 =0 
67. 4x4 — 16x* + 13 =0 
68. 9x* — 30x7 +1 =0 


Find the set of all roots. 

@ FOS a o ] 

70, g(x) =x? +1 

ay le) ae | 

72. g(x) =x* — 16 

73. h(x) =x*-1 

7m. h(x) =x®-1 

of Gy = x= We 

Tn 2X x7 — Aye 

Th piss Sofa =O 

if =x +g,9g— 0 
Find all solutions. 

79. x©° + 7x7 -8=0 

mo, fo =e =e a0) 

gi. x° + 28x? +27 =0 


g2. x° + 16x° +64 =0 
83. Ix? +2x—5| =1 
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ga. |x* — 2x — 3| =3 
a5. [2x7 — 5] =4 
86. Bae — 9x| =6 


Find a quadratic function with integer coefficients and the given set of 
roots. (Hint: If 7; and 7 are roots, then (x — 7) (x —%) = 0) 


87. {+3i} 
ss, { +iv/5} 
9, { +/3 | 
so. { 2/6 | 
91, {i+ v3} 
x, {2432} 


93. {1 +67} 
94, {2 + 3i} 


PART C: DISCUSSION BOARD 


95. Ona note card, write out your strategy for solving a quadratic equation. Share 
your strategy on the discussion board. 


96. Make up your own equation that is quadratic in form. Share it and the solution 
on the discussion board. 
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ANSWERS 


10,9 
ey — 2,0 
5 +34/10 
2 
+ — 
7+ 5 i 
; i 4 
5 ae 
| 3. 
iil, 75 5) l 
13. -1 
15: DPS 
Bol 
WH, ey 
2 
19, + —— 
we 
2+/5 
A 
6 
23, +£24/2,+3i 
25. #2, +3 
| 
29. 4,9 
Siee27-8 
33 d 
os 
35. — 4,5 
: ae 
I. -=>,- 
Ses 
39 me 
ary 
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45. 0, 


4 a0 
Sil, Ik, Is 


Be) =) Sa 


seal, Vie V3,44/7 + V3 


Be pd 
1 

By), 16” 16 
1 

61. 64” 1 


Osi, HLA) ENO) 
Odio SEL Ol, 227835) 


67. +1.06, 1.69 


7, aol cn} 


69. 1,- 


0. fa 1 WB, 
79. 2,1,14i/3,-4+4 I 
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aval, 


il, =a, =I ae 


1 
3 hat 
3. -l+/7,-l1+ /5 
v2 3y2 
es 


85. at 
87. f (x) =x? +9 

89. f (x) =x* - 

91, f (x) =x* —2x-2 
93, f (x) =x* —2x+ 37 


95. Answer may vary 
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6.4 Quadratic Functions and Their Graphs 


10. The U-shaped graph of any 
quadratic function defined by 
f(x) =ax? + dx +0, 
where a, b, and c are real 
numbers anda # 0. 


LEARNING OBJECTIVES 


Graph a parabola. 

Find the intercepts and vertex of a parabola. 

Find the maximum and minimum y-value. 

Find the vertex of a parabola by completing the square. 


BP WH Ff 


The Graph of a Quadratic Function 


A quadratic function is a polynomial function of degree 2 which can be written in 
the general form, 


f(x) = ax? +bx+c 


Here a, b andc represent real numbers where a # 0. The squaring function 
f (x) = x? is a quadratic function whose graph follows. 


y 


5 ee a i 2 5 
Bete tie ieiie sche doeie eo Sen inte Bie ed need 1- seme Bee fie iting Bee wd See fee eins 


This general curved shape is called a parabola” and is shared by the graphs of all 
quadratic functions. Note that the graph is indeed a function as it passes the 
vertical line test. Furthermore, the domain of this function consists of the set of all 
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real numbers (—20, 0) and the range consists of the set of nonnegative numbers 


(0, 00) 


When graphing parabolas, we want to include certain special points in the graph. 
The y-intercept is the point where the graph intersects the y-axis. The x-intercepts 
are the points where the graph intersects the x-axis. The vertex" is the point that 
defines the minimum or maximum of the graph. Lastly, the line of symmetry” 
(also called the axis of symmetry’”) is the vertical line through the vertex, about 
which the parabola is symmetric. 


Line of Symmetry 


ercepts 


-3 

galt 
-Intercept 

. Pos \ Vertex 


For any parabola, we will find the vertex and y-intercept. In addition, if the x- 
intercepts exist, then we will want to determine those as well. Guessing at the x- 
values of these special points is not practical; therefore, we will develop techniques 
that will facilitate finding them. Many of these techniques will be used extensively 
as we progress in our study of algebra. 


Given a quadratic function f (x) = ax* + bx + c, find the y-intercept by 
evaluating the function where x = 0. In general, f (0) = a0’ +b(0)+c=6¢ 


and we have 

11. The point that defines the 
minimum or maximum of a 
parabola. 


12. The vertical line through the 


vertex, X = — 2, about y-intercept 
which the parabola is (0,c) 
symmetric. 


13. A term used when referencing 
the line of symmetry. 
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Next, recall that the x-intercepts, if they exist, can be found by setting f (x) = 0. 
Doing this, we have a + bx + c = 0, which has general solutions given by the 


—b+/b?—4ac 
2a 


quadratic formula, x = . Therefore, the x-intercepts have this general 


form: 


x — intercepts 


—b— Vb’ —4ac —b+ Vb — 4ac 
—————. 0} and —__————_. ,0 


2a 2a 


Using the fact that a parabola is symmetric, we can determine the vertical line of 
symmetry using the x-intercepts. To do this, we find the x-value midway between 
the x-intercepts by taking an average as follows: 


—b- Vb’ -—4ac —-b+ Vb —4ac 

=({ ————__ + ——_——__] +2 
2a 2a 

2b MPa P| 75 
. 2a 7 (+) 
_—2b 1 
~ 2a 2 
_ bd 
Qa 

Therefore, the line of symmetry is the vertical line x = — 2 .We can use the line of 


symmetry to find the the vertex. 


Line of symmetry Vertex 
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Generally three points determine a parabola. However, in this section we will find 
five points so that we can get a better approximation of the general shape. The 
steps for graphing a parabola are outlined in the following example. 
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Example 1 
Graph: f (x) = —x? — 2x + 3. 
Solution: 


Step 1: Determine the y-intercept. To do this, set x = O and find f (0). 


f (x)=—x? —2x+3 
f O)=-(Oy —2(0) +3 
=3 


The y-intercept is (0, 3). 


Step 2: Determine the x-intercepts if any. To do this, set f (x) = O and solve for 


X. 


f@)=—-x? - 2x43 Set f@) = 0. 
O=-x? —2x4+3 Multiply both sides by — 1. 
O=x* + 2x -3 Factor. 
O=(« + 3)(x - 1) Set eachf actor equal to zero. 
x+3=0 orx — 1=0 
x=-3 ——ll 


Here where f (x) = 0, we obtain two solutions. Hence, there are two x- 


intercepts, (—3, 0) and (1,0). 
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Step 3: Determine the vertex. One way to do this is to first use x = — 7 to find 


the x-value of the vertex and then substitute this value in the function to find 
the corresponding y-value. In this example, a = —1l and b = —2. 


Substitute -1 into the original function to find the corresponding y-value. 


f@=-x? —2x+3 
f(-D=-(- I’ -2(-1) +3 
=-14+2+43 
=4 


The vertex is (—1, 4). 


Step 4: Determine extra points so that we have at least five points to plot. 
Ensure a good sampling on either side of the line of symmetry. In this example, 
one other point will suffice. Choose x = —2 and find the corresponding y- 
value. 
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wy Point 


—2 | 3 f(-2)=-(C2/ -2(-2) +3 = -44+44+3 =3 (-2,3) 


Our fifth point is (—2, 3). 


Step 5: Plot the points and sketch the graph. To recap, the points that we have 


found are 
y — intercept : (0, 3) 
x — intercepts : (—3,0) and (1, 0) 
Vertex : (-1,4) 
Extra point : (—2,3) 
Answer: 


Pres arriy oe ere ere aries + od ce 


f (x)= =F ~2x4+3 


The parabola opens downward. In general, use the leading coefficient to determine 
if the parabola opens upward or downward. If the leading coefficient is negative, as 
in the previous example, then the parabola opens downward. If the leading 
coefficient is positive, then the parabola opens upward. 
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Parabola f (x) =ax’ +bx+ce 


a>0O a<0 


opens upward — opens downward 


All quadratic functions of the form f (x) = ax” + bx + chave parabolic graphs 
with y-intercept (0, c) . However, not all parabolas have x-intercepts. 
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Example 2 
Graph: f (x) = 2x? + 4x +5. 
Solution: 


Because the leading coefficient 2 is positive, we note that the parabola opens 
upward. Here c = 5 and the y-intercept is (0, 5). To find the x-intercepts, set 


f (x) = 0. 


f @=2x? +4245 
O=2x* +4 +5 


In this case, a = 2, b = 4, and c = 5. Use the discriminant to determine the number 
and type of solutions. 


b* — 4dac=(4Y — 4(2) (5) 
=16 — 40 
=—24 


Since the discriminant is negative, we conclude that there are no real solutions. 
Because there are no real solutions, there are no x-intercepts. Next, we 
determine the x-value of the vertex. 
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Given that the x-value of the vertex is -1, substitute -1 into the original 
equation to find the corresponding y-value. 


G2 es 
eae Al) 2S 
Se 
=3 


The vertex is (-1, 3). So far, we have only two points. To determine three more, 
choose some x-values on either side of the line of symmetry, x = -1. Here we 
choose x-values -3, -2, and 1. 


Points 


—3 | 11f (-3) = 2(-3P + 4(-3) +5 = 18-12 +5 = 11(-3, 11) 
-2|5 f(-2)=2(-29 +4(-2)+5=8-8+5=5 (-2,5) 
iL | = Dae See SO) ah Tih (1,11) 


To summarize, we have 
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y — intercept : (0, 5) 
x — intercepts : None 
Vertex : (-1,3) 
Extra points : (-3, 11), (-2,5), (1,1) 


Plot the points and sketch the graph. 


Answer: 


f (x)= 2x° +4x45 


¥ 
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Example 3 
Graph: f (x) = x? —2x—1. 
Solution: 


Since a = 1, the parabola opens upward. Furthermore, c = -1, so the y-intercept 
is (0, —1) .To find the x-intercepts, set f (x) = 0. 


fia = ee Sl 
O=x* —2x-1 


In this case, solve using the quadratic formula with a = 1, b = -2, andc = -1. 


ee ee 


a= 2a 


= VCO) 


2(1) 
ge /8 
2 


24272 
= 


ees) 
a 


Here we obtain two real solutions for x, and thus there are two x-intercepts: 
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(1 _ v2.0) and (1 + v2.0) Exact values 


(—0.41, 0) (2.41, 0) Approximate values 


Approximating the x-intercepts using a calculator will help us plot the points. 
However, we will present the exact x-intercepts on the graph. Next, find the 
vertex. 


Given that the x-value of the vertex is 1, substitute into the original equation to 
find the corresponding y-value. 


y=x" —2x-1 
=) = 21 
Sil=2 = Il 
=) 


The vertex is (1, -2). We need one more point. 
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OLY, Point 


2) -1fQ)=@QY -22)-1=4-4-1=-1(,-1) 


To summarize, we have 


y — intercept : (0, -1) 


x — intercepts : (1 — 2, 0) and (1+ /2, 0) 
Vertex : (1, —2) 
Extra point : (2, —1) 


Plot the points and sketch the graph. 


Answer: 


f (x)=x° -2x-1 
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Try this! Graph: g (x) = —4x* + 12x — 9. 


Answer: 


g(x)=—4x°+12x-9 


(click to see video) 


Finding the Maximum or Minimum 


It is often useful to find the maximum and/or minimum values of functions that 
model real-life applications. To find these important values given a quadratic 
function, we use the vertex. If the leading coefficient a is positive, then the parabola 
opens upward and there will be a minimum y-value. If the leading coefficient a is 
negative, then the parabola opens downward and there will be a maximum y-value. 
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Example 4 
Determine the maximum or minimum: y = —4x* + 24x — 35. 
Solution: 


Since a = -4, we know that the parabola opens downward and there will be a 
maximum y-value. To find it, first find the x-value of the vertex. 


b 
x=-— ~  x-value of the vertex. 
2a 
so bse 4andb = 24 
== ubstitutea = —4andb = 24. 
2) 


24 
Tar mg Simplify. 


The x-value of the vertex is 3. Substitute this value into the original equation to 
find the corresponding y-value. 


y=—4x? +24x-35  Substitutex = 3. 
=—4(3)? + 24 (3) — 35 Simplify. 
=—36 + 72 — 35 
=1 


The vertex is (3, 1). Therefore, the maximum y-value is 1, which occurs where x 
= 3, as illustrated below: 
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Maximum y-value 
— i 


Note: The graph is not required to answer this question. 


Answer: The maximum is 1. 


6.4 Quadratic Functions and Their Graphs 1466 


Chapter 6 Solving Equations and Inequalities 


Example 5 
Determine the maximum or minimum: y = 4x7 — 32x + 62. 
Solution: 


Since a = 4, the parabola opens upward and there is a minimum y-value. Begin 
by finding the x-value of the vertex. 


—32 
== Maye ee = ally = =e, 


—32 
= ooo Simplify. 
=4 


Substitute x = 4 into the original equation to find the corresponding y-value. 


y=4x7 — 32x + 62 
=4(4) — 32 (4) + 62 
=64 - 128 + 62 
=-2 


The vertex is (4, -2). Therefore, the minimum y-value of -2 occurs where x = 4, 
as illustrated below: 
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Answer: The minimum is -2. 
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Example 6 


The height in feet of a projectile is given by the function h(t) = —161? + 72t 
where t represents the time in seconds after launch. What is the maximum 
height reached by the projectile? 


Solution: 


Here a = —16,and the parabola opens downward. Therefore, the y-value of the 
vertex determines the maximum height. Begin by finding the time at which the 
vertex occurs. 


The maximum height will occur in > seconds (or 2 + seconds). Substitute this 


time into the function to determine the maximum height attained. 


=—$1 + 162 
=81 


Answer: The maximum height of the projectile is 81 feet. 
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Finding the Vertex by Completing the Square 


In this section, we demonstrate an alternate approach for finding the vertex. Any 
quadratic function f (x) = ax” + bx + ccan be rewritten in vertex form", 


f@) =a(x—h)y +k 


In this form, the vertex is (h, k) . To see that this is the case, consider graphing 
f@M=CQ- oy 43 using the transformations. 


y =x? Basic squaring function 
y=(x — 2) Horizontal shift right 2 units 
y=(x — 29 +3 Vertical shif t up 3 units 


Use these translations to sketch the graph, 


Here we can see that the vertex is (2, 3). 


14. A quadratic function written in 
the form 


f(x) =a(x—h)? +k. 
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f()=a(x-hy +k 
L. 4 
f@= (x-27 +3 


When the equation is in this form, we can read the vertex directly from it. 


Example 7 
Determine the vertex: f (x) = 2(x + 3 — 2. 
Solution: 


Rewrite the equation as follows before determining h and k. 


f=a(x- h Yt k 
i , { 
f@)=2[x-3)/ +2) 


Here h = -3 and k= -2. 


Answer: The vertex is (-3, -2). 


Often the equation is not given in vertex form. To obtain this form, complete the 
square. 
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Example 8 
Rewrite in vertex form and determine the vertex: f (x) = x* + 4x + 9. 
Solution: 


Begin by making room for the constant term that completes the square. 


f (x)=x7 +449 
=x? +4x+_ + 9- 


a 
The idea is to add and subtract the value that completes the square, ( o) ,and 


then factor. In this case, add and subtract ( ah = (27 =4. 


pe ode 0) Add and subtract 4. 
= x7 +4, 4449-4 Factor. 

= (x7 +4x+4)4+5. 

= (x+3)a%+2)+5 

= (x+2)?4+5 


Ff (x) 


Adding and subtracting the same value within an expression does not change it. 
Doing so is equivalent to adding 0. Once the equation is in this form, we can 
easily determine the vertex. 


f@=a(x-— h YP +k 
{ | 
f@= (x-(-2)° +5 
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Here h=-2 and k=5. 


Answer: The vertex is (-2, 5). 


If there is a leading coefficient other than 1, then we must first factor out the 
leading coefficient from the first two terms of the trinomial. 
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Example 9 
Rewrite in vertex form and determine the vertex: f (x) = 2x* — 4x + 8. 
Solution: 


Since a = 2, factor this out of the first two terms in order to complete the 
square. Leave room inside the parentheses to add and subtract the value that 
completes the square. 


Ff @j—=2n- 4x 8 
= ee — 2x ) +8 


Now use -2 to determine the value that completes the square. In this case, 


(<2) =(-1)? = 1. Add and subtract 1 and factor as follows: 
f(x) = 2x? -—4x4+8 

= 2 le = 2. — _) +8 Addand subtract 1. 
= eG =k |= ee Factor. 
= 2[@-1) @-1)-1]+8 
= 2 (si ie Distribute the 2. 
= 2G =") = 28 
= 2%x%-1)?+6 


In this form, we can easily determine the vertex. 
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f@)=a(x—-hy +k 
ee! 
f()=2(x-1)7 +6 


Here h=1 and k= 6. 


Answer: The vertex is (1, 6). 


Try this! Rewrite in vertex form and determine the vertex: 


f @) = —2x? -— 12x +3. 


Answer: f (x) = —2(% + 3)° + 21; vertex: (—3, 21) 


(click to see video) 
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KEY TAKEAWAYS 


» The graph of any quadratic function f (x) = ax* + bx + c,where a, 
b, and care real numbers anda # Q, is called a parabola. 
* When graphing a parabola always find the vertex and the y-intercept. If 


the x-intercepts exist, find those as well. Also, be sure to find ordered 


pair solutions on either side of the line of symmetry, x = — — : 
* Use the leading coefficient, a, to determine if a parabola opens upward 
or downward. If ais positive, then it opens upward. If ais negative, then 


it opens downward. 


* The vertex of any parabola has an x-value equal to — a . After finding 
the x-value of the vertex, substitute it into the original equation to find 
the corresponding y-value. This y-value is a maximum if the parabola 
opens downward, and it is a minimum if the parabola opens upward. 

* The domain of a parabola opening upward or downward consists of all 
real numbers. The range is bounded by the y-value of the vertex. 


+ An alternate approach to finding the vertex is to rewrite the quadratic 
2) 
function in the form f (x) =a (x = h) + k. When in this form, the 
vertex is (h, k ) and can be read directly from the equation. To obtain 


this form, take f (x) = ax” + bx + cand complete the square. 
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TOPIC EXERCISES 


PART A: THE GRAPH OF QUADRATIC FUNCTIONS 


Does the parabola open upward or downward? Explain. 
i, pS ee = Op + DO 

2 y =x — 12x +32 

QWs Sle? bape 1 

4 ys six 4 Sp =G 

5, y= 64—x2 

6. y = —3x + 9x? 


Determine the x- and y-intercepts. 
ae 
a Vere = ler 
9. y= 2x* +5x—-3 
i y= aye 4 al 
oe 
12. y= —6x* +11x-4 
iy — 4-27 
14. y = 9x? — 50 
1G pan =r | 


IG, VS =e 4 


Find the vertex and the line of symmetry. 
mm ~Sar le = 4 
is, Sp? = ore de | 
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ol 
my, P= On oe ED 
pie ye el 
2 y= a 16 


Graph. Find the vertex and the y-intercept. In addition, find the x- 
intercepts if they exist. 


a 
Te Op ee Se 
Me, (6) = ee ee sD 
26. f (x) = —x? —2x +15 
Wie e)) ere = Ose 

a8, f (x) =x? + 8x 

Me) (Ge) Saxe =O 

20h (= 
ste, Gy) — la 

32, f (x) =4—x? 

oe Col Se es 
34. f (x) =x? +4044 
5G —45 1 
8G )) = tee =e 228 
ST (Os) =D 

a Gs) = = 3 
Soha) — 4 
AO, (Go) = A tb Ale eg 
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ily (Ce) = 
of Oo — on 0 
1, (6) = Det he SS 
“af (= — 4 ee | 
as, (Ce) = eo kaya 
hs Wi) = are So 
47. f (x) = —2x? +3 

4s. f (x) = —2x2 -1 

MD, (Ge) = De tb Aye = 
50, | (eo) S Be 4b Oe a 2 


PART B: FINDING THE MAXIMUM OR MINIMUM 


Determine the maximum or minimum y-value. 
Sl Vasa Sa 1 
Va ar eS 
By = 201" — 104-5 
Bi = lin? = pe 
55. y= —Xx? 
sg y= | — Ore 
sy = D0be = 
i = (Dep ade? 

Me, ys Bye Abe =v 
ay Se SoS 
al, yy SF = See | 
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62. 


63. 


64 


65. 


66. 


67. 


68. 


69. 


70. 


vale 


72. 


T3o 


74, 


T5o 


y=1-x-x’? 


Given the following quadratic functions, determine the domain and 
range. 


Oo 
f (x) = 5x? —10x+1 
a Sy foc ts | 
AG) =S 2 = ea 
i ol 
(OO) Sse 22 =2 


The height in feet reached by a baseball tossed upward at a speed of 48 feet per 


second from the ground is given by the function h (t) = —1617 + 481, 
where t represents the time in seconds after the ball is thrown. What is the 
baseball’s maximum height and how long does it take to attain that height? 


The height in feet of a projectile launched straight up from a mound is given 


by the function h(t) = —16t7 + 96t + 4, where t represents seconds after 
launch. What is the maximum height? 


The profit in dollars generated by producing and selling x custom lamps is 
given by the function P(x) = —10x* + 800x — 12,000. what is the 


maximum profit? 


The profit in dollars generated from producing and selling a particular item is 


modeled by the formula P(x) = 100x — 0.0025x7 , where x represents 
the number of units produced and sold. What number of units must be 
produced and sold to maximize revenue? 


The average number of hits to a radio station Web site is modeled by the 


formula f(x) = 45017 — 3,600t + 8,000 , where t represents the 
number of hours since 8:00 a.m. At what hour of the day is the number of hits 
to the Web site at a minimum? 


The value in dollars of a new car is modeled by the formula 
V(t) = 12527 — 3,000t + 22,000 , where t represents the number of 


years since it was purchased. Determine the minimum value of the car. 


The daily production cost in dollars of a textile manufacturing company 
producing custom uniforms is modeled by the formula 
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C(x) = 0.02x7 — 20x + 10,000 , where x represents the number of 
uniforms produced. 


a. How many uniforms should be produced to minimize the daily production 
costs? 
b. What is the minimum daily production cost? 


76. The area in square feet of a certain rectangular pen is given by the formula 


A = 14w — w? , where w represents the width in feet. Determine the width 
that produces the maximum area. 


PART C: FINDING THE VERTEX BY COMPLETING THE 


SQUARE 


Determine the vertex. 
i — ea) 48 
78) yy = 2 = 1) 7 
9. y=5(x+ 1)? +6 
30. y = 3(x +4)? + 10 
81. y = —5(x + 8)? — 1 
82. y= (x +2)" —5 


Rewrite in vertex form y = a(x — h) ge andidereemine tioweren 
83. y= x? — 14x + 24 
Mm VS ie = Ie AD 
a 
G Ver bGpa ll 
Sy 1 
88. y = 3x7 —6x+5 
DO pS ar 2 love 7 
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oO, Was are 4b Oe 


Graph. Find the vertex and the y-intercept. In addition, find the x- 
intercepts if they exist. 


Oy joe ak 

on fa)=a- + 1 

93. f (x) =(x—-1)? 

o4. f (x) =(x +1)? 

95. f (x) = (x - 4)” -9 
96. f (x) =(x- 1)? -4 
oi) = 2) 8 
Gs) = ssn a 
99, f (a) = —5(e— 1) 

100. f (x) = —(x + 2)? 

orf OO) 4G 1)? 2 
102. f (x) = 9(@+ 1)? +2 
103. f (x) = (x+5)° - 15 


104. f (x) = 2(x-5)° —3 


105, f (6) = —20¢ — 4)* +4 22 
106. f (x) = 2(x + 3)* — 13 


PART D: DISCUSSION BOARD 


107. Write down your plan for graphing a parabola on an exam. What will you be 
looking for and how will you present your answer? Share your plan on the 
discussion board. 
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108. Why is any parabola that opens upward or downward a function? Explain to a 
classmate how to determine the domain and range. 


109. Research and discuss ways of finding a quadratic function that has a graph 
passing through any three given points. Share a list of steps as well as an 
example of how to do this. 
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ANSWERS 


il, 


3: 


iil, 


iS), 


1335 


Wa 


10), 


Al 


23s 


Upward 

Downward 

Downward 

x-intercepts: (-6, 0), (2, 0);y-intercept: (0, -12) 


x-intercepts: (-3, 0), (4 P 0); y-intercept: (0, -3) 


x-intercepts: (-1, 0), (2 : 0); y-intercept: (0, 2) 


3/3 34/3 
x-intercepts: (- ue , 0), Gs : 0) ; y-intercept: (0, -27) 


x-intercepts: none; y-intercept: (0, 1) 
Vertex: (5, -9); line of symmetry: x = 5 

3 : = 8 
Vertex: (5; 2 ); line of symmetry: x = a 


Vertex: (0, -1); line of symmetry: x = 0 
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25. 
7 8 59 s 
~5 
~10 (9, —9) 
“15 
~20 
+25 
i, 
29. 
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Sul, 


oor 


Sih 
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S/o 


39), 


Al. 
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43. 


45. 


47. 
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75. 


49. 
Sil, 


Bo 


5)n 


Dike 


52), 


61. 


63. 


65. 


67. 


69. 


vale 


Wa 


We 


TD, 


81. 


83. 


Maximum: y = 10 
Minimum: y = 4 
Maximum: y = 0 


Maximum: y = 10 


Minimum: y = — a 
Minimum: y = — = 


Domain: (—~, «) ; range: |-25, ~) 

Domain: (—<0, «) ; range: (—20, 3| 

Domain: (—<0, «) ; range: |- - : co) 

The maximum height of 36 feet occurs after 1.5 seconds. 
$4,000 


12:00 p.m. 


a. 500 uniforms 
b. $5,000 


(5, 3) 
(-1, 6) 
(-8, -1) 


y=(x- De — 25; vertex: (7, -25) 
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8. y= (xt+ aye — 16; vertex: (-2, -16) 


87. y = 2(x — 3)? — 21; vertex: (3, -21) 


89. y= —(x- 8)* + 81; vertex: (8, 81) 
¥ 


Ol, 


OB. 
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2 
Sao LOEh ate 15 I-15 


OB, 


Wo 


29) 
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101. 
103. 
fe tN (44 VI, 0) 2 
“2-1,[f1 23 45 6 7 8 9 10 11 12 13 14” 
+2 cy Oe ee eat ae bean ee 
se A a a Ge a ee 


107. Answer may vary 


109. Answer may vary 
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6.5 Solving Quadratic Inequalities 


LEARNING OBJECTIVES 


1. Check solutions to quadratic inequalities with one variable. 

2. Understand the geometric relationship between solutions to quadratic 
inequalities and their graphs. 

3. Solve quadratic inequalities. 


Solutions to Quadratic Inequalities 


A quadratic inequality” is a mathematical statement that relates a quadratic 
expression as either less than or greater than another. Some examples of quadratic 
inequalities solved in this section follow. 


x? = 2x — 11 < 0] 2x? = 7x +3 5019 —x? > 0 


A solution to a quadratic inequality is a real number that will produce a true 
statement when substituted for the variable. 


15. A mathematical statement that 
relates a quadratic expression 
as either less than or greater 
than another. 
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Example 1 
Are -3, -2, and -1 solutions to x2 — x — 6 < 0? 
Solution: 


Substitute the given value in for x and simplify. 


x? —-x-6<0 x? —x-6<0 x? —x-6<0 
(-3¥ — (-3)-6<0 |(-2Y — (-2)-6<0 |(-1) - (-1)-6<0 
9+3-6<0 4+2-—6<0 1+1-6<0 

6 <0x 0<0Y —4<0Y 


Answer: -2 and -1 are solutions and -3 is not. 


Quadratic inequalities can have infinitely many solutions, one solution, or no 
solution. If there are infinitely many solutions, graph the solution set on a number 
line and/or express the solution using interval notation. Graphing the function 
defined by f (x) = x* — x — 6 found in the previous example we have 


y 


The result of evaluating for any x-value will be negative, zero, or positive. 
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16. The values in the domain of a 
function that separate regions 
that produce positive or 
negative results. 


f(-—3)=6 Positive f (x)>0 
f(-2)=0 Zero  f(x)=0 
f (—1) =—4 Negative f (x) <0 


The values in the domain of a function that separate regions that produce positive 
or negative results are called critical numbers”®. In the case of a quadratic 
function, the critical numbers are the roots, sometimes called the zeros. For 
example, f (x) = x? —x—6= (x +2) (x — 3)has roots -2 and 3. These values 
bound the regions where the function is positive (above the x-axis) or negative 
(below the x-axis). 


Therefore x? — x — 6 < Ohas solutions where —2 < x < 3, using interval 
notation [-2. 3] Furthermore, x2 — x — 6 > O has solutions where x < —2 or 


x > 3, using interval notation (—20, 2] U [-3. 20) : 
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Example 2 


Given the graph of f determine the solutions to f (x) > 0: 


Solution: 


From the graph we can see that the roots are -4 and 2. The graph of the 
function lies above the x-axis (f (x) > 0) in between these roots. 


Because of the strict inequality, the solution set is shaded with an open dot on 
each of the boundaries. This indicates that these critical numbers are not 
actually included in the solution set. This solution set can be expressed two 
ways, 


{x| -4 <x < 2} Set Notation 
(—4, 2) Interval Notation 
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In this textbook, we will continue to present answers in interval notation. 


Answer: (—4, 2) 


Try this! Given the graph of f determine the solutions to f (x) < 0: 


Answer: (—%, —4) U (2,0) 


(click to see video) 


Solving Quadratic Inequalities 


Next we outline a technique used to solve quadratic inequalities without graphing 
the parabola. To do this we make use of a sign chart’’ which models a function 
using a number line that represents the x-axis and signs (+ or -) to indicate where 
the function is positive or negative. For example, 


17. A model of a function using a 
number line and signs (+ or -) 
to indicate regions in the 
domain where the function is 
positive or negative. 
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Sign Chart 
+4+4+4+4+44]------- ++t++t+4t+ 
6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 7 


The plus signs indicate that the function is positive on the region. The negative 
signs indicate that the function is negative on the region. The boundaries are the 
critical numbers, -2 and 3 in this case. Sign charts are useful when a detailed 
picture of the graph is not needed and are used extensively in higher level 
mathematics. The steps for solving a quadratic inequality with one variable are 
outlined in the following example. 
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Example 3 
Solves —=1- + On + 7 = 0) 
Solution: 


It is important to note that this quadratic inequality is in standard form, with 
zero on one side of the inequality. 


Step 1: Determine the critical numbers. For a quadratic inequality in standard 
form, the critical numbers are the roots. Therefore, set the function equal to 
zero and solve. 


—x? + 6x+7=0 
— (x? — 6x — 7) =0 
—-@+1) @-7)=0 


x+1=0 orx—7=0 
x=-1 = 7 
The critical numbers are -1 and 7. 


Step 2: Create a sign chart. Since the critical numbers bound the regions where 
the function is positive or negative, we need only test a single value in each 
region. In this case the critical numbers partition the number line into three 


regions and we choose test values x = —3,x = 0, andx = 10. 
Test values 


lia See eee Sea 
4@-2-1@ 123245678 59@ 


x=-3 x 
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Test values may vary. In fact, we need only determine the sign (+ or -) of the 
result when evaluating f (x) = —x* + 6x +7 = —(x + 1) (x —7).Here we 
evaluate using the factored form. 


f(-3)=- (3 + I) (-3 - 7)=- (-2) (-10)=—- Negative 
f@O=-O0+1) 0-7) =-C)(-7) =+ Positive 
fd0)=-— 00+ 1) dO-—7)=-(11) G@) ==- Negative 


Since the result of evaluating for -3 was negative, we place negative signs above 
the first region. The result of evaluating for 0 was positive, so we place positive 
signs above the middle region. Finally, the result of evaluating for 10 was 
negative, so we place negative signs above the last region, and the sign chart is 
complete. 


—— | ++++44+4+4+4+44 |----- 


25 
Se lle eh ca ee ety alt) 


Step 3: Use the sign chart to answer the question. In this case, we are asked to 
determine where f (x) > 0, or where the function is positive or zero. From the 
sign chart we see this occurs when x-values are inclusively between -1 and 7. 


= | t+++44+44444 | ----- 
teh ee all GO) IL Pe a eae TD 2 


Using interval notation, the shaded region is expressed as [-1, 7| . The graph 
is not required; however, for the sake of completeness it is provided below. 
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Indeed the function is greater than or equal to zero, above or on the x-axis, for 
x-values in the specified interval. 


Answer: [-1, 7| 
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Example 4 
Solve: 2x2 —7x+3 > 0. 
Solution: 


Begin by finding the critical numbers, in this case, the roots of 
f @) = 2x? —7Tx +3. 


Ix? —7x+3=0 
(2x -1) «-3)=0 


2x —-1=0o0rx —3=0 


Dall = 3} 
1 

—— 
” 


ul 


The critical numbers are 7 


and 3. Because of the strict inequality > we will use 
open dots. 


Next choose a test value in each region and determine the sign after evaluating 
f (x) = 2x? —7x+3 = (2x — 1) (x —3).Here we choose test values -1, 2, 
and 5. 


6.5 Solving Quadratic Inequalities 1502 


Chapter 6 Solving Equations and Inequalities 


HED=PCl= lt Gl=)=6) Gat 
fQ=([22-1] @-3) =H) O=- 
£(5)=[2(5)-1] (5-3) =) (=4 


And we can complete the sign chart. 


ttt+++++| ----- ++t+t+4t44 
a st at te tit pe 


aD zl @ i il 3 5 4 5 6 


The question asks us to find the x-values that produce positive results (greater 


than zero). Therefore, shade in the regions with a + over them. This is the 


solution set. 


Answer: (—c0, 


t+++ee44| ----- [+++et++++ 


xy a 10 2 © © a oo 
2 


Lu (2) 


Sometimes the quadratic function does not factor. In this case we can make use of 
the quadratic formula. 
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Example 5 
Solves = 21 = bl 0: 
Solution: 


Find the critical numbers. 


yo OS =O 


Identify a, b, and c for use in the quadratic formula. Here a = 1, b = —2, and 
c = —11. Substitute the appropriate values into the quadratic formula and 
then simplify. 


ae —b+ Vb — 4ac 
2a 
_ -(-2) + V(-2P —4() (-11) 
2(1) 
ae /48 
= 
2443 


D 
=1+423 


Therefore the critical numbers are | — 2/3 = —2.5and 1+ 21/3 & 4.5.Use 
a closed dot on the number to indicate that these values will be included in the 
solution set. 
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ot seed te 
=) =e adie = © 1 2) 3 445 (he 7 8 
(one ena 


Here we will use test values -5, 0, and 7. 


(Se (5) i= see oid 
f(0)=(0% —2(0)-11 =04+0-11 =- 
f=" -20)-11  ==49-14-11=+ 


After completing the sign chart shade in the values where the function is 
negative as indicated by the question (f (x) < 0). 


cedidedudece] ---------- Speke 
=o: =ey =z! SP dive =) 1 2 3 445 6 7 8 
28 eee) 


Answer: 1 _ De 1+ 23] 


Try this! Solve: 9 — x? > 0. 


Answer: (—3, 3) 


(click to see video) 


It may be the case that there are no critical numbers. 
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Example 6 
Solve: x? — 2x +3 > 0. 
Solution: 


To find the critical numbers solve, 


x? —2x+3=0 


Substitute aq = 1, b = —2, andc = 3 into the quadratic formula and then 
simplify. 


See Vb? — 4ac 


i 2 


a 
Se Wie = eh) 


2 (1) 


2+ /-8 
7 2 

2 + 2iv/2 
-—— 
=1+i/2 


Because the solutions are not real, we conclude there are no real roots; hence 
there are no critical numbers. When this is the case, the graph has no x- 
intercepts and is completely above or below the x-axis. We can test any value to 
create a sign chart. Here we choose x = 0). 
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f (0) =(OyY -2(0)+3=+ 


Because the test value produced a positive result the sign chart looks as follows: 
FHtHt+tetttettetetetetes 


SA see Me a) Se all ih] 1 Be we BG 


We are looking for the values where f (x) > 0; the sign chart implies that any 
real number for x will satisfy this condition. 


FHtHtHt+t+t+ttttet+et+tes+ 


(eS he a a ee ee 


Answer: (—2, 20) 


The function in the previous example is graphed below. 


We can see that it has no x-intercepts and is always above the x-axis (positive). If 
the question was to solve x? —2x +3 < 0,then the answer would have been no 
solution. The function is never negative. 
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Try this! Solve: 9x* — 12x +4 < 0. 


Answer: One solution, - P 


(click to see video) 


6.5 Solving Quadratic Inequalities 1508 


Chapter 6 Solving Equations and Inequalities 


Example 7 
Find the domain: f (x) = x? — 4. 
Solution: 


Recall that the argument of a square root function must be nonnegative. 
Therefore, the domain consists of all real numbers for x such that x” — 4 is 
greater than or equal to zero. 


C=O 


It should be clear that x2 — 4 = Ohas two solutions x = +2; these are the 
critical values. Choose test values in each interval and evaluate f (x) = x7 — 4. 


f (-3)=(-3P -4=9-4=+ 
f=" -4 =0-4=- 
fB=6"Y -4 =9-4=+ 


Shade in the x-values that produce positive results. 


+++es44 | ----- 


Answer: Domain: (—20, 2] U [2 20) 
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KEY TAKEAWAYS 


6.5 Solving Quadratic Inequalities 


* Quadratic inequalities can have infinitely many solutions, one solution 


or no solution. 

We can solve quadratic inequalities graphically by first rewriting the 
inequality in standard form, with zero on one side. Graph the quadratic 
function and determine where it is above or below the x-axis. If the 
inequality involves “less than,” then determine the x-values where the 
function is below the x-axis. If the inequality involves “greater than,” 
then determine the x-values where the function is above the x-axis. 

We can streamline the process of solving quadratic inequalities by 
making use of a sign chart. A sign chart gives us a visual reference that 
indicates where the function is above the x-axis using positive signs or 
below the x-axis using negative signs. Shade in the appropriate x-values 
depending on the original inequality. 

To make a sign chart, use the function and test values in each region 
bounded by the roots. We are only concerned if the function is positive 
or negative and thus a complete calculation is not necessary. 
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TOPIC EXERCISES 


PART A: SOLUTIONS TO QUADRATIC INEQUALITIES 


Determine whether or not the given value is a solution. 
1x? —x+1<0;x=-1 
2.x°+x-1>0;x=-2 
3. 4x? — 12x +9 <0;x = 3 
4, 5x* —8x-4<0;x= —2 
5. 3x27 —-x-22>0;x=0 
6. 4x7 —x+3<0;x=-1 
7.2—4x—x* <0;x= : 

8. 5—2x-x* >0;x=0 

9, —x* —x-9 <0;x = -3 
10. —x* +x-6>0;x =6 

Given the graph of f determine the solution set. 


ileleay eae Su 
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12 f(x) 0; 


eh, ff (Ga) 20k 


WE es) We 
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15. f (x) > 0; 


tone 0; 
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17. f (x) > 0; 


Wey yf (sie (UR 


oy (eo) 0: 
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20m he: 


Use the transformations to graph the following and then determine the 
solution set. 


ily ee = Se 
We ge eo) 
8. (= Ie 0 
wh, (Ceze Dye <0 
1S (D> = 1s 
He, (Goce Bye al Ss ) 
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My ee AS) 
Serie) Ss) 
Hy SE AP ETD 
a0 Ses Sey OS) 


PART B: SOLVING QUADRATIC INEQUALITIES 


Use a sign chart to solve and graph the solution set. Present answers 
using interval notation. 


31, x7 —x-12>0 
oy 2 MO GS 0 
cS, Gee Dye = Ol =e 
34 woe 15a 4 = 0 
Ba SA) 
son — 12, p20 0 
37, 2x* —11x-6>0 
38. 3x2 + 17x -6>0 
39. 8x? — 18x --5 <0 
40. 10x* +17x+6>0 
41, 9x? + 30x +25 <0 
42. 16x* — 40x + 25 <0 
43. 4x2 —4x+1>0 
A, ie Te ye 222 Sp) 
A 
Ne, See (Ge SO eV) 


We, ee oigl ce (0) 
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69. 


70. 


6.5 Solving Quadratic Inequalities 


ee = SS 


. 4x7 -9>0 

. 16x? = 25 <0 
125-47 = 0 

, 1- 49x? <0 
.x7-8>0 

Se a0 
2x7 +1>0 

. 4x7 +3<0 
ate SO 
3= > <0 
.x?—-x+1<0 
oe ea SO) 
4 = 1 0) 
. 5x7 — 8x -4 <0 
. 3x7 -x-2>0 
. 4x? -x +3 <0 
ee 1) 
oe 
9) 


-=x> fr 6 = 0 


Oy ed = 
23,7 Sa 1 <0 


Find the domain of the function. 
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n. f (x) = x2 —25 

72. f(x) = = 

73. g(x) = 3x2 —x—-2 
74. g(x) = V/12x2 — 9x -3. 
75. h(x) = V/16 — x2 

76. h(x) = V3 —2x—x2 
77. f (x) = Vx? +10 

7. f (x) = V94x? 


79. A robotics manufacturing company has determined that its weekly profit in 
thousands of dollars is modeled by P(n) = —n* + 30n — 200 wheren 
represents the number of units it produces and sells. How many units must the 
company produce and sell to maintain profitability. (Hint: Profitability occurs 
when profit is greater than zero.) 


80. The height in feet of a projectile shot straight into the air is given by 
h(t) = —16t? + 400¢ where t represents the time in seconds after it is 
fired. In what time intervals is the projectile under 1,000 feet? Round to the 
nearest tenth of a second. 


PART C: DISCUSSION BOARD 


81. Does the sign chart for any given quadratic function always alternate? Explain 
and illustrate your answer with some examples. 


82. Research and discuss other methods for solving a quadratic inequality. 


83. Explain the difference between a quadratic equation and a quadratic 
inequality. How can we identify and solve each? What is the geometric 
interpretation of each? 
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ANSWERS 


1. No 
3. Yes 


5. No 


7. Yes 
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23, (—«,1) U (1,~) 


25. |-3. —1] 
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a7. [—2, 2| 


29) 


B}5)5 


$B), 


( 
sri, | 
( 
| 
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47. 


Bo 


2) 


Sis 


52), 


61. 


65. 


67. 


75. 


Vi. 


W2, 
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. [-6,5] 


(—8, 8) 


4.4 


(—-.) 


The company must produce and sell more than 10 units and fewer than 20 


units each week. 
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81. Answer may vary 


83. Answer may vary 
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6.6 Solving Polynomial and Rational Inequalities 


LEARNING OBJECTIVES 


1. Solve polynomial inequalities. 
2. Solve rational inequalities. 


Solving Polynomial Inequalities 


A polynomial inequality’® is a mathematical statement that relates a polynomial 
expression as either less than or greater than another. We can use sign charts to 
solve polynomial inequalities with one variable. 


18. A mathematical statement that 
relates a polynomial 
expression as either less than 
or greater than another. 
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Example 1 
Solve: x(x + 3)° (x — 4) < 0. 
Solution: 


Begin by finding the critical numbers. For a polynomial inequality in standard 
form, with zero on one side, the critical numbers are the roots. Because 

FO) =xat+ 3Y (x — 4) is given in its factored form the roots are apparent. 
Here the roots are: 0, -3, and 4. Because of the strict inequality, plot them using 
open dots on a number line. 


tt tt tt tt at at tt ty 
©~-@432@5°:1@345 67 


In this case, the critical numbers partition the number line into four regions. 
Test values in each region to determine if f is positive or negative. Here we 
choose test values -5, -1, 2, and 6. Remember that we are only concerned with 
the sign (+ or -) of the result. 


f (-5) =(-5) (-5 +3) (-5 -4)=-) CP = + Positive 

f(D=CDC143¥ C1-4 =OGY OC =+ Positive 
f Q=Q2+3P 2-4) =(+)(+¥ (-)=- Negative 
f (6)=(6) (6+3) (6-4) 9 =(H (4% H=+ Positive 


After testing values we can complete a sign chart. 


deibdea tae [decode | ----- | seeededededt 


(a) eh Sey PN a a 
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The question asks us to find the values where f (x) < 0, or where the function 


is negative. From the sign chart we can see that the function is negative for x- 
values in between 0 and 4. 


Gedkdede fuse |aede i y | ----- Peigehd 


5 5 — 1) i 3 eet On 


We can express this solution set in two ways: 


{xl0 < x < 4} Set notation 


(0, 4) Interval notation 


In this textbook we will continue to present solution sets using interval 
notation. 


Answer: (0, 4) 


Graphing polynomials such as the one in the previous example is beyond the scope 
of this textbook. However, the graph of this function is provided below. Compare 
the graph to its corresponding sign chart. 


4-3 2 -1 


46 5 . 
rates ech aed ma here: orb Se enpe eee 20: 
eee eee 
voc hee bevedeeecheee: a 

“80 

~100 

= 120 
t+ete4|t444| ----- ++ b+ 
eS Eee ee ee 
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Certainly it may not be the case that the polynomial is factored nor that it has zero 
on one side of the inequality. To model a function using a sign chart, all of the terms 
should be on one side and zero on the other. The general steps for solving a 
polynomial inequality are listed in the following example. 
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Example 2 
Solve: 2x* > 3x? + 9x2. 
Solution: 


Step 1: Obtain zero on one side of the inequality. In this case, subtract to obtain 
a polynomial on the left side in standard from. 


Ix* > 3x3 + 9x? 
I= 3x — 07° 50 


Step 2: Find the critical numbers. Here we can find the zeros by factoring. 


2x* — 3x3 — 9x7 =0 
(2x = 3x9) —0 
x* (2x + 3) (x —3)=0 


There are three solutions, hence, three critical numbers — 5, 0, and 3.The strict 
inequality indicates that we should use open dots. 


ooo 


3 @3@ © @:2 3 @ : 


Step 3: Create a sign chart. In this case use f (x) = x* (2x +3) (x — 3)and 
test values -2, -1, 1, and 4 to determine the sign of the function in each interval. 
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f (-2)=(-2Y [2(-2) + 3] (2-38 CY -) (=+ 
f(-D=CI1Y [2(-1) +3] (1-38 CY (=- 
f@=dy [20) +3] d-3)  =G4P (H O=- 
fH=4Y (24) +3] 4-3) =4 (H H=+ 


With this information we can complete the sign chart. 


Step 4: Use the sign chart to answer the question. Here the solution consists of 
all values for which f (x) > O. Shade in the values that produce positive results 
and then express this set in interval notation. 


BkEE SoS | ------- | eee 


-3 -2-5-1 0 1 2 3 4. 5 


Answer: (—0, - +) U (3, 00) 
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Example 3 
Solves = le 
Solution: 


Begin by rewriting the inequality in standard form, with zero on one side. 


ea <4 Wl) 
ioe Ae 
x? +x* —4x-4<0 


Next find the critical numbers of f (x) = x? +x? — 4x — 4: 


x? +x? — 4x — 4=0 Factor by grouping. 
x*(x+1)-44+ D=0 

(x +1) (x? -4)=0 
(x + 1) (x +2) &@ —2)=0 


The critical numbers are -2, -1, and 2. Because of the inclusive inequality (<) 
we will plot them using closed dots. 


|| | 


Use test values -3, — - 0, and 3 to create a sign chart. 
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CS) Sao 2) 2 =) 


=(-) -) -&- 


((3)-C3+)) C4) Eajorsien 


fQ=0+ 1) O+2) O—2) 
fQ=G6 + 1) G+2) GB —-2) 


And we have 


Answer: (—2, 2] U [-1, 2| 


Try this! Solve: —3x* + 12x3 — 9x? > 0. 


Answer: (1, 3) 


(click to see video) 


Solving Rational Inequalities 


=(+) 4) (= 
=(+) (4) (H=+ 


A rational inequality’’ is a mathematical statement that relates a rational 
expression as either less than or greater than another. Because rational functions 
19. A mathematical statement that | have restrictions to the domain we must take care when solving rational 
relates a rational expression as | jnequalities. In addition to the zeros, we will include the restrictions to the domain 


either less than or greater than 


of the function in the set of critical numbers. 
another. 
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Example 4 


_ G-4)(44+2) >0 


Solve =e 


Solution: 


The zeros of a rational function occur when the numerator is zero and the 
values that produce zero in the denominator are the restrictions. In this case, 


Roots (Numerator) |Restriction (Denominator) 
x -4=0 orx+2=0 x-1=0 


us J=—2 co — I 


Therefore the critical numbers are -2, 1, and 4. Because of the inclusive 
inequality (>) use a closed dot for the roots {-2, 4} and always use an open dot 
for restrictions {1}. Restrictions are never included in the solution set. 


(sis ap ay i REE By FL 


Use test values x = —4, 0, 2, 6. 


ey ee Gs 


ee ee wae 
Hoel se Se oe an 
Pee aca 2) oe __ 
1 (6) (6 ra 2) ai F 
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And then complete the sign chart. 


------ ++4+4+|---- | +4+4+4+4 
<1 tt tt tt tt at a it ty 
Gy fay ib si 1 0 ] OS A eS Oe a 


The question asks us to find the values for which f (x) > 0, in other words, 
positive or zero. Shade in the appropriate regions and present the solution set 
in interval notation. 


Answer: |—2, 1) U [4, 0) 


Graphing such rational functions like the one in the previous example is beyond the 
scope of this textbook. However, the graph of this function is provided below. 
Compare the graph to its corresponding sign chart. 


—------ |++++]---- | t+t++++ 


-6 -5 -4 -3_-2 -1 0 1 2 +3 4 +5 6 7 


Notice that the restriction x = 1 corresponds to a vertical asymptote which bounds 
regions where the function changes from positive to negative. While not included in 
the solution set, the restriction is a critical number. Before creating a sign chart we 
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must ensure the inequality has a zero on one side. The general steps for solving a 
rational inequality are outlined in the following example. 
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Example 5 
Solve: rary <7). 
Solution: 


Step 1: Begin by obtaining zero on the right side. 


Step 2: Determine the critical numbers. The critical numbers are the zeros and 
restrictions. Begin by simplifying to a single algebraic fraction. 


fl 2, 


——<0 
x+3 1 
ie 
PERE 
x+3 
7-2x- 
ieee, 
x+3 
—2 1 
Bee 
x+3 


Next find the critical numbers. Set the numerator and denominator equal to 
zero and solve. 
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Root Restriction 
—2x + 1=0 
97 =|) |e 3—0 
1 x=-3 
oo) 


In this case, the strict inequality indicates that we should use an open dot for 
the root. 


Step 3: Create a sign chart. Choose test values -4, 0, and 1. 


_-2(-4)+1 4+ 
aes oe 
_-20)+1 + 
FO= 043 cma 
_-2@)+1 —-_ | 
i) [32° a= 


And we have 
------ ++¢t++¢+444]----- 


=) -4 3} =e ail Oi 2 
2 


Step 4: Use the sign chart to answer the question. In this example we are 
looking for the values for which the function is negative, f (x) < 0. Shade the 
appropriate values and then present your answer using interval notation. 


6.6 Solving Polynomial and Rational Inequalities 1536 


Chapter 6 Solving Equations and Inequalities 


=) -4 =) =v) al 0 


Answer: (—2, —3) U (+ : 0) 


6.6 Solving Polynomial and Rational Inequalities 1537 


Chapter 6 Solving Equations and Inequalities 


Solution: 


Begin by obtaining zero on the right side. 


Next simplify the left side to a single algebraic fraction. 


ee ee een | 
(a+2) @—2) —@—2) 
1 1(x+ 2) 
(x+2) (4-2) («-—2) (*%+2)7 
1l+x+2 
—— 
(x + 2) @—2) 
x+3 
ea 
(i+ 2) = 2) 


The critical numbers are -3, -2, and 2. Note that +2 are restrictions and thus we 
will use open dots when plotting them on a number line. Because of the 
inclusive inequality we will use a closed dot at the root -3. 
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Choose test values -4, —2 A = 30, and 3. 


—443 (-) 
—4 =o =ereooorr—- = 
oe (=2 2) (4 2) Cyne) 


2 
043 (+) 
0) = ——<—————_ = =~ 
ee (0+ 2) (O—2) (Bs) 
343 (+) 
3 ae — — 
DS COD Ow” 
Construct a sign chart. 
|++| t++t+4+ 


Answer the question; in this case, find x where f (x) < 0. 


|++| eee 


<5) -4 = = al 0 1 2 3 4 


Answer: (—2, 3 U (—2, 2) 
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2x2 i 


on ee ee 
Try this! Solve: en ee 


Answer: (—4, 0| U (4 ; 0) 


(click to see video) 


KEY TAKEAWAYS 


* When a polynomial inequality is in standard form, with zero on one side, 
the roots of the polynomial are the critical numbers. Create a sign chart 
that models the function and then use it to answer the question. 

* When a rational inequality is written as a single algebraic fraction, with 
zero on one side, the roots as well as the restrictions are the critical 
numbers. The values that produce zero in the numerator are the roots, 
and the values that produce zero in the denominator are the 
restrictions. Always use open dots for restrictions, regardless of the 
given inequality, because restrictions are not part of the domain. Create 
a sign chart that models the function and then use it to answer the 
question. 
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TOPIC EXERCISES 


PART A: SOLVING POLYNOMIAL INEQUALITIES 


Solve. Present answers using interval notation. 
i, ees 1) (Cp a) Sa) 
2. x(x-—1) («+ 4) <0 
3. (@+2)(x-5)* <0 
4. (x-4) +1)? 20 
5, (2x — 1) (x +3) *+2) <0 
6. (3x+2) @-4) (x-5) 20 
eet Deas <0 
8. x(2x-5)(x- 1)? > 0 
at Sie) 0 
it C= iG iiGaar 20 
u. (x+5) @— 10) (x-5)* >0 
(Ge — bye Ne) 
BG Soe Oe Sor 20 
i SG = Oe ae 
Solve. 
i, Gee Te De = ibe > 10) 
he See SS IR 
17, 4x3 — 22x? — 12x <0 
1s. 9x? + 30x* — 24x > 0 


6.6 Solving Polynomial and Rational Inequalities 1541 


Chapter 6 Solving Equations and Inequalities 


TOI eA S02 

20. 6x4 + 12x? < 48x? 

Dik (os + 25) = 10x- 

22. x3 > 12x (x — 3) 

Do a Sn dl <i 

24. x* — 13x? + 36 >0 

25. x4 > 3x* +4 

26. 4x4 <3 — 11x? 

27. 9x3 — 3x? —81x+27 <0 
1, OP be = Se = 5 SO 
29. x? — 3x* +9x-27>0 


20m oy 2  0e) 


PART B: SOLVING RATIONAL INEQUALITIES 


Solve. 
31. —— = 0 
32, 0 
a) (aed) 
ce east” <0 
(x+5) (x + 4) 
@—2) 
(2x + 1) (x +5) : 
(x — 3) (x-5) 
(3x -— 1) (x +6) S 
(x -— 1) &@4+9) 
(x — 8) (x+ 8) =; 
—2x(x-2) ~~ 


6.6 Solving Polynomial and Rational Inequalities 1542 


Chapter 6 Solving Equations and Inequalities 


(2x + 7) (x + 4) 

33. ——_——___—_- 
x(x +5) 

2 
” G43 Q=3) = 
4) 

—x(x + 1) ae 

= 5x = 12)- 

(x +5) (x — 6) 7 
(3x — 4) (x + 5) 


xy = 4)2 
1 


<0 


42 


Solve. 


x? —11x-12 
ee) 
x+4 


Oe: 

SN —— >0 
x= 7 

x2 +x -— 30 


2x+1 
i 3 
48. —————_ < 0 
x-3 
3x2 —4x+1 
49, ———————- < 0 
x* —9 
— 16 
Se oe) 
2x? = 3x = 2 
x? — 12x + 20 


————— > 
pe = (Oe 25 
gee Se || Sire te 206 


i ox 6 
ire el 

53. ——————— <0 
22 3 — 14 


> 0 
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A as 
aie 
55. ——— + — >0 


54, 


00 SS SS 


x 1 e 12 
2(x+2) x*4+2 7 x(x4+2) 
1 


= so 
2x+1 2x —1 
ox 


oS 
2x +1 DS! Si 
x+1 ie 


S$ — > —— 
Wye Tes Ay? —]{ 
ee! 5 


SSS 
oe 1+2x 


PART C: DISCUSSION BOARD 


71. Does the sign chart for any given polynomial or rational function always 
alternate? Explain and illustrate your answer with some examples. 


70. 
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72. Write down your own steps for solving a rational inequality and illustrate them 
with an example. Do your steps also work for a polynomial inequality? Explain. 
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ANSWERS 


1. (-1,0)U (3,0) 
3. (—-0, —2) 


Wy (= 20) 


9. (-.-3| U 0, ~) 


11. (—2,—5] U [5,5] U [10, «) 


37. [-8,0)U (2, 8| 
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41. (—«, —5) U [0, 6) 
43. (—2,5) U (5,0) 
45. (—», —4) U (1, 12) 


51. (—w,2) U (10,0) 


59. [-5,1) U [6,~) 
61. (0,1) U [2,0) 

63. (—«, 5] U (-3, 3) 
65. [-4,-2)U (0,6 
67. (—«,-2) U (2,4) 


71. Answer may vary 
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1548 


Chapter 6 Solving Equations and Inequalities 


REVIEW EXERCISES 


EXTRACTING SQUARE ROOTS AND COMPLETING THE 
SQUARE 


Solve by extracting the roots. 


ix —sl=0 
2. y>-7=0 
3. 9x* —-8 =0 
A557 — 12 = 0) 
8 De = 7 St) 
6. 3y7 -6=0 


i, Opa sy =16=0 
2401) 5 —0 
9. Wx — 3)? +4=0 
I DOPED EL Se 
i 2x SO = 0) 
12. x7 +64=0 


13. The height in feet of an object dropped from a 20-foot stepladder is given by 
h(t) = —16t* + 20 where t represents the time in seconds after the object 
has been dropped. How long does it take the object to hit the ground after it 
has been dropped? Round to the nearest tenth of a second. 


14. A 20-foot ladder, leaning against a building, reaches a height of 19 feet. How far 
is the base of the ladder from the wall? Round to the nearest tenth of a foot. 


Solve by completing the square. 
15. x7 +4x-5=0 
16. x? +2x-17=0 
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17. x7 —4x+1=0 

Ie, a = Gx = 2 = 

19. x7 —3x-1=0 

20. x7 +5x-6=0 

21. x7 +x-2=0 

We =pod sl 

23. 5x? —10x+1=0 

2a. 4x7 + 8x-3=0 

25. 2x* —6x+1=0 

26. 3x? + 10x+6=0 

7k? =x +3 =O 

28. 2x7 +6x+5=0 

29, x(x +9) +10 =5x+2 
30. (2x +5) (x+2) =8x+7 


QUADRATIC FORMULA 


Solve using the quadratic formula. 
3 2x 4 OO 
32, 3x7 +x-4=0 
33. 9x? +12x+2=0 
34, 252° — 10x — 1 = 0 
qe, ye dh 2 SU) 
Ye =e =p =v 


37. 5-— 2x —x~ =0 
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38. 2+ 4x — 3x? =0 

99, Be = Dy ded = 

40. 7x? —x+1=0 

41. —x* +2x-6=0 

42, —3x* +4x-2=0 
43. 36x* + 60x + 25 =0 
44, 72x* + 54x — 35 =0 
ig, (gee = VE SAD = 
Ac 56 le — 0 
47. (x +2)? —3x =4 

4s. Gx + 1)? —-6 = 6x -3 


49. The height in feet of a baseball tossed upward at a speed of 48 feet per second 


from the ground is given by the function, f(t) = —16t* + 48, where t 
represents the time in seconds after the ball is tossed. At what time does the 
baseball reach a height of 18 feet? Round off to the nearest hundredth of a 
second. 


50. The height in feet reached by a model rocket launched from a 3-foot platform 


is given by the function h(t) = —16t? + 256t + 3 where t represents 
time in seconds after launch. At what times will the rocket reach 1,000 feet? 
Round off to the nearest tenth of a second. 


Use the discriminant to determine the number and type of solutions. 
51. —x> +6x+1=0 
52. —x7 +x-3=0 
53. 4x7 —4x+1=0 
54. 16x7 -9 =0 
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SOLVING EQUATIONS QUADRATIC IN FORM 


Solve using any method. 
55. x* —4x —96 = 0 
56, 20x. 4 x — 0 
257 — 

58. 17 +25 =0 

gy ope tel 

60. 5y? — 25y = 0 

61. 2x7 -9=0 

62 25x- = 107 = 6 
63. (ea -9=0 
64. (x — 2) (x-5) =5 


65. The length of a rectangle is 3 inches less than twice the width. If the area of the 
rectangle measures 30 square inches, then find the dimensions of the 
rectangle. Round off to the nearest hundredth of an inch. 


66. The value in dollars of a new car is modeled by the function 


V (t) = 125t7 — 2,500t + 18,000 where t represents the number of 


years since it was purchased. Determine the age of the car when its value is 
$18,000. 


Find all solutions. 
67. x* — 16x? +48 =0 
63. x23 —x13 -20=0 


69. Xo? =x = 50 = 6 


D 
is (=) li (+) io 0 


71. X+24/x —24=0 
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72, 2x2 —3x744 41=0 


2 
wa, 2 a —4 : —3=0 
x+1 x+1 


[sta = ite 15 = 0 
75, 3x73 —5x'342=0 


76. 4x +4y/x +1 =0 


77. 16y* —25 =0 
73. x-* —64=0 
Find the set of all roots. 
i, (ieee = 50 
80. f (x) =x°> — 64 
SL PG) sr" = Sl 
me, 7G) Sie te oe 


Find a quadratic equation with integer coefficients and the given set of 
solutions. 
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QUADRATIC FUNCTIONS AND THEIR GRAPHS 


Determine the x- and y-intercepts. 
mm, p= On? Sy = 12 
9. y= x? — 18 
91. y=x?7+4x4+7 
92, y= —9x* + 12x-—4 


Find the vertex and the line of symmetry. 
93, y= x? —4x- 12 
94, y= —x? +8x-1 
5. y=x?2+3x-1 


me, a dee = 


Graph. Find the vertex and the y-intercept. In addition, find the x- 
intercepts if they exist. 


97. y=x? +8x412 


WS a Seco 


Determine the maximum or minimum y-value. 
os, pase = (Oe I 
Mie, ys ae + IO = 1 
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107. 


108. 


109. 


110. 


Lili, 


Lil, 


y= —3x? +2x-1 
VS Qe ar? 


2 
Rewrite in vertex form y = d (x = h) + k and determine the vertex. 


oe 
y=x? + 10x+ 24 
y = 2x? —4x-1 


y= —-x* —8x—-11 


Graph. Find the vertex and the y-intercept. In addition, find the x- 
intercepts if they exist. 


13. f @) = @—4)? —2 


114 


BAUS: 


116 


117 


118 


120. 


Tae 


f@=-(x+6)° +4 
.f@=-x? +10 

OG 10)- = 20 
uO) = 26 = 1) 3 
f= 36 1) — 2 


gLSL), 


The value in dollars of a new car is modeled by 

V(t) = 1252? — 3,000¢ + 22,000 where t represents the number of 
years since it was purchased. Determine the age of the car when its value is at a 
minimum. 


The height in feet of a baseball tossed upward at a speed of 48 feet per second 
from the ground is given by the function, h (t) = —16t* + 32t, where t 
represents the time in seconds after it is tossed. What is the maximum height 
of the baseball? 


The rectangular area in square feet that can be enclosed with 200 feet of 
fencing is given by A (Ww) = w (100 — w) where w represents the width of 
the rectangular area in feet. What dimensions will maximize the area that can 
be enclosed? 
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122. A manufacturing company has found that production costs in thousands of 
dollars are modeled by C (x) = 0.4x7 — 72x + 8,050 where x 
represents the number of employees. Determine the number of employees that 
will minimize production costs. 


SOLVING QUADRATIC INEQUALITIES 


Solve. Present answers using interval notation. 
123. —2(x-— 1) (x +3) <0 
1a to) 

Me, 0 lo IES 
ion = 440) 0 
ae — 10, = 24) 
128, 36 —x* > 0 

We, = Shee eh 

130. 8x — 12x? <0 
Bix 3 = 0 

132, x7 —28 >0 

133. 9x? — 30x + 25 <0 
134, x7 — 8x +18 >0 
135. x7 —-2x --4 <0 


Wes ep ee epee tS (i) 


Find the domain of the function. 


137. f (x) = Vx? — 100 
138. f (x) = 3x — 6x2 
9. g(x) = V/3x2 +9 
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140. g(x) = V8 + 2x — x? 


SOLVING POLYNOMIAL AND RATIONAL INEQUALITIES 


Solve. Present answers using interval notation. 
141, x(x—5) (x +2) > 0 
We, (ees! 1G 2) 2 0 
143. x7 (x +3) >0 
me ses — Ip a 
Wij 962 tovles Oye 276 (0) 
146. 2x (4x -— 1) > 3 
147. 4x3 — 12x? +9x <0 
148. x? — 9x? + 20x > 0 
Hoey eae) 


150. 6x (x + 1)+ 5x < 35 
(x — 2) (2x + 1) 
x(x — 1) 


me 
152. BOERS; 


ae = 
x? +4x+4 
4x? — 1] 

ne = yet 04 

" x2 + 10x + 25 
1 3 
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Ale 


We), 


Sil, 


53% 


Sip 


. +in/5 
. 1.1 seconds 


a el 


2473 
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Al. 


45. 


47. 


49. 


Syl, 


B)a5 


B51 


5. 


63) 


65. 


Oo 


69. 


ale 


Tas = 


T5o 


We 


TD), 


81. 


=I, 0 


The ball will reach 18 feet at 0.44 seconds and again at 2.56 seconds. 


Two irrational solutions 


One rational solution 


EB e2 
1 
a] 
1+ 29 
BOF 
Die 
34/2 
Qh 22 
Z 
-4,-1 
Length: 6.38 inches; width: 4.69 inches 


+2, 42/3 


Layee 
5” 10 
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83. 6x* —5x -4=0 
2 = 
3 x* — 32 = 0 
87. x7 -4x +5 =0 
: 3 : 
89. x-intercepts: (-4, 0), ( oe 0); y-intercept: (0, -12) 
91. x-intercepts: none; y-intercept: (0, 7) 


93. Vertex: (2, -16); line of symmetry: x = 2 


= a ) line of symmetry: X = — ~ 


Ob), Werte (- - : 


i EN Nee ae Se fo 


Wa 


Oe), 
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101. 
x 
103. 
105. Minimum: y = —24 
, en 
107. Maximum: y = — 3 


109. y = (x — 3)” + 4; vertex: (3, 4) 
111. y = 2(x — 1)” — 3; vertex: (1, —3) 
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it 4 


] ema eae 


pil), 


g1 115), 


NL 7/, 
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g LIL), 


Wale 


1235 


N25), 


Wap 


131. 


135. 


137. 


Iso) 


141. 


143. 


145. 


147. 


149. 


157. 


The car will have minimum value 12 years after it is purchased. 


Length: 50 feet; width: 50 feet 


(-».0) 


(—», -3) U (1, 3] 
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SAMPLE EXAM 


1. Solve by extracting the roots: 2x7 —5 = 0. 


2. Solve by completing the square: x” — l6x + 1 = 0. 


Solve using the quadratic formula. 
oe) 

4, 2x7 —x-4=0 

5 Sl ep | Sl 

a (= 2) =D ae 


7. Find a quadratic equation with integer coefficients and solutions { Be / 5 \ 2 


8. The area of a rectangle is 22 square centimeters. If the length is 5 centimeters 
less than twice the width, then find the dimensions of the rectangle. Round off 
to the nearest tenth of a centimeter. 


9. Assuming dry road conditions and average reaction times, the safe stopping 


distance in feet of a certain car is given by d (x) = > x7 + xwhere x 


represents the speed of the car in miles per hour. Determine the safe speed of 
the car if you expect to stop in 100 feet. Round off to the nearest mile per hour. 


Find all solutions. 
i, Ha = PSO 
iver =o a — 0) 
i, Diy a5 Bue 7) = 


13, x—34/x -4=0 


(aa) +4 (sir) -12=0 


t+1 t+1 


bb 
= 


Graph. Find the vertex and the y-intercept. In addition, find the x- 
intercepts if they exist. 


15. f (x) =x? +4x- 12 
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iG, (P(e) = ae ee 
17. Given the function defined by y = Bue = (Ge 


a. Does the function have a minimum or maximum? Explain. 
b. Find the minimum or maximum y-value. 


18. The height in feet of a water rocket launched from the ground is given by the 


function h (t) = —16t* + 96f where t represents the number of seconds 
after launch. What is the maximum height attained by the rocket? 


Sketch the graph and use it to solve the given inequality. 
19. Graph f (x) = (x + 1)* — 4and find x where f (x) > 0. 


20. Graph f (x) = —x* + 4 and find x where f (x) > 0. 


Solve. Present answers using interval notation. 


rien = 2 150 
22. x(2x —1) > 10 


eee SG )e 10 


2_ 


ee x+1 
= 

25 EMest ais <0 
act 
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ANSWERS 


10 
2 
v3 


ale 7 l 
1 . 
reas ae l 
eo — |") 

9. 36 miles per hour 


ils =Sh, 


13. 16 


18), 


17. a. Minimum 


b y=-8 
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19. (—«, -3] U [1, 0) 
BB, (—3, 5) 
23. [-3,0] U {2} 


25. (—1,0)U [1,4] 
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7.1 Composition and Inverse Functions 


LEARNING OBJECTIVES 


Perform function composition. 

Determine whether or not given functions are inverses. 
Use the horizontal line test. 

Find the inverse of a one-to-one function algebraically. 


BW DNH 


Composition of Functions 


In mathematics, it is often the case that the result of one function is evaluated by 
applying a second function. For example, consider the functions defined by 

f (x) = x? and g(x) = 2x + 5. First, g is evaluated where x = —1 and then the 
result is squared using the second function, f. 


This sequential calculation results in 9. We can streamline this process by creating a 
new function defined by f (g Go), which is explicitly obtained by substituting g (x) 
into f (x). 


f (@@)) =f (2x +5) 
= (2x + 5)” 
=4x* + 20x + 25 


Therefore, f (g (x)) = 4x* + 20x + 25and we can verify that when x = —1 the 
result is 9. 
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f (g(-1)) =4(-1¥ + 20(-1) +25 
=4— 20425 
=9 


The calculation above describes composition of functions’, which is indicated 
using the composition operator’ (0). If given functions f and g, 


(f Og) =F (g (x)) Composition of Functions 


The notation fOg is read, “f composed with g.” This operation is only defined for 
values, x, in the domain of g such that g (x) is in the domain of f. 


of g 


1. Applying a function to the 
results of another function. 


2. The open dot used to indicate 
the function composition 


(fog) @ =f (g@). 
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Example 1 


Given f (x) = x* —x+ 3 and g(x) = 2x — 1 calculate: 


A, (O19) (). 
b. (sof ) Cr 


Solution: 


a. Substitute g into f. 


(fog) @M=f (g @)) 
=f (2x — 1) 
=Qy— 1) Cr = 1) 3 
=4x7 —4x+1-2x+14+3 
=4x? —6x+5 


b. Substitute finto g. 
(gof) = (Ff @) 
=g (a2 —x+ 3) 
=> —x+3) -—1 


=2x* —-2x+6-1 
=2x7 —2x4+5 


Answer: 


ae (fog) (x) = 4x? — 6x +5 
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b. (gof) (x) = 2x* - 2x +5 


The previous example shows that composition of functions is not necessarily 
commutative. 
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Example 2 
Given f (x) = x? + Land g (x) = \/3x — | find (fog) (4). 
Solution: 


Begin by finding (fog) (oye 


(fog) @=f (g@) 
=f (3-1) 


3 
=(¥3x-1) mG] 
=3x-1+1 


=O 


Next, substitute 4 in for x. 


(fog) (x) =3x 
(fog) (4)=3 (4) 
= 12) 


Answer: (fog) (4) = 12 


Functions can be composed with themselves. 
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Example 3 
Given f (x) = x? — 2find (fof) (x). 


Solution: 


(fof) @=f (f @)) 
=f(e=2) 


Answer: (fof) (x) = x* — 4x7 +2 


Try this! Given f (x) = 2x + 3 and g (x) = x — | find (fog) (5). 


Answer: 7 


(click to see video) 


Inverse Functions 
Consider the function that converts degrees Fahrenheit to degrees Celsius: 


Coys “ (x — 32) .We can use this function to convert 77°F to degrees Celsius as 


follows. 
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C(77)=— (77 — 32) 


(45) 


Therefore, 77°F is equivalent to 25°C. If we wish to convert 25°C back to degrees 
Fahrenheit we would use the formula: F (x) = = x + 32. 


F (25) == (25) +32 


=45 + 32 
=77 


Notice that the two functions C and F each reverse the effect of the other. 


es) 


F(x) 


This describes an inverse relationship. In general, f and g are inverse functions if, 


(fog) (x)=f (g (x)) =x  forallxinthe domain of g and 
(gof) (x)=g (f (x)) =x forallx inthe domain of f. 


In this example, 
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C (F (25))=C(77) = 25 
F (C(17))=F (25) =77 


Example 4 


Verify algebraically that the functions defined by f (x) = - x — 5and 
g(x) = 2x + 10 are inverses. 


Solution: 


Compose the functions both ways and verify that the result is x. 


(fog) @=f (¢ (0) (sof) 
=f (2x + 10) 


=z (2x + 10)—5 5) + 10 
=x—10+ 10 
—Tay 


Answer: Both (fog) = (gof ) (x) = x therefore, they are inverses. 


Next we explore the geometry associated with inverse functions. The graphs of both 
functions in the previous example are provided on the same set of axes below. 
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Note that there is symmetry about the line y = x; the graphs of f and g are mirror 
images about this line. Also notice that the point (20, 5) is on the graph of f and that 
(5, 20) is on the graph of g. Both of these observations are true in general and we 
have the following properties of inverse functions: 


1. The graphs of inverse functions are symmetric about the line y = x. 
2. If (a, b) is on the graph of a function, then (d, a) is on the graph of its 
inverse. 


Furthermore, if g is the inverse of f we use the notation g = f~'.Here f—' is read, 
“finverse,” and should not be confused with negative exponents. In other words, 


fil @s 7a and we have, 


(fof ') @=f (f7' @) =~ and 
FO) Oa Ue) =x 
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Example 5 


Verify algebraically that the functions defined by f (x) = t — 2and 


at ee ye 
f° = yp are inverses. 
Solution: 


Compose the functions both ways to verify that the result is x. 


Answer: Since (fof a) i (f =o} ) (x) = xthey are inverses. 


Recall that a function is a relation where each element in the domain corresponds 
to exactly one element in the range. We use the vertical line test to determine if a 
graph represents a function or not. Functions can be further classified using an 
inverse relationship. One-to-one functions’ are functions where each value in the 
3. Functions where each valuein | range corresponds to exactly one element in the domain. The horizontal line test* 
the range corresponds to ; ; : 
dxatly ane-value inthe is used to determine whether or not a graph represents a one-to-one function. If a 
domain. horizontal line intersects a graph more than once, then it does not represent a one- 


to-one function. 

. Ifa horizontal line intersects 
the graph of a function more 
than once, then it is not one- 
to-one. 


Ps 
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~6 -5 -4 -3 -2 =I 


One-to-one Function: Yes One-to-one Function: No 


The horizontal line represents a value in the range and the number of intersections 
with the graph represents the number of values it corresponds to in the domain. 
The function defined by f (x) = x? is one-to-one and the function defined by 

Ff (x) = Ixlis not. Determining whether or not a function is one-to-one is 
important because a function has an inverse if and only if it is one-to-one. In other 
words, a function has an inverse if it passes the horizontal line test. 


Note: In this text, when we say “a function has an inverse,” we mean that there is 


another function, f~', such that (fof!) (x) = (fof) @) =~. 
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Example 6 


Determine whether or not the given function is one-to-one. 


Solution: 


-6 -5 -4 -3 -2 =I 


Answer: The given function passes the horizontal line test and thus is one-to- 
one. 


In fact, any linear function of the form f (x) = mx + b where m # 0, is one-to-one 
and thus has an inverse. The steps for finding the inverse of a one-to-one function 
are outlined in the following example. 
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Example 7 
Find the inverse of the function defined by f (x) = ~ x—5. 
Solution: 


Before beginning this process, you should verify that the function is one-to- 
one. In this case, we have a linear function where m # O and thus it is one-to- 
one. 


* Step 1: Replace the function notation f (x) with y. 


* Step 2: Interchange x and y. We use the fact that if (ae y) is a point 
on the graph of a function, then (y, x) is a point on the graph of 
its inverse. 


* Step 3: Solve for y. 
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= 
| 
Nn 


| 
ya 
a 
+ 
Nn 
Seema: 
Il 
No] w& 
Se 


* Step 4: The resulting function is the inverse of f. Replace y with 


ee 


Answer: f —! (x) = 


wt 


If a function is not one-to-one, it is often the case that we can restrict the domain in 
such a way that the resulting graph is one-to-one. For example, consider the 
squaring function shifted up one unit, g (x) = x? + 1. Note that it does not pass 
the horizontal line test and thus is not one-to-one. However, if we restrict the 
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domain to nonnegative values, x > O, then the graph does pass the horizontal line 
test. 


, g(x)=x°+1 where x20 


On the restricted domain, g is one-to-one and we can find its inverse. 
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Example 8 


Find the inverse of the function defined by g (x) = x* + 1 where x > 0. 


Solution: 


Begin by replacing the function notation g (x) with y. 


g(x)=x? +1 
y=x* +1 where x >0 


Interchange x and y. 


x=y’ +1 where y>0 


Solve for y. 


Since y > 0 we only consider the positive result. 
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y=yx-1 


g'@= yx-1 


Answer: g~! (x) = 4/x — 1. The check is left to the reader. 


The graphs in the previous example are shown on the same set of axes below. Take 
note of the symmetry about the line y = x. 


g(x)=x°+1 where x20 


7.1 Composition and Inverse Functions 1585 


Chapter 7 Exponential and Logarithmic Functions 


Example 9 


Find the inverse of the function defined by f (x) = a= : 


Solution: 


Use a graphing utility to verify that this function is one-to-one. Begin by 
replacing the function notation f (x) with y. 


ips |. 
f@= 
es 
ea 
— x=—3 
Interchange x and y. 
aye 
i= "=a 
Solve for y. 
yal 
i = 
x(y-3)=2y+1 
xy — 3x=2y +1 
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Obtain all terms with the variable y on one side of the equation and everything 
else on the other. This will enable us to treat y as a GCF. 


xy — 3x=2y +1 
xy — 2y=3x+1 
y(x —2)=3x4+1 
ose || 

(= x-2 


Answer: f I@= -- .The check is left to the reader. 


Try this! Find the inverse of f (x) = +/x + 1 — 3. 


Answer: f —! (x) = (x +3y —1 


(click to see video) 
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KEY TAKEAWAYS 


* The composition operator (O) indicates that we should substitute one 
function into another. In other words, (fog) (i ( g (x)) 
indicates that we substitute g (x) into f (x). 

* Iftwo functions are inverses, then each will reverse the effect of the 
other. Using notation, (fog) O=7 ( g (x)) = and 
Bei) = Seay) ee 

* Inverse functions have special notation. If g is the inverse of f , then we 
can write g (x) =f —! (x) . This notation is often confused with 
negative exponents and does not equal one divided by f (x) . 

* The graphs of inverses are symmetric about the line y = x. If (a, b) is 


a point on the graph of a function, then (b, a) is a point on the graph 
of its inverse. 

* If each point in the range of a function corresponds to exactly one value 
in the domain then the function is one-to-one. Use the horizontal line 
test to determine whether or not a function is one-to-one. 

* A one-to-one function has an inverse, which can often be found by 
interchanging x and y, and solving for y. This new function is the inverse 
of the original function. 
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TOPIC EXERCISES 


PART A: COMPOSITION OF FUNCTIONS 


Given the functions defined by f and g find (fOg) (x) and 
(gof) @). 
1. f (x) = 4x — 1, g(x) = 3x 
2) — 20 8 
3. f (x) = 3x—-5,g(x) =x—-4 
4, f (x) = 5x4+1,8() =2x-3 
5 Pier =r4 le@) si = ill 
6 GQ) =a" — 3x — 2,20) =x — 2 
Taf =a sei 
8. f (x) = 2x2, g(x) =x? -—x 
9. f(x) = 8x3 +5,g@) = Wx-5 
10. f (x) =27x3 -1g@) = Vxt1 
u. f(®) = sg =F 
2. f(e)= 7-38 = ay 
13, f (x) = 54/x,g (x) = 3x -2 
14. f (x) = /2x,g(%) = 4x41 
15. f(*) = 5.8 @) =x? +8 
16. f (x) = 2x-1,g@) = => 
v7. f(@) = 80 =o 


i. f=, g@) = 
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Given the functions defined byy 3x Oe e (x)= sxe 401; 
and h(x) = / x, calculate the following. 


19. (fog) (2) 


20. (gof) (-1) 
a1. (gof) (0) 
22. (fog) (0) 
23. (foh) (3) 
24. (goh) (16) 
2s. (hog) (2) 
26. (hof) (3) 


Given the functions defined by f (x) = v/. wees ee) = ie = S 
and h (x) = 2x — 1, calculate the following. 


27. (fog) (1) 


33. (hof) (24) 
34. (goh) (0) 


Given the function, determine (fof) (ele 


35, 7 () — 3x — Il 
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3658 (x)= 2x+1 
af a) =a 
1) Se Se EG 
©, fC)er? 2 

A, (Ge) Sa Sa 

a. f@® == 


AD AG) — 


PART B: INVERSE FUNCTIONS 


Are the given functions one-to-one? Explain. 


43. 
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44, 


45. 


46. 
47, f (X) =x I 


4g, g(x) =x7 +1 
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49. h(x) = Ixl+1 
50. r(x) =x? +1 


si. f(x) = x41 
Ey fe) 8) 


Given the graph of a one-to-one function, graph its inverse. 


58, 


54, 


7.1 Composition and Inverse Functions 1593 


Chapter 7 Exponential and Logarithmic Functions 


553 


56. 
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Dn 


58. 


Verify algebraically that the two given functions are inverses. In other 


words, show that (fonm ) (x) = x and lew: of) x 
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59. f(x) =3x-4,f '@ = 

0. f(x) =-Sx+1,f'@ = +S 

a. fQ@=-Sx4+ Lf '@=-sx+3 
G2 (= 4 (Gg po 

63. f (x) = /x—8,f 1 @ =x? +8,x20 
o4. f (x) = Vox -3,f '@ = ae 
s.f@m=s.f'@M=4 

6 f=, f'@= 
Fe (03) =e = WP ae (= 14 yf 


687 (= el tay G@) = ee 


Find the inverses of the following functions. 
69. (Xx 
70a) Cs) — 
71. f (x) =2x+5 
72. f (x) = —4x4+3 
3. f(x)=—-Sx+4 
m4. f(x)=—4tx+2 
2 G)=x 5.x = 0 
Aces 2) = = 0 
TEE OD = (x - Sy nee 
08) (Gets Die 1. 
79. h(x) = 3x? +5 
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80. h(x) = 2x? -—1 
gi) = 3) 
82. f (x) = (4 +4)? -1 


S30 qi 
os 


i +1 

84. SO) en = = 
ss 

SO) ae 

86.57 (x) — ae =3 
wm Pee ee 

fee 
De = 

88. f (x) aa 
= 

h = 

89. h(x) soe 
90. A(X) = any 
Bue 


1. g(x) = VSx+2 

92. g(x) = 4x -3 

93. f (x) = Wx—-6—-4 
oa, f (x) = 24/x+245 
5. h(x) = WVx+1-3 
96, 1 (X)i= Wee 4e 1 
o7. f(x) = mx+b,m #0 
98. f (x) = ax* +cx2>0 
99, f (x) =ax? +d 


100. f (x) =a(x—h)” +kx>h 
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Graph the function and its inverse on the same set of axes. 
101. f(x) =x+2 

102 -x—4 

103. f (x) = —2x +2 

104. f (x) = —3x+4 

105. g(x) = x7 —2. x20 
Were == 2) =D 
107. h(x) =x?+4+1 

108. h(x) = (x +2)? —2 
109. f (x) = 2—- f/x 

110. f (x) = 4f/-x +1 


PART C: DISCUSSION BOARD 


111. Is composition of functions associative? Explain. 

112. Explain why C (x) = 2 (x — 32) and F (x) = 2 x + 32 define inverse 
functions. Prove it algebraically. 

113. Do the graphs of all straight lines represent one-to-one functions? Explain. 


114. Ifthe graphs of inverse functions intersect, then how can we find the point of 
intersection? Explain. 
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ANSWERS 


1. (fog) (%) = 12x-1;(gof) @) = 12x-3 
SOs) — 3x — 17 (gon) — 37 = 
5. (fog) OO) ae Geo ee (sof) Go) = Be — 2 | 
7. (fog) &) =x* — 10x? + 28; (gof) @) =x* + 6x? +4 
9. (fog) (x) = 8x — 35; (sof) Coro 
uu. (fog) @) = x37: (sof) @=x+5 
13. (fog) (x) = 53x -2;(gof) (x) = 154/x - 2 
1 
errs 
1+ 32x 
Go e= ree 

17. (fog) @) =x; (gof) @ =x 
19. 361 
Ail, =9) 
ah, of 
PIS), 2 
Zbl 25 
IM), HA 
31. 0 
Bh, 


5 
35. (fof) (x) = 9x -4 


) 
37. (fof) @) = x* + 10x? + 30 
39. (fof) ax eae? 4 De? = 0 
an. (fof) () = 
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43. No, fails the HLT 

45. Yes, passes the HLT 

47. Yes, its graph passes the HLT. 
49. No, its graph fails the HLT. 


51. Yes, its graph passes the HLT. 


D3. 


D5)o 
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a gt@= yf 
6 fl@=- — 
Pee a 
Bol — 
1 gh @)= 2? 
oa 0 4) 
95. ho! (x) =(x +3)? -1 
97. f-' (xX) = 7" 
99. f~' (aX) = Wa 
F 


101. 
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103. 


105. 
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-14-12-10 -8 -6 -4 - 


107. 


109. 


111. Answer may vary 


113. Answer may vary 
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7.2 Exponential Functions and Their Graphs 


LEARNING OBJECTIVES 


1. Identify and evaluate exponential functions. 

2. Sketch the graph of exponential functions and determine the domain 
and range. 

3. Identify and graph the natural exponential function. 

4. Apply the formulas for compound interest. 


Exponential Functions 


At this point in our study of algebra we begin to look at transcendental functions or 
functions that seem to “transcend” algebra. We have studied functions with 

variable bases and constant exponents such as x” or y~*. In this section we explore 
functions with a constant base and variable exponents. Given a real number b > 0 


where b # | an exponential function’ has the form, 


bi (x) = b* Exponential Function 


For example, if the base b is equal to 2, then we have the exponential function 
defined by f (x) = 2*. Here we can see the exponent is the variable. Up to this 
point, rational exponents have been defined but irrational exponents have not. 


Consider 2v7 where the exponent is an irrational number in the range, 


2.64 < 4/7 < 2.65 


We can use these bounds to estimate 2v7 


5. Any function with a definition 
of the form f (x) = b* where 
b>OandbF 1. 


1605 


Chapter 7 Exponential and Logarithmic Functions 


92.64 2 v7 < 92.65 
6.23 <2V! < 6.28 


Using rational exponents in this manner, an approximation of 2V7 can be obtained 
to any level of accuracy. Ona calculator, 


24/7 = 6.26 


Therefore the domain of any exponential function consists of all real numbers 
(—00, 20) . Choose some values for x and then determine the corresponding y- 
values. 


x i@=2 Solutions 


Because exponents are defined for any real number we can sketch the graph using a 
continuous curve through these given points: 
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It is important to point out that as x approaches negative infinity, the results 
become very small but never actually attain zero. For example, 


1 
f(-3)=2? = aa 0.03125 

1 
f (-10)=27 = 50 ~ 0.0009766 


f (-15)=2-P 


1 
—— ® .00003052 
g715 
This describes a horizontal asymptote at y = O, the x-axis, and defines a lower 
bound for the range of the function: (0, 20) ; 


The base b of an exponential function affects the rate at which it grows. Below we 
have graphed y = 2”, y = 3*, and y = 10° onthe same set of axes. 
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Note that all of these exponential functions have the same y-intercept, namely 
(0, 1) . This is because f (0) = b° = 1 for any function defined using the form 
Ff (x) = b". As the functions are read from left to right, they are interpreted as 
increasing or growing exponentially. Furthermore, any exponential function of this 
form will have a domain that consists of all real numbers (—2, 2) and a range that 


consists of positive values (0, 0) bounded by a horizontal asymptote at y = 0. 
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Example 1 
Sketch the graph and determine the domain and range: f (x) = 10° +5. 
Solution: 


The base 10 is used often, most notably with scientific notation. Hence, 10 is 
called the common base. In fact, the exponential function y = 10* is so 


important that you will find a button [ 10" | dedicated to it on most modern 


scientific calculators. In this example, we will sketch the basic graph y = 10* 
and then shift it up 5 units. 


Note that the horizontal asymptote of the basic graph y = 10° was shifted up 5 
units to y = 5 (shown dashed). Take a minute to evaluate a few values of x with 
your calculator and convince yourself that the result will never be less than 5. 


Answer: 


Domain: (—2, 00) ; Range: (S, 2) 
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Next consider exponential functions with fractional bases 0 < b < 1. For example, 


Qe (4) is an exponential function with base b = - : 


x ypf@= ( : ) Solutions 


wile 

SG 
H] 

le 

——N 
N 

Ale 

NS 


fvnwuwtunananrnos. 


Reading the graph from left to right, it is interpreted as decreasing exponentially. 
The base affects the rate at which the exponential function decreases or decays. 


Below we have graphed y = (4),y = (+) ,and y = (+) on the same set of 


axes. 
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Recall that x~! = + and sO we can express exponential functions with fractional 
bases using negative exponents. For example, 


Furthermore, given that f (x) = 2* we can see g (x) = f (—x) = 2™* and can 
consider g to be a reflection of f about the y-axis. 


g(#)=2" y fizy=2 


In summary, given b > 0 
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And for both cases, 


Domain : (—c0, 20) 
Range : (0, 20) 
y — intercept :(O, 1) 
Asymptote : y = 0 


Furthermore, note that the graphs pass the horizontal line test and thus 
exponential functions are one-to-one. We use these basic graphs, along with the 
transformations, to sketch the graphs of exponential functions. 
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Example 2 
Sketch the graph and determine the domain and range: f (x) = 5-* — 10. 
Solution: 


Begin with the basic graph y = 5“ and shift it down 10 units. 


The y-intercept is (0, —9) and the horizontal asymptote is y = —10. 


Answer: 


Domain: (—c0, 20) ; Range: (-10, 20) 


Note: Finding the x-intercept of the graph in the previous example is left for a later 
section in this chapter. For now, we are more concerned with the general shape of 
exponential functions. 
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Example 3 
Sketch the graph and determine the domain and range: g (x) = —2*->. 
Solution: 


Begin with the basic graph y = 2” and identify the transformations. 


y=2 Basic graph 
y=-2* Reflection about the x-axis 
y=—-2"3 Shift right 3 units 


Lob kde 


ome jo 


Note that the horizontal asymptote remains the same for all of the 
transformations. To finish we usually want to include the y-intercept. 
Remember that to find the y-intercept we set x = 0. 
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Therefore the y-intercept is (0, — +), 


Answer: 


Y) 
8 
ih 
6 
ats 
4 
a 
2 

I 


Domain: (—20, 00) ; Range: (—20, 0) 


Try this! Sketch the graph and determine the domain and range: 
T= 23. 


Answer: 


(0,7/2) 


Be ey Wey eh ca Ae 


yee 


| 

on 
| 

on 
(ele 
| 

w 
| 

i) 
| 


Domain: (—20, 0) ; Range: (ci 2) 


(click to see video) 
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Natural Base e 


Some numbers occur often in common applications. One such familiar number is pi 
(), which we know occurs when working with circles. This irrational number has a 
dedicated button on most calculators and approximated to five decimal places, 
am & 3.14159. Another important number e occurs when working with exponential 
growth and decay models. It is an irrational number and approximated to five 
decimal places, e © 2.71828. This constant occurs naturally in many real-world 
applications and thus is called the natural base. Sometimes ¢ is called Euler’s 
constant in honor of Leonhard Euler (pronounced “Oiler”). 


Figure 7.1 


Leonhard Euler (1707-1783) 


In fact, the natural exponential function, 


f@=e 


is so important that you will find a button dedicated to it on any modern 
scientific calculator. In this section, we are interested in evaluating the natural 
exponential function for given real numbers and sketching its graph. To evaluate 
the natural exponential function, defined by f (x) = e* where x = —2 using a 
calculator, you may need to apply the shift button. On many scientific calculators 
the caret will display as follows, 


f(-2) =e% (-2) = 0.13534 
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After learning how to use your particular calculator, you can now sketch the graph 
by plotting points. (Round off to the nearest hundredth.) 


f@=e Solutions 
—2/0.14f (—2) = e* =0.14 (—2, 0.14) 
~1P.37f (-1) = e! = 0.37 (-1, 0.37) 
Ol fO=e=1 (0, 1) 

1 2.72f (1) =e =2.72 1, 2.72) 
2 (7.39f (2) =e? =7.39 (2, 7.39) 


x 


Plot the points and sketch the graph. 


Note that the function is similar to the graph of y = 3“. The domain consists of all 
real numbers and the range consists of all positive real numbers. There is an 
asymptote at y = 0) anday-intercept at (0, 1) . We can use the transformations to 
sketch the graph of more complicated exponential functions. 
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Example 4 
Sketch the graph and determine the domain and range: g (x) = e**? — 3. 
Solution: 


Identify the basic transformations. 


y=e Basic graph 
y=e? Shift lef t2 units 
y=e? — 3 Shift down 3 units 


Therefore the y-intercept is (0, e — 3) : 
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Answer: 


Domain: (—20, 0) ; Range: (-3, 0) 


Try this! Sketch the graph and determine the domain and range: 
ie) = er ss 


Answer: 


=6 -5 -4 -3 -2 =I, 
: =) 


Domain: (—20, 00) ; Range: (2, 20) 


(click to see video) 


Compound Interest Formulas 


Exponential functions appear in formulas used to calculate interest earned in most 
regular savings accounts. Compound interest occurs when interest accumulated for 
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one period is added to the principal investment before calculating interest for the 
next period. The amount accrued in this manner over time is modeled by the 
compound interest formula®: 


aw =P(1+=) 
n 


Here the amount A depends on the time t in years the principal P is accumulating 
compound interest at an annual interest rate r. The value n represents the number 
of times the interest is compounded in a year. 


6. A formula that gives the 
amount accumulated by 
earning interest on principal 
and interest over time: 


A(t) =P(1+ 4)”. 
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Example 5 


An investment of $500 is made in a 6-year CD that earns 4 5% annual interest 


that is compounded monthly. How much will the CD be worth at the end of the 
6-year term? 


Solution: 


Here the principal P = $500, the interest rate r = 4 ~ % = 0.045and 
because the interest is compounded monthly, n = 12. The investment is 
modeled by the following, 


045 \!2" 
A(t) = s00( 1 + = 


To determine the amount in the account after 6 years evaluate A (6) and 
round off to the nearest cent. 


12(6) 
A (6) =500( + ot) 


=500(1.00375) 
= 654.65 


Answer: The CD will be worth $654.65 at the end of the 6-year term. 


Next we explore the effects of increasing n in the formula. For the sake of clarity we 
let P and r equal 1 and calculate accordingly. 
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Annual compounding 


Semi-annually (1 = 2) 


Quarterly (n = 4) 


Monthly (n = 12) a ~ 2.61304 
= 1 52. 
Weekly (n = 52) z=) *% 2.69260 


Daily (n = 365) 


Hourly (n = 8760) 


Continuing this pattern, as n increases to say compounding every minute or even 

every second, we can see that the result tends toward the natural base 

e & 2.71828. Compounding interest every instant leads to the continuously 

7. A formula that gives the compounding interest formula’, 
amount accumulated by 
earning continuously 
compounded interest: 


A(t) = Pe". 
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A(t) = Pe" 


Here P represents the initial principal amount invested, r represents the annual 
interest rate, and t represents the time in years the investment is allowed to accrue 
continuously compounded interest. 


Example 6 


An investment of $500 is made in a 6-year CD that earns 4 +% annual interest 


that is compounded continuously. How much will the CD be worth at the end of 
the 6-year term? 


Solution: 


Here the principal P = $500, and the interest rate r = 4 - % = 0.045 Since 
the interest is compounded continuously we will use the formula A (t) = Pe”. 
The investment is modeled by the following, 


A (1) = 500e°-°45" 


To determine the amount in the account after 6 years, evaluate A (6) and 
round off to the nearest cent. 


A (6) = 500¢0-045(5) 
=O 00e a 
=654.98 


Answer: The CD will be worth $654.98 at the end of the 6-year term. 
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Compare the previous two examples and note that compounding continuously may 
not be as beneficial as it sounds. While it is better to compound interest more often, 
the difference is not that profound. Certainly, the interest rate is a much greater 
factor in the end result. 


Try this! How much will a $1,200 CD, earning 5.2% annual interest compounded 
continuously, be worth at the end of a 10-year term? 


Answer: $2,018.43 


(click to see video) 


KEY TAKEAWAYS 


* Exponential functions have definitions of the form f (x) = b* where 
b > Oandb £ 1. The domain consists of all real numbers (—2o, 00) 


and the range consists of positive numbers (0, 0) . Also, all 
exponential functions of this form have a y-intercept of (O, 1) and are 
asymptotic to the x-axis. 

+ Ifthe base of an exponential function is greater than1(b > 1), then its 
graph increases or grows as it is read from left to right. 

+ Ifthe base of an exponential function is a proper fraction (0 < b < 1), 
then its graph decreases or decays as it is read from left to right. 

* The number 10 is called the common base and the number e is called the 
natural base. 

* The natural exponential function defined by f (x) = e* has a graph 
that is very similar to the graph of g (x) = 3“. 

+ Exponential functions are one-to-one. 
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TOPIC EXERCISES 


PART A: EXPONENTIAL FUNCTIONS 


Evaluate. 
1. f (&) = 3* where f (-2),f (0), andf (2). 
2. f (x) = 10* where f (—1),f (0), andf (1). 
3. g(x) = (5) where g(—1),g (0), and g (3). 
4. g(x) = (7) where g (2), g(-1), and g (0). 
5. h(x) = 9 where h (-1),h (0), andh (4). 
6. h(x) = 4~™ where h (-1),h (— +), andh (0). 
7. f (x) = —2* + 1 where f (—1),f (0), and f (3). 
8. f (x) = 2 — 3% where f (—1),f (0), and f (2). 
9, g(x) = 107 + 20 where g (—2), g (1), and g (0). 
10. g(x) = 1 — 27 where g(—1), g (0), and g (1). 


Use a calculator to approximate the following to the nearest 
hundredth. 


11. f (x) = 2* + 5 where f (25) : 
12. f (x) = 3* — 10 wheref (3.2). 


13. g(x) = 4" where g (v2) : 

14. g(x) = 5* — | where g (v3) : 
15. h(x) = 10* whereh (z). 

16. h(x) = 10° + 1 where h (=) 
17. f (x) = 10~* — 2wheref (1.5) . 
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18. f (x) =5-* +3 wheref (1.3). 


19. f (x) = (2) + Lwhere f (—2.7). 


20. f (x) = (2) ° — 1wheref (1.4). 


Sketch the function and determine the domain and range. Draw the 
horizontal asymptote with a dashed line. 


Pen iC) ee ee 
22h = 

3. f/X=H4 £2 
24, | (X= 3° —6 
25. f (x) =2*? 


26. f (x) = 4**? 

7 f= 3 4 

2s. f (x) = 10** +2 
1 hijo 2 

Sn, (Cs) = Be fea 


oe) +2 
$5, (0) = 2 = 3 
36. g(x) =3* 41 
37.7 (1) =O — 10 
38. g(x) =5-4”% 
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39. f(x) =5-2* 
40. f (x) =3 -3* 


PART B: NATURAL BASE E 


Find f (—1), f (0), and f ( ~ ) for the given function. Use a calculator 


where appropriate to approximate to the nearest hundredth. 

Ma f(*=e 2 

42. f(x) =e -—4 

43. f (x) =o — 3 

44, f(x) =] eC +3 

a5. (X= 1 per 

46, f (Xx) = 3 2e= 

Go) =e 2a) 

Cee C8 ie ig ae 


Sketch the function and determine the domain and range. Draw the 
horizontal asymptote with a dashed line. 


49. f(x) =e -—3 
50. f(x) =e +2 
a ji) =e" 

52, f (x) =e"? 

53. f(x) =e +1 
sf) e- — I 


55. @(x) = -e* 
56 eek —vere 
Se 


58. h(x) = —e* +3 
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PART C: COMPOUND INTEREST FORMULAS 


59. Jim invested $750 in a 3-year CD that earns 4.2% annual interest that is 
compounded monthly. How much will the CD be worth at the end of the 3-year 
term? 


60. Jose invested $2,450 in a 4-year CD that earns 3.6% annual interest that is 
compounded semi-annually. How much will the CD be worth at the end of the 
4-year term? 


61. Jane has her $5,350 savings in an account earning 3 > 9 annual interest that is 
compounded quarterly. How much will be in the account at the end of 5 years? 


62. Bill has $12,400 in a regular savings account earning 4 = % annual interest that 


is compounded monthly. How much will be in the account at the end of 3 
years? 


63. If $85,200 is invested in an account earning 5.8% annual interest compounded 
quarterly, then how much interest is accrued in the first 3 years? 


64. If $124,000 is invested in an account earning 4.6% annual interest compounded 
monthly, then how much interest is accrued in the first 2 years? 


65. Bill invested $1,400 in a 3-year CD that earns 4.2% annual interest that is 
compounded continuously. How much will the CD be worth at the end of the 
3-year term? 


66. Brooklyn invested $2,850 in a 5-year CD that earns 5.3% annual interest that is 
compounded continuously. How much will the CD be worth at the end of the 
5-year term? 


67. Omar has his $4,200 savings in an account earning 4 = 9 annual interest that 
is compounded continuously. How much will be in the account at the end of 


2 < years? 


68. Nancy has her $8,325 savings in an account earning 5 1% annual interest that 
is compounded continuously. How much will be in the account at the end of 


5 “ years? 


69. If $12,500 is invested in an account earning 3.8% annual interest compounded 
continuously, then how much interest is accrued in the first 10 years? 


70. If $220,000 is invested in an account earning 4.5% annual interest compounded 
continuously, then how much interest is accrued in the first 2 years? 
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le 


Wee 


To 


74, 


T5. 


76. 


Wes 


78. 


We), 


The population of a certain small town is growing according to the function 
P (t) = 12,500(1.02)‘ where t represents time in years since the last 
census. Use the function to determine the population on the day of the census 
(when t = 0) and estimate the population in 6 years from that time. 


The population of a certain small town is decreasing according to the function 
P (t) = 22,300(0.982)‘ where t represents time in years since the last 
census. Use the function to determine the population on the day of the census 
(when t = 0) and estimate the population in 6 years from that time. 


The decreasing value, in dollars, of a new car is modeled by the formula 

V (t) = 28,000(0.84)‘ where t represents the number of years after the 
car was purchased. Use the formula to determine the value of the car when it 
was new (t = 0) and the value after 4 years. 


The number of unique visitors to the college website can be approximated by 
the formula N (t) = 410(1.32)' where t represents the number of years 
after 1997 when the website was created. Approximate the number of unique 
visitors to the college website in the year 2020. 


If left unchecked, a new strain of flu virus can spread from a single person to 
others very quickly. The number of people affected can be modeled using the 
formula P (t) = e721 where t represents the number of days the virus is 
allowed to spread unchecked. Estimate the number of people infected with the 
virus after 30 days and after 60 days. 


If left unchecked, a population of 24 wild English rabbits can grow according to 
the formula P (t) = 24°! where the time t is measured in months. How 


many rabbits would be present 3 . years later? 


The population of a certain city in 1975 was 65,000 people and was growing 
exponentially at an annual rate of 1.7%. At the time, the population growth 
was modeled by the formula P (t) = 65,0009!” where t represented the 
number of years since 1975. In the year 2000, the census determined that the 
actual population was 104,250 people. What population did the model predict 
for the year 2000 and what was the actual error? 


Because of radioactive decay, the amount of a 10 milligram sample of 
lodine-131 decreases according to the formula A (ft) = 10e~°-°8” where t 
represents time measured in days. How much of the sample remains after 10 
days? 


The number of cells in a bacteria sample is approximated by the logistic 


S) 
growth model N (t) = cal’ 


749¢-050 where t represents time in hours. 
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Determine the initial number of cells and then determine the number of cells 6 
hours later. 


80. The market share of a product, as a percentage, is approximated by the 


formula P (t) = aaa where t represents the number of months after an 


aggressive advertising campaign is launched. By how much can we expect the 
market share to increase after the first three months of advertising? 


PART D: DISCUSSION BOARD 


81. Why is b = 1 excluded as a base in the definition of exponential functions? 
Explain. 


82. Explain why an exponential function of the form y = b* can never be 
negative. 


83. Research and discuss the derivation of the compound interest formula. 


84. Research and discuss the logistic growth model. Provide a link to more 
information on this topic. 


85. Research and discuss the life and contributions of Leonhard Euler. 
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ANSWERS 


1. f (-2) = >f 0) =1,f (2) =9 
3. g(-1) =3,g0) =18@3)= 3% 


5. h(-1) =9,h(0) =1,h($) = +4 


7. f (-l) = >.f 0) = 0,f 3) = -7 

9. g(—2) = 120,g(—1) = 30,¢ (0) = 21 
11. 10.66 

13. 7.10 

15. 1385.46 

Wi, =e 


19, 389 


21. Domain: ae 2) eee (0, 
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-6 -5 -4 -3 -2 


23. Domain: (—<, 0) ; Range: (2. 0) 
y 


Ra eee 


25. Domain: (—0, 0) ; Range: (0, ~) 


Zils 
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Domain: (—-, 0) ; Range: (—4, ~) 


y 


29. Domain: (—-, ~) ; Range: (-2, ~) 


31. Domain: (—<o, ~) ; Range: (0, 0) 
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33. Domain: (—0, ~) ; Range: (-2, ~) 
y 


35. Domain: (—0o, 0) ; Range: (-3, ») 
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L(g 
(3) * 
a5. f (-1) © 3.72,f 0) = 2,f (4) » 
a7. f (-1) = 9.39,f (0) = 3,f (4 
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49. Domain: (—0, ~) ; Range: (-3, 0) 
y 


51. Domain: (—-o, ~) ; Range: (0, ~) 


53. 
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Domain: (—-o, 0) ; Range: (i 0) 


57. Domain: (—0o, ~) ; Range: (—-0, 0) 


597) $850°52 
61. $6,407.89 
63. $16,066.13 
65. $1,588.00 
67. $4,685.44 


69. $5,778.56 
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le 


T3o 


Wey, 


Tia 


WS), 


81. 


83. 


85. 


Initial population: 12,500; Population 6 years later: 14,077 
New: $28,000; In 4 years: $13,940.40 
After 30 days: 735 people; After 60 days: 540,365 people 


Model: 99,423 people; error: 4,827 people 


Initially there are 12,000 cells and 6 hours later there are 51,736 cells. 


Answer may vary 
Answer may vary 


Answer may vary 
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7.3 Logarithmic Functions and Their Graphs 


LEARNING OBJECTIVES 


1. Define and evaluate logarithms. 
2. Identify the common and natural logarithm. 
3. Sketch the graph of logarithmic functions. 


Definition of the Logarithm 


We begin with the exponential function defined by f (x) = 2” and note that it 
passes the horizontal line test. 


Therefore it is one-to-one and has an inverse. Reflecting y = 2* about the line 
y = x we can sketch the graph of its inverse. Recall that if (x y) is a point on the 
graph of a function, then (y, x) will be a point on the graph of its inverse. 
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To find the inverse algebraically, begin by interchanging x and y and then try to 
solve for y. 


f(x)=2” 
y=)? = x=’ 


We quickly realize that there is no method for solving for y. This function seems to 
“transcend” algebra. Therefore, we define the inverse to be the base-2 logarithm, 
denoted log, x. The following are equivalent: 


y=logx & x=? 


This gives us another transcendental function defined by f—! (x) = log, x, which 
is the inverse of the exponential function defined by f (x) = 2°. 
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owt U DN w® O 


23 4 5 6 7 8 9 10 11 12 


The domain consists of all positive real numbers (0, 00) and the range consists of all 
real numbers (—20, 00) . John Napier is widely credited for inventing the term 
logarithm. 


Figure 7.2 


John Napier (1550-1617) 


In general, given base b > 0 where b # 1, the logarithm base b’ is defined as 
follows: 


8. The exponent to which the y log, a .Grenseniy <% e 
base b is raised in order to 
obtain a specific value. In other 
words, y = log, x is 


equivaleitiod” S36 Use this definition to convert logarithms to exponential form and back. 
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Logarithmic Form | Exponential Form 


It is useful to note that the logarithm is actually the exponent y to which the base b 
is raised to obtain the argument x. 


equals x 
— , 
log, x=y => h=x 
al 


b raised to the 
y power 
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Example 1 
Evaluate: 


log, 125 
log (3) 
log, 2 
log, 1 


Bo oP 


Solution: 


log, 1253 because 5 = 125, 


a. 
b. log, (<) = —3because 2~> = a = z. 
c. log, 2 = + because AU /4 = 2. 

d. log,; 1 = Obecause 11° = 1. 


Note that the result of a logarithm can be negative or even zero. However, the 
argument of a logarithm is not defined for negative numbers or zero: 


log, (=? ==’ =-4 
log, (0)=? == =0 


There is no power of two that results in -4 or 0. Negative numbers and zero are not 
in the domain of the logarithm. At this point it may be useful to go back and review 
all of the rules of exponents. 
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Example 2 
Find x: 


a. log, x = 2 


Nl 


b. logi¢ X= 
Cc. logip x= —5 


Solution: 


Convert each to exponential form and then simplify using the rules of 
exponents. 


a. log, x = 2 is equivalent to 7’ =xand thus x = 49. 
b. logig x = Fis equivalent to 16!? = x or 1/16 = x and thus 


x=4. 
| aS : : epee Ses 

c. logy x = —5 is equivalent to (+) Sele a a entails 
x = 32 


Try this! Evaluate: log, ( % ) 


Answer: — < 
(click to see video) 


The Common and Natural Logarithm 


A logarithm can have any positive real number, other than 1, as its base. If the base 
is 10, the logarithm is called the common logarithm’. 


9. The logarithm base 10, denoted 
log x. 
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f &) = logy) x = log x Common logarithm 


When a logarithm is written without a base it is assumed to be the common 
logarithm. (Note: This convention varies with respect to the subject in which it 


appears. For example, computer scientists often let log x represent the logarithm 
base 2.) 


Example 3 


Evaluate: 


a. log 10° 


b. log /10 


c. log 0.01 


Solution: 


a. log 10° = Sbecause 10° = 10°. 


blogs y/10 — <because 10°? = 4/10. 


c. log 0.01 = log (4,) = —2ecause 


ee eee a cee 
10 = 2 = io = OE 


The result of a logarithm is not always apparent. For example, consider log 75. 


log 10=1 
log 75=? 
log 100=2 
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We can see that the result of log 75 is somewhere between 1 and 2. On most 
scientific calculators there is a common logarithm button .Use it to find 
the log 75 as follows: 


75 [=] 1.87506 


Therefore, rounded off to the nearest thousandth, log 75 = 1.875.As a check, we 
can use a calculator to verify that 10 * 1.875 = 75. 


If the base of a logarithm is e, the logarithm is called the natural logarithm”. 


f@)=log,x=Inx Natural logarithm 


The natural logarithm is widely used and is often abbreviated In x. 


10. The logarithm base e, denoted 
In x. 
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Example 4 


Evaluate: 


Solution: 


a. In e = 1 because In e = log, e = lande! =e. 


b. In ( : ez) = =because e273 = v/e2, 


Cat (+) = —4because ew? = 4 


e4 


On a calculator you will find a button for the natural logarithm : 


75 [=| 4.317488 


Therefore, rounded off to the nearest thousandth, In (75) ~ 4.317.As a check, 
we can use a calculator to verify that e * 4.317 & 75. 
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Example 5 


Find x. Round answers to the nearest thousandth. 


ae Ogata 
b. In x = -—4 
eC: log x= — 4 


Solution: 


Convert each to exponential form and then use a calculator to approximate the 
answer. 


a. log x = 3.2 is equivalent to 10°” = x and thus x & 1584.893. 
b. In x = —4 is equivalent to e~* = x and thus x ~ 0.018. 
c log x=-— Fis equivalent to 10-7? = x and thus x © 0.215 


a 


ve 


Try this! Evaluate: In 


Answer: — t 


(click to see video) 


Graphing Logarithmic Functions 


We can use the translations to graph logarithmic functions. When the base b > 1, 
the graph of f (x) = log, x has the following general shape: 
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The domain consists of positive real numbers, (0, 20) and the range consists of all 
real numbers, (—20, 20) . The y-axis, or x = O, is a vertical asymptote and the x- 
intercept is (1, 0) . In addition, f (b) = log, b = land so (d, 1) is a point on the 
graph no matter what the base is. 
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Example 6 


Sketch the graph and determine the domain and range: 
f @ = log, («+4)-1. 


Solution: 


Begin by identifying the basic graph and the transformations. 


y=log, x Basic graph 
y=log,; (x + 4) Shift left 4 units. 
y=log, («+ 4) — 1 Shiftdown | unit. 


poh ds Ga 
Sein gy hei 
= 
- 


tg tll i i i i tg, Ci 
=5 A F3 =2 =1 ih De Bs a HO 3 He 7 ib ey IE Ge PEO 
i 


Notice that the asymptote was shifted 4 units to the left as well. This defines the 
lower bound of the domain. The final graph is presented without the 
intermediate steps. 


Answer: 
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“5 4-3 Off 2g ch SE 


Domain: (-4, 20); Range: (—20, 2) 


Note: Finding the intercepts of the graph in the previous example is left for a later 


section in this chapter. For now, we are more concerned with the general shape of 
logarithmic functions. 


7.3 Logarithmic Functions and Their Graphs 1651 


Chapter 7 Exponential and Logarithmic Functions 


Example 7 


Sketch the graph and determine the domain and range: 
f (x) =—log (x-2). 


Solution: 


Begin by identifying the basic graph and the transformations. 


y=log x Basic graph 


y=—log x Reflection about the x-axis 
y=—log (x — 2) Shift right 2 units. 


Here the vertical asymptote was shifted two units to the right. This defines the 
lower bound of the domain. 


Answer: 


1 n 1 >x 
SB 8 oS A a AS 
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Domain: (24 20) ; Range: (—20, 2) 


Try this! Sketch the graph and determine the domain and range: 
g(x) =In (-x) +2. 


Answer: 


Domain: (-~, 0); Range: (-~, -) 


(click to see video) 


Next, consider exponential functions with fractional bases, such as the function 
defined by f (x) = ( zy . The domain consists of all real numbers. Choose some 
values for x and then find the corresponding y-values. 
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a Solutions 


— 
Nl eR 
yy 
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Therefore this function is one-to-one and has an inverse. Reflecting the graph about 
the line y = x we have: 
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which gives us a picture of the graph of f~! (x) = log, /> x. In general, when the 
base b > 1, the graph of the function defined by g (x) = log,,, x has the following 
shape. 


g(x)=log,,x 5>1 


The domain consists of positive real numbers, (0, 20) and the range consists of all 
real numbers, (—20, 20) . The y-axis, or x = 0, is a vertical asymptote and the x- 
intercept is (1, 0) . In addition, f (b) = log), b = —land so (b, —1) is a point on 
the graph. 
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Example 8 


Sketch the graph and determine the domain and range: 
7 = log); Gs + 3) + Dy 


Solution: 


Begin by identifying the basic graph and the transformations. 


y=1ogj/3 x Basic graph 
y=logy3 (x + 3) Shift left 3 units. 
y=log,3; +3) +2 Shift up 2 units. 


In this case the shift left 3 units moved the vertical asymptote to x = —3 which 
defines the lower bound of the domain. 


Answer: 
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1 eS 


Domain: (—3, ©); Range: (—<0, 0) 


In summary, if b > 1 


f (x)= log, x 8(x)=logy, x 


And for both cases, 


Domain : (0, 00) 
Range : (—c0, 20) 

x-intercept :(1, 0) 

Asymptote :x = 0 


7.3 Logarithmic Functions and Their Graphs 1657 


Chapter 7 Exponential and Logarithmic Functions 


Try this! Sketch the graph and determine the domain and range: 
An) = log); (% = 1) : 


Answer: 


dee ee ee 


(click to see video) 


KEY TAKEAWAYS 


* The base-b logarithmic function is defined to be the inverse of the base-b 


exponential function. In other words, y = log, x if and only if 
bY = x whereb > Oandb F 1. 

* The logarithm is actually the exponent to which the base is raised to 
obtain its argument. 

* The logarithm base 10 is called the common logarithm and is denoted 
log x. 

* The logarithm base e¢ is called the natural logarithm and is denoted 
Navas 

* Logarithmic functions with definitions of the form f (x) = log, x 
have a domain consisting of positive real numbers (0, ~) and a range 


consisting of all real numbers (—-, ~) . The y-axis, orx = 0,isa 
vertical asymptote and the x-intercept is (1, 0) . 

* To graph logarithmic functions we can plot points or identify the basic 
function and use the transformations. Be sure to indicate that there is a 
vertical asymptote by using a dashed line. This asymptote defines the 
boundary of the domain. 
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Evaluate. 
1. log; 9 
2. log, 49 
3. log, 4 
4. logs 1 
5. logs 625 
6. log; 243 


tielopy 4 


12. log, 9° 


13. logs V5 
14. log, 2 
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17. log i 4 


18. log ,/3 27 


2 
19. logs 3 
2 
20. log3/4 G 


21. logy; 5 
22. log, 2 
it ( : ) 
bea \ 
2 
1 
24. logy, (+) 
25. logy 1 
5) 
26. 10g 3/5 3 
Find x. 


27. log, x =4 

a lOe — > 

29. logs x = —3 
30. loge x = —2 
stOg pe — 0 
32. log7 x = —1 
33. logij4x = —2 


34. log 5/5 X= 2 


35. log ij X = “ 
ye 

36. log 14 x = 

37. logy,x=-1 
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38. logy, x = 0 


PART B: THE COMMON AND NATURAL LOGARITHM 


Evaluate. Round off to the nearest hundredth where appropriate. 
39. log 1000 
40. log 100 
41. log 0.1 
42. log 0.0001 
43. log 162 
44, log 23 
45. log 0.025 
46. log 0.235 
4 


47. Ine 


ney Aha i 


sabe (hn (25) 
52. In (100) 
53. In (0.125) 
54, In (0.001) 
Find x. Round off to the nearest hundredth. 


Be, ky oe — 
SoalOe x = eG 


7.3 Logarithmic Functions and Their Graphs 1661 


Chapter 7 Exponential and Logarithmic Functions 


S/o 
58. 
Be), 
60. 
61. 


62. 


GSs 
64, 
65. 
66. 
67. 
68. 
69. 


70. 


7.3 Logarithmic Functions and Their Graphs 


log x = —1.22 
Oe ee = kes 
hii = 
Nine — 
In x = —0.69 
Inx=-1 


Find a without using a calculator. 


In 1935 Charles Richter developed a scale used to measure earthquakes on a 
seismograph. The magnitude M of an earthquake is given by the formula, 
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T3o 


74, 


T5 


76. 


Wide 


78. 


We), 


80. 


Here I represents the intensity of the earthquake as measured on the 
seismograph 100 km from the epicenter and Jp is the minimum intensity 
used for comparison. For example, if an earthquake intensity is measured to 
be 100 times that of the minimum, then J = 100Jp and 


100k 
M = log ( . ) = tog (100) = 2 
0 


The earthquake would be said to have a magnitude 2 on the Richter scale. 
Determine the magnitudes of the following intensities on the Richter scale. 
Round off to the nearest tenth. 


Tis 3 million times that of the minimum intensity. 
Tis 6 million times that of the minimum intensity. 
Tis the same as the minimum intensity. 


Tis 30 million times that of the minimum intensity. 


In chemistry, pH is a measure of acidity and is given by the formula, 


pH = — log (H*) 


Here H* represents the hydrogen ion concentration (measured in moles of 
hydrogen per liter of solution.) Determine the pH given the following 
hydrogen ion concentrations. 


Pure water: Ht = 0.0000001 
Blueberry: H* = 0.0003162 
Lemon Juice: H* = 0.01 


Battery Acid: H* = 0.1 
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PART C: GRAPHING LOGARITHMIC FUNCTIONS 


Sketch the function and determine the domain and range. Draw the 
vertical asymptote with a dashed line. 


ebb i (Go) — Woes (Gece 1D) 

82. f (x) = log; (x — 2) 

ey 7) (ep) = ue — 

84. f (x) = log,x+3 

een) (C9) = Kole (es = 2) ae! 
Go) (x) — log (ys 1) 2 
ee ai (eo) = Sig oe ce Il 

88. f (x) = —log, («+ 3) 
oy (Co) = Wee (a) cell 
90. f (x) = 2 — log, (—x) 
91. f (x) = log x+5 

92. f (x) = log x-1 

93. f (x) = log («+ 4)-8 
o4, f (x) = log (x-5) + 10 
95. f (x) = —log («+ 2) 
9. f (x) = —log (x-1) +2 
97. f (x) =In (x - 3) 

98. f (x) =Inx+3 

99. f(x) =In *-2)4+4 
100. f (x) =In (x +5) 
161) — 2 
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102. f (x) = —-In (x- 1) 

103. f (x) = logy, x 

104. f (x) = logy,3x+2 

105. f (x) = logiy (x — 2) 

106. f (x) = logy, @+1)-1 
107. f (x) = 2 —logi, x 

108. f (x) = 1+ logy, (—x) 
109. f (x) = 1 —log,, @ — 2) 
110. f (x) = 14 logy, (—x) 


PART D: DISCUSSION BOARD 


111. Research and discuss the origins and history of the logarithm. How did 
students work with them before the common availability of calculators? 


112. Research and discuss the history and use of the Richter scale. What does each 
unit on the Richter scale represent? 


113. Research and discuss the life and contributions of John Napier. 
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ANSWERS 


il, 2 
8, Il 
5. 4 


7, =4 


Nl 


Nl 


Nie 
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49, -1 
51. 3.22 
53, -2.08 
55. 316.23 
57. 0.06 
59, 22.20 
61. 0.50 
ees 
65856 
67. 12 
69. 2 

n. s/e 
7B. 6.5 
75. 0 

77. 7 


TS), 2 


81. Domain: (-1, ~) ; Range: (—20, ~) 
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Vv 
83. Domain: (0, ~) ; Range: (—-0, 0) 
= 


Se 


Vv 


85. Domain: (2 ~) ; Range: (—-0, ~) 
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87. Domain: (0, ») ; Range: (—0, ~) 


89. Domain: (—2o, 0) ; Range: (—-0, ~) 
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Leese eee Orroroo LO iemZ 
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45678 9 12 


10 11 


ee ae ee ee ee ee ee oe 


95. Domain: (-2, ~) ; Range: (—20, ~) 
a4 


435 67 8 9 


10 11 12 13 


97. Domain: (3, ~) ; Range: (—-0, oo) 
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ee ele ee he ce es kt ee eee ee 


OO Oo ens 


99. Domain: (2; 0) ; Range: (—-0, 0) 


, 


hey By ee Yh 


101. Domain: (0, 0) ; Range: (—-0, 0) 
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EY a aE 8 


10 11 12 13 14 


103. Domain: (0, 0) ; Range: (—0, ~) 
y 


3X4 5 6 7 8 9 10 II 12 13 14 


4 

l 

[ 

[ 

I 

l 

l 
i. 
v 


105. Domain: (2, 0) ; Range: (—-0, oo) 
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123 45 67 8 9 10 Il 12 13 14 


) 
H 


109. Domain: (2 ~) ; Range: (—-0, ~) 
111. Answer may vary 


113. Answer may vary 
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7.4 Properties of the Logarithm 


LEARNING OBJECTIVES 


1. Apply the inverse properties of the logarithm. 

2. Expand logarithms using the product, quotient, and power rule for 
logarithms. 

3. Combine logarithms into a single logarithm with coefficient 1. 


Logarithms and Their Inverse Properties 


Recall the definition of the base-b logarithm: given b > 0 where b # 1, 


y=log,x ifandonlyif x=>b 


Use this definition to convert logarithms to exponential form. Doing this, we can 
derive a few properties: 


log, 1=0 because b° = 1 
log, b=1 because b' =b 


1 1 
log, (5) =-1 because hb! = b 
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Example 1 


Evaluate: 


a. log 1 
b. Inve 


c. logs (=) 


Solution: 


a. When the base is not written, it is assumed to be 10. This is the 
common logarithm, 


log 1 = log;, 1 = 0 


b. The natural logarithm, by definition, has base e, 


In e = log,e = 1 


c. Because 57! = +we have, 
1 
lo =-]=-1 
&5 ( 5 ) 


Furthermore, consider fractional bases of the form 1/b where b > 1. 


| 
1 
log,,, b =—1 because (5) aa 
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Example 2 


Evaluate: 


a. logijy4 4 
b. logs; (+) 


Solution: 


a. logi44=—I1 because (Ar =4 
1 


b. logs; (+) = -1 because (=) =+ 


Given an exponential function defined by f (x) = b*, where b > Oand b ¥ 1, its 
inverse is the base-b logarithm, f~! (x) = log, x. And because f (f * (x)) =x 
and f~! ( f (x)) = x, we have the following inverse properties of the logarithm”: 


a (f (x)) =log, b* =x and 
ff @) =o S20 


Since f—! (x) = log, x has a domain consisting of positive values (0, 20) , the 


property b'°&)* = x is restricted to values where x > 0. 


11. Given b > 0 we have 
log, b* = xand 
plso* = xwhenx > 0. 
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Example 3 
Evaluate: 


a. log, 625 


b, 585? 


e ein 5 


Solution: 
Apply the inverse properties of the logarithm. 


a. log, 625 = log. 5’ =4 


ese Se 


c eB =5 


In summary, when b > O and b ¥ 1, we have the following properties: 


log, 1 =0 log, b = 1 


log, b* =x | p%* =x, x>0 
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Try this! Evaluate: log 0.00001 


Answer: -5 
(click to see video) 


Product, Quotient, and Power Properties of Logarithms 


In this section, three very important properties of the logarithm are developed. 
These properties will allow us to expand our ability to solve many more equations. 
We begin by assigning u and v to the following logarithms and then write them in 
exponential form: 


log, x=u——> bY =x 
log, y=a==—=—>_:—sOD =y 


Substitute x = b" and y = b” into the logarithm of a product log, (xy) and the 


x 


; ) .Then simplify using the rules of exponents and 


logarithm of a quotient log, ( 


the inverse properties of the logarithm. 


Logarithm of a Product Logarithm of a Quotient 


log, (xy) =log, (bYb") — |log, (=) =log, (=) 


=log, pe =log, pe’ 
=ut+yv =u-—v 


=log, x + log, y =log, x — log, y 
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12. log, (xy) = log, x + log, 
the logarithm of a product is 
equal to the sum of the 
logarithm of the factors. 


13. log, (+) = log, x — log, 
the logarithm of a quotient is 
equal to the difference of the 
logarithm of the numerator 
and the logarithm of the 
denominator. 


This gives us two essential properties: the product property of logarithms”, 


log, (xy) = log, x + log, y 


and the quotient property of logarithms”, 


log, (=) = log, x — log, y 
y 


In words, the logarithm of a product is equal to the sum of the logarithm of the 
factors. Similarly, the logarithm of a quotient is equal to the difference of the 
logarithm of the numerator and the logarithm of the denominator. 
Example 4 
Write as asum: log, (8x). 


Solution: 


Apply the product property of logarithms and then simplify. 


oe 


log, (8x)=log, 8 + log, x 
=log, 2° + log, x 
=3 + log, x 


Answer: 3 + log, x 


7.4 Properties of the Logarithm 
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Example 5 


Write as a difference: log ( ~) 


Solution: 


Apply the quotient property of logarithms and then simplify. 


a 
] — }—| — log | 
og (3) og x — log 10 


=log x-1 


Answer: log x — | 


Next we begin with log, x = u and rewrite it in exponential form. After raising 
both sides to the nth power, convert back to logarithmic form, and then back 
substitute. 


log,x=u =—=>-—s i" =x 


orale) 
log, x"=nu <== »=—b™ =x" 


log, x" =nlog, x 


This leads us to the power property of logarithms”, 

14. log, x” = nlog, x; the 
logarithm of a quantity raised 
to a power is equal to that 
power times the logarithm of 
the quantity. log, x” = nlog, x 
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In words, the logarithm of a quantity raised to a power is equal to that power times 
the logarithm of the quantity. 


Example 6 


Write as a product: 


a. log, x* 


b. logs (/x). 


Solution: 


a. Apply the power property of logarithms. 


log, x* = 4log, x 


b. Recall that a square root can be expressed using rational 
exponents, x = x! Make this replacement and then apply the 
power property of logarithms. 


logs (4/x) =logs x" 


=—] 
5 logs * 


In summary, 


Product property of logarithms | log, (xy) = log, x + log, y 
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Quotient property of 
logarithms 


Power property of logarithms 


We can use these properties to expand logarithms involving products, quotients, 
and powers using sums, differences and coefficients. A logarithmic expression is 


completely expanded when the properties of the logarithm can no further be 
applied. 


Caution: It is important to point out the following: 


log (xy) # log x - log y and log (=) a 
y 
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7.4 Properties of the Logarithm 


Example 7 
Expand completely: In (2) : 
Solution: 


Recall that the natural logarithm is a logarithm base e, In x = log, x. 
Therefore, all of the properties of the logarithm apply. 


In (23) =In 2+1n x? Product rule for logarithms 


=In 2+31n x Power rule for logarithms 


Answer: In 2 + 3 In x 
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Example 8 


Expand completely: log y/10xy?. 


Solution: 


Begin by rewriting the cube root using the rational exponent +and then apply 
the properties of the logarithm. 


log 1/10xy? =log (10xy?)"" 
=— log (10xy7) 


(log 10 + log x + log ve 


(1 + log x + 2 log y) 


Wl Re Wl wWlrR wlrR 


roa oie 
— X — 


Answer: . AE + log x+ - log y 
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Example 9 


Expand completely: log, ( — ) 


Solution: 


When applying the product property to the denominator, take care to 
distribute the negative obtained from applying the quotient property. 


Ree 
log, (22") =log, (x + 1)” — log, (Sy) 


=log, (x + yy = (log, 5 + log, y) Distribute. 
=log, (x + 1)° — log, 5 — log, y 
=2log, (x + 1) — log, 5 — log, y 


Answer: 2log, (x + 1) — log, 5 — log, y 


Caution: There is no rule that allows us to expand the logarithm of a sum or 
difference. In other words, 


log (x+y) # log x+ log y 
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4 
Try this! Expand completely: In oe 


x 
Answer: In 5 + 41n y — <In x 


(click to see video) 
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Example 10 


Given that log, x = a, log, y = b, and that log, z = c, write the following in 
terms of a, b and c: 


a.log, (8xy) 


b. log, Zs 


Vz 


Solution: 


a. Begin by expanding using sums and coefficients and then replace a 
and b with the appropriate logarithm. 


log, (8x7y) =log, 8 + log, ged logy y 
=log, 8 + 2log, x + log, y 
=3+2a+b 


b. Expand and then replace a, b, and c where appropriate. 


Oe ac 4 1/2 
log, | —— |=log, (2x ) — log, z 


Vz 


=log, 2 + log, x* — log, 2!” 


1 
=log, 2 + 4log, x — 5 log, z 


1 
Sa a 
ee) 
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Next we will condense logarithmic expressions. As we will see, it is important to be 
able to combine an expression involving logarithms into a single logarithm with 
coefficient 1. This will be one of the first steps when solving logarithmic equations. 
Example 11 
Write as a single logarithm with coefficient 1: 3log, x — log; y + 2log; 5. 


Solution: 


Begin by rewriting all of the logarithmic terms with coefficient 1. Use the 
power rule to do this. Then use the product and quotient rules to simplify 


further. 
3log,x — log,;y + 2log;5 = {log;x° —log3y} + log;5 quotient J 
a 
= log; { — ] + log,25 produ 
_ 
3 
= log, ( — -25 
Me 
255° 
= log, 
v 


3 
Answer: log, i ) 
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Example 12 


Write as a single logarithm with coefficient 1: + In x — 31In y — In z. 


il 
Z, 
Solution: 


Begin by writing the coefficients of the logarithms as powers of their argument, 
after which we will apply the quotient rule twice working from left to right. 


1 
5 inx-3Iny—In=Inx” —Iny* —Inz 


=In 


( 
( 
( 


=In 


=In 


Answer: In ( ¥) 
yz 
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Try this! Write as a single logarithm with coefficient 
1:3log (x+y) — 6log z+ 2log 5. 


25(x+y)? 
Answer: log (==) 


(click to see video) 


KEY TAKEAWAYS 


* Given any base b > 0 and b # 1, we can say that log, 1 = 0, 
log, b = 1,log,,, b = —1 and that log, (+) =-l. 


* The inverse properties of the logarithm are log, b* = xand 


b'°So* = xwherex > 0. 
* The product property of the logarithm allows us to write a product as a 


sum: log, (xy) = log, x + log, y. 

* The quotient property of the logarithm allows us to write a quotient as a 
difference: log, ( = ) = log, x — log, y. 

* The power property of the logarithm allows us to write exponents as 
coefficients: log, x" = nlog, x. 

* Since the natural logarithm is a base-e logarithm, In x = log po jalllof 
the properties of the logarithm apply to it. 

* We can use the properties of the logarithm to expand logarithmic 
expressions using sums, differences, and coefficients. A logarithmic 
expression is completely expanded when the properties of the logarithm 
can no further be applied. 

* We can use the properties of the logarithm to combine expressions 
involving logarithms into a single logarithm with coefficient 1. This is an 
essential skill to be learned in this chapter. 
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TOPIC EXERCISES 


PART A: LOGARITHMS AND THEIR INVERSE PROPERTIES 


Evaluate: 


pH 


. log, 1 


i) 


OB 5 2 
aloe 1102" 
4. log 10-73 
5, loge 21° 
6. log, 6 


7. Ine’ 


10. log 4/5 5 


11. log3,4 (=) 
12. logy;3 1 

13. qlog, 100 
(a oes! 
15, 10'8 8 
16. eln 23 


17, elnx 


18, ene 
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Find a: 
19. Ina=1 
20. log a = —1 
21. logga = —1 
22. logy,a=1 


Tey ONE eh 


ZAaloe aS 
2a) a, 
26. e* = 23 
on ope Ae eS 
28. log, 10 = 1 


PART B: PRODUCT, QUOTIENT, AND POWER PROPERTIES 


OF LOGARITHMS 


Expand completely. 
29. logy (xy) 

30. log (6x) 

31. log; (9x”) 

32. logy (32x7) 
33. In (3y?) 

34. log (100x”) 


35. log, ( 
36. logs ( 


St, ole 
Se 
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37. log (Gh y-4) 


38. log, (23° ) 


PS 
Go 


_ logs |36(x +) *| 
4. In [e*(x—y)*| 

_ log, (2/3) 

6. In (2x,/7] 


PS 
on 


PS 


48. lo 
g D 
100x3 
49. log 5 
(y + 10) 
50. log, ad 
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7.4 Properties of the Logarithm 


x2 


Ee 


52. log 


Given log; x = a, log; y = b, and log z = Cc, write the following 


logarithms in terms of a, b, and c. 


53. log, (Zio) 


Given log, 2 = 0.43, log, 3 = 0.68, and log, 7 = 1.21, 
calculate the following. (Hint: Expand using sums, differences, and 
quotients of the factors 2, 3, and 7.) 


57. log, 42 
58. log, (36) 


59. log, (3) 
60. log, f21 


Expand using the properties of the logarithm and then approximate 
using a calculator to the nearest tenth. 


61. log (3.10 x 10”) 
62. log (1.40 x 10-*) 
63. In (6.2e7'>) 
64. In (1.4e”?) 


Write as a single logarithm with coefficient 1. 


65. log x + log y 
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7.4 Properties of the Logarithm 


66. 


67. 


68. 


69. 


70. 


Ml 


72. 


T3o 


74, 


1D: 


76. 


Ve 


78. 


Vie 


80. 


81. 


82. 


83. 


84. 


85. 


86. 


87. 


log; x — log; y 

log, 5 + 2log, x + log, y 
log, 4+ 3log,x+ + log3 y 
3log, x — 2log, y + + log, z 
Alog x — log y — log 2 

log 5 + 3 log (x+y) 

Alog « (x + 5) + logs y 
Inx-—6Iny+I1nz 

log; x — 2log3 y + Slog; z 
7 log x — log y — 2 log z 
2Inx—3lny-—Inz 


z log; x — 5 (log, y + log; z) 


a 
+ (log, x + 2log, y) — 2log, (z + 1) 
1 + log, x — F logy y 

2 - 3log; x + + log, y 

+ logy x ar = log, y 

—102-ace 2 logs y 

—In2+2In (x+y) —Inz 

—31n (x-y)-Inz+In5 

+ (Inx+2Iny) — (3In2+1nz) 
4log 2 + = log x — 4log (y +z) 


loss 2 log ac + log, y — 4log, z 
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7.4 Properties of the Logarithm 


ss. 2log, 4 — log; x — 3log; y + ~ logs Z 


Express as a single logarithm and simplify. 
ee, lay (ice Wir ikeye (ee ID) 
90. log, (x + 2)+ log, (x + 1) 
o. In (x? +2x+1)-In @+1) 
cya, Iho (Ge — 9) —In (x +3) 
93. logs (x? — 8) — logs (x — 2) 
o4. log, (x7 +1) —log; (x+ 1) 
95. log x + log (x sp 5) — log (eee - 25) 
96. log (2x + 1) + log (x — 3) — log (2x* — 5x —3) 
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ANSWERS 


i, @ 
3. 14 


5, 0) 


No} i 


23. 2° = 32 

25. log, 7 

ieee: 

29. log, x + logy y 

Bi 245 Mlehe as 

33. n3+2Iny 

35, 10254 — 21085) 

37. 1+ 2log x+3log y 

39. 3log; x — log; y — 2log; z 
ate —2l0g, . — logs — log. 
43. 2+ 4log, (x+y) 


45. log, 2 + ‘ log; x + ‘ log; y 
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47, 2log;x + < log, y — log; z 


49, 2+ 3 log x — 3 log (y+ 10) 


51. 3log, x — + logs y — = logs z 


53. 34+2a+3b4+c 
55. 2+2a+b—3c 
uh ey) 


52), Oz 


61. log (3.1) + 25 & 25.5 
63. In (6.2) — 15 » —13.2 


65. log (xy) 


67. log, (5x*y) 


71. log 15(x +y) ‘| 
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33. In ey) 
; - 
3} ay 
] 
85. In 82 


89. log (x? — 1) 
91. In (x + 1) 
93. logs (x7 +2x+4) 


ii 
95. log (=) 
SS 
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7.5 Solving Exponential and Logarithmic Equations 


15. An equation which includes a 
variable as an exponent. 


16. Givenb > Oandb # | we 
have b* = D” if and only if 
c=: 


LEARNING OBJECTIVES 


1. Solve exponential equations. 
2. Use the change of base formula to approximate logarithms. 
3. Solve logarithmic equations. 


Solving Exponential Equations 


An exponential equation” is an equation that includes a variable as one of its 
exponents. In this section we describe two methods for solving exponential 
equations. First, recall that exponential functions defined by f (x) = b* where 

b > Oand b # 1, are one-to-one; each value in the range corresponds to exactly 
one element in the domain. Therefore, f (x) = f (y) implies x = y. The converse is 
true because fis a function. This leads to the very important one-to-one property 
of exponential functions”®: 


b* =P ifandonlyif x=y 


Use this property to solve special exponential equations where each side can be 
written in terms of the same base. 
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Example 1 
Solve: 3~-! = 27. 
Solution: 


Begin by writing 27 as a power of 3. 


Next apply the one-to-one property of exponential functions. In other words, 
set the exponents equal to each other and then simplify. 


Dye 133} 
2x=4 
=) 


Answer: 2 
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Example 2 
Solve: 16'~3* = 2. 
Solution: 


Begin by writing 16 as a power of 2 and then apply the power rule for 
exponents. 


16!-3* 2) 
2 ae =) 
yd -3x) =! 


Now that the bases are the same we can set the exponents equal to each other 


and simplify. 
4(1 -—3x)=1 
4—12x=1 
—12x=-3 
pet dl 
aa 
Answer: 7 
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Try this! Solve: 257**? = 125. 


peel 
Answer: ri 


(click to see video) 


In many cases we will not be able to equate the bases. For this reason we develop a 
second method for solving exponential equations. Consider the following equations: 


= 
3°=12 
33 =27 


We can see that the solution to 3° = 12 should be somewhere between 2 and 3. A 
graphical interpretation follows. 


To solve this we make use of fact that logarithms are one-to-one functions. Given 
x, y > O the one-to-one property of logarithms”’ follows: 


17.Givenb > Oandb # 1 
where xX, y > O we have . . 
log, x = log, y ifand only log, x =log,y ifandonlyif x=y 
ifx = y. 
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This property, as well as the properties of the logarithm, allows us to solve 
exponential equations. For example, to solve 3* = 12 apply the common logarithm 
to both sides and then use the properties of the logarithm to isolate the variable. 


F=12 
log 3*=log 12 One-to-one property of logarithms 
xlog 3=log 12 Power rule for logarithms 
log 12 
x= 
log 3 


Approximating to four decimal places on a calculator. 


x = log (12)/log (3) ¥ 2.2619 


An answer between 2 and 3 is what we expected. Certainly we can check by raising 3 
to this power to verify that we obtain a good approximation of 12. 


342.2618 = 12V 


Note that we are not multiplying both sides by “log”; we are applying the one-to- 
one property of logarithmic functions — which is often expressed as “taking the log 
of both sides.” The general steps for solving exponential equations are outlined in 
the following example. 
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Example 3 
Solve: 5”! +2 = 9. 


Solution: 


* Step 1: Isolate the exponential expression. 


521 9 =9 
52x71 =o 


* Step 2: Take the logarithm of both sides. In this case, we will take 
the common logarithm of both sides so that we can approximate 
our result on a calculator. 


log 5"! = log 7 


* Step 3: Apply the power rule for logarithms and then solve. 


log 57°! =log 7 
(2x — 1) log 5=log 7 Distribute. 
2x log 5 — log 5=log 7 
2x log 5=log 5 + log 7 
a log Slog] 
a 2 log 5 


This is an irrational number which can be approximated using a calculator. 
Take care to group the numerator and the product in the denominator when 
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entering this into your calculator. To do this, make use of the parenthesis 


buttons and BE 


2a (ess les COO ee (Ge eS 
(log ERG 2eloe a(S) 


log 5+log 7 
Answer: == & 1.1045 
2 log 5 
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Example 4 
Selves =I 


Solution: 


The exponential function is already isolated and the base is e. Therefore, we 
choose to apply the natural logarithm to both sides. 


ets =] 


In e**3 =In 1 


Apply the power rule for logarithms and then simplify. 


In e+? =In 1 


(ez + 3) In e=In 1 Recalllne = land I\n1 = 0. 


(5x +3) -1=0 
5x +3=0 
ee 
~~ 5 


Answer: — = 


On most calculators there are only two logarithm buttons, the common logarithm 


and the natural logarithm .If we want to approximate log; 10 we 


have to somehow change this base to 10 or e. The idea begins by rewriting the 
logarithmic function y = log, x, in exponential form. 
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log, x 

log, a 

any base-a logarithm in terms 
of base-b logarithms using this 
formula. 


18. log, x= ; we can write 


And then solve for y. 


log; 10 = 
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log 10 In 10 


log, x=y = =a@ 


x=@ 


log, x=log, a 


log, x=ylog, a 
log, x _ 


log, a 7 


We can use this to approximate log, 10 as follows. 


® 2.0959 or log; 10 = ~ 2.0959 


n 


Here x > O and so we can apply the one-to-one property of logarithms. Apply the 
logarithm base b to both sides of the function in exponential form. 


Replace y into the original function and we have the very important change of base 
formula”: 
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Notice that the result is independent of the choice of base. In words, we can 
approximate the logarithm of any given base on a calculator by dividing the 
logarithm of the argument by the logarithm of that given base. 


Example 5 
Approximate log, 120 the nearest hundredth. 
Solution: 


Apply the change of base formula and use a calculator. 


log 120 


log, 120 = 
A log 7 


On a calculator, 


log (120)/log (7) & 2.46 


Answer: 2.46 
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Try this! Solve: 2***! — 4 = 1. Give the exact and approximate answer 
rounded to four decimal places. 


log 5—log 2 


aC 0.4406 


Answer: 


(click to see video) 


Solving Logarithmic Equations 


A logarithmic equation” is an equation that involves a logarithm with a variable 
argument. Some logarithmic equations can be solved using the one-to-one property 
of logarithms. This is true when a single logarithm with the same base can be 
obtained on both sides of the equal sign. 


19. An equation that involves a 
logarithm with a variable 
argument. 
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Example 6 
Solve: log, (x — 5) — log, @— 2) =0. 
Solution: 


We can obtain two equal logarithms base 2 by adding log, (x — 2) to both sides 
of the equation. 


log, (2x — 5) — log, (x - 2)=0 
log, (2x = 5) =log, (x — 2) 


Here the bases are the same and so we can apply the one-to-one property and 
set the arguments equal to each other. 


log, (2x — 5) =log, (x — 2) 
2x —-5=x-2 


xs 


Checking x = 3 in the original equation: 


log, (2 (3) — 5) =log, (3) — 2) 
log, 1=log, 1 
0=0 Vv 
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Answer: 3 


When solving logarithmic equations the check is very important because 
extraneous solutions can be obtained. The properties of the logarithm only apply 
for values in the domain of the given logarithm. And when working with variable 
arguments, such as log (x — 2), the value of x is not known until the end of this 
process. The logarithmic expression log (x — 2) is only defined for values x > 2. 
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Example 7 
Solve: log (3x — 4) = log (x -2). 
Solution: 


Apply the one-to-one property of logarithms (set the arguments equal to each 
other) and then solve for x. 


log (3x -—4)=log (x — 2) 


3x —4=x-2 
ge 
Sl 


When performing the check we encounter a logarithm of a negative number: 


log (««—2)=log (1 — 2) 
=log (-1) Undefined 


Try this on a calculator, what does it say? Here x = | is not in the domain of 
log (x — 2).Therefore our only possible solution is extraneous and we 
conclude that there are no solutions to this equation. 


Answer: No solution, 9. 


Caution: Solving logarithmic equations sometimes leads to extraneous solutions — 
we must check our answers. 
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Try this! Solve: In (x? — 15) —In (2x) = 0. 


Answer: 5 


(click to see video) 


In many cases we will not be able to obtain two equal logarithms. To solve such 
equations we make use of the definition of the logarithm. If b > 0, where b # 1, 
then log, x = y implies that b» = x. Consider the following common logarithmic 
equations (base 10), 


log x=0 == 3=1 Because 10°=1. 
log x=0.5 ===? 
log x=1 == =10 Because 10! =10. 


We can see that the solution to log x = 0.5 will be somewhere between 1 and 10. A 
graphical interpretation follows. 


To find x we can apply the definition as follows. 


logy x =0.5 ==$0°° =x 
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This can be approximated using a calculator, 


x= 10°? = 100.5 & 3.1623 


An answer between 1 and 10 is what we expected. Check this on a calculator. 


log 3.1623 = 5V 
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Example 8 


Solve: log, (2x — 5) —— 
Solution: 


Apply the definition of the logarithm. 


ise 24) — er 


Solve the resulting equation. 


2x —-5=9 
2x= 14 


i) 


Check. 


log, (2(7)-5)=2 
log, (9)=2 V 


Answer: 7 
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In order to apply the definition, we will need to rewrite logarithmic expressions as a 
single logarithm with coefficient 1.The general steps for solving logarithmic 
equations are outlined in the following example. 
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Example 9 
Solve: log, (« — 2) + log, (« — 3) = 1. 


Solution: 


* Step 1: Write all logarithmic expressions as a single logarithm 
with coefficient 1. In this case, apply the product rule for 
logarithms. 


logs (— 2) loz, G@— 3)—1 
log, [@ - 2) @-3)]=1 


* Step 2: Use the definition and rewrite the logarithm in 
exponential form. 


log, [@ -— 2) @-3)] =1 ==@-2) @-3)=2! 


* Step 3: Solve the resulting equation. Here we can solve by 
factoring. 


(x — 2) (x — 3)=2 
x* —5x+6=2 
x* —5x+4=0 
(x — 4) @-—1)=0 
x-4=0 or x-—1=0 


x=4 x= 


* Step 4: Check. This step is required. 
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Check x = 1 


log, (x — 2) + log, (x —3)=1 
2 ie ws ae log, ( — 2) + log, (x — 3) 


log, (4-—2)+ log, (4-—3)=1 
log, (2) + log, (1)=1 
1+0=1 V 


log, (1 — 2) + log, [1 — 3) 
log, (—1) + log, (—2) 


In this example, x = | is not in the domain of the given logarithmic expression 
and is extraneous. The only solution is x = 4. 


Answer: 4 
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Example 10 
Solve:log (x+ 15) -—1=log (x+6). 
Solution: 


Begin by writing all logarithmic expressions on one side and constants on the 
other. 


log (x + 15) —1=log (x +6) 
log (x + 15) — log (x+6)=1 


Apply the quotient rule for logarithms as a means to obtain a single logarithm 
with coefficient 1. 


log (x + 15) —log (x +6)=1 
is x+15 
: x+6 


This is a common logarithm; therefore use 10 as the base when applying the 
definition. 


1 
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x + 15=10(x+6) 
x + 15=10x + 60 
—9x=45 


x=—5 


Check. 
log (Gs + 15) — l=log Gs + 6) 
log (-5 + 15) —1=log (-5 + 6) 
log 10 — 1=log 1 
1-—1=0 
0=0 V 
Answer: -5 


Try this! Solve: log, (x) + log, (x — 1) = 1. 
Answer: 2 


(click to see video) 
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Example 11 
Find the inverse: f (x) = log, (3x — 4). 
Solution: 


Begin by replacing the function notation f (x) with y. 


f @=log, (3x - 4) 
y=log, (3x — 4) 


Interchange x and y and then solve for y. 


x=log, (3y - 4) ——3y — 4=2" 


3y=2* +4 
2 +4 
Ye 


The resulting function is the inverse of f. Present the answer using function 
notation. 


Answer: f Tq) = — 
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KEY TAKEAWAYS 


If each side of an exponential equation can be expressed using the same 
base, then equate the exponents and solve. 

To solve a general exponential equation, first isolate the exponential 
expression and then apply the appropriate logarithm to both sides. This 
allows us to use the properties of logarithms to solve for the variable. 
The change of base formula allows us to use a calculator to calculate 
logarithms. The logarithm of a number is equal to the common 
logarithm of the number divided by the common logarithm of the given 
base. 

If a single logarithm with the same base can be isolated on each side of 
an equation, then equate the arguments and solve. 

To solve a general logarithmic equation, first isolate the logarithm with 


coefficient 1 and then apply the definition. Solve the resulting equation. 


The steps for solving logarithmic equations sometimes produce 
extraneous solutions. Therefore, the check is required. 
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TOPIC EXERCISES 


PART A: SOLVING EXPONENTIAL EQUATIONS 


Solve using the one-to-one property of exponential functions. 


to = 8) 

TOs mei (6) 

3, 5° 1 = 25 
oe OF 
5p 2 = 16 
6 Q3x+7 = 3 
7, 817"! = 3 
su64 a2 =) 


50 = 7 =) 
104 Sun =? — 0 
u. 16% —-2=0 
wv. 4°! 64=0 


13. 9°OtD = 8] 


1s. 100% — 1073 =0 


16. e3(3x?-1) —-e=0 


Solve. Give the exact answer and the approximate answer rounded to 
the nearest thousandth. 


=) 
is = 
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iQ), 


20. 


2Ale 


Abbe 


235 


24, 


Dos 


26. 


2k 


28. 


We), 


30. 


Sul, 


So 


5330 


34, 


35), 


36. 


S/o 


38. 


les 
2 = N0 
5*-3 = 13 
3xt5 ile 
72x45 =) 
35x-9 11 
54043 +6 4 
107) =2 1 
Eo = 5 = () 
ext = 0 
62x41 = 3 = 7 
8-107 =9 
15-e* =2 
Tee) 10 
W =e = 
3 —6e* =0 
5° = 9 
32x? x = 1 
100e””* = 50 
oe Ss? 
3) 
. —— =1 
= l+e* 
Ds 
40. ————— = 1 
1+ 3e% 


Find the x- and y-intercepts of the given function. 
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a1, f (x) = 3%! -4 
Defi — 
Bf (a) = 10? 
a4, f (x) = 10% -—5 
SF Ce 
nf Oe — 4 


Use a u-substitution to solve the following. 
47, 3°* — 3% —6 = O(Hint: Let u = 3”) 
ih OP OF I) =) 

49, 10 107 — 12 =0 
so, 10 = yy = 30 S10 
Sil, Ee) = Re ID Sl 
52, e* — 8e* +15 =0 


Use the change of base formula to approximate the following to the 
nearest hundredth. 


53. log, 5 
54. log 7 


55. logs ( 
56. log, ( 


) 
) 


Oo 
N 


. log), 10 


Oo 
co 


. logy/3 30 


. log, /5 
. log, V6 


On 
\o 


fon) 
So 
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61. If left unchecked, a new strain of flu virus can spread from a single person to 
others very quickly. The number of people affected can be modeled using the 
formula P (t) = goat where t represents the number of days the virus is 
allowed to spread unchecked. Estimate the number of days it will take 1,000 
people to become infected. 


62. The population of a certain small town is growing according to the function 
P(t) = 12,500(1.02)', where t represents time in years since the last 
census. Use the function to determine number of years it will take the 
population to grow to 25,000 people. 


PART B: SOLVING LOGARITHMIC EQUATIONS 


Solve using the one-to-one property of logarithms. 

63. logs (2x + 4) = logs (3x - 6) 

64. logy (7x) = log, (5x + 14) 

65. log, (x — 2) — log, (6x—5) =0 

66. In (2x —1) = In (3x) 

67. log (x +5) —log (2x +7) =0 

68. In (x7 +4x) =2In @+1) 

69. log, 2 + 2log, x = log, (7x — 3) 

70. 2log x — log 36 = 0 

71. In (x+3)+1In &%+1)=I1n 8 

72. logs (x — 2) + logs (x —5) = logs 10 
Solve. 

Tay Olay (ee = 7) =) 

74. log, (2x+1)=2 

75. log (2x+ 20) = 1 

76. logy (3x+5) = 4 
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lone — 

78. log (fe sp 8S ae 10) — | 

79. In (x7 -1) =0 

80. logs (x* + 20) -2=0 

81. log, (x - 5) + log, @-—9) =5 
82. log, (x =F 5) + log, @+1)=5 
83. logyx+log, (x-6) =2 

84. logg x + log, (2x -— 1) =2 

85. log, (2x + 5) = lheyen (p= 1D) 
Gon lOg |) Noes 2) 
87. Inx-In (x-1)=1 

88. In (2x +1)—-Inx=2 

89. 2Zlog,x = 2+ log, (2x — 9) 

90. 2Zlog,x = 3+ log, @— 2) 
0g —) — 2) — Oe 
O2OS i) es ae) le 
93. log x -—log («+ 1) =1 


94. log, (x+2)+log, (1 —x) =1+4+ log, @+4+1) 


Find the x- and y-intercepts of the given function. 
95. f (x) = log (x+3)-1 

96. f (x) =log (x-—2)+1 

97. f (x) = log, (3x) —4 

98. f (x) = log; (x+ 4) —3 
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99. f (x) =In (2x+5) -6 
100. f (x) =In &@4+1)4+2 


Find the inverse of the following functions. 
101. f (x) = log, (x +5) 
102. f (x) = 4+ log; x 
103. f (x) = log (x + 2)-3 
104. f(x) =In @-4)4+1 
105. f (x) =In (9x —2)+5 
106. f (x) = loge Qx +7) —-1 
107. g(x) = e* 
108. g(x) = 10°” 
109, g(x) = 2**3 
0. g(x) = 37% +5 
me gO) = 10" = 3 
lia iyi 2 Ml 

Solve. 
113. log (9x + 5) = le low (x _ 5) 
114. 2+ log, (Ge. - 1) = log, 13 
He, G2 ae al 
Hien) — le 0 
7 2 5 = 0 
118. log; @+1)+log, @-1)=1 
119. In (4k-1)-1=Inx 
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1omloe (20x =a) — Nos 2 


3 
121. ———— = 2 
1+e* 


Te, yg 

1S, ES 

ee, i lhoye pes eye oe |) 0 

125. 3log x = log (x — 2) +2log x 
126. 2In3+Inx? =In (x? +1) 


127. In chemistry, pH is a measure of acidity and is given by the formula 
pH = — log (H i“ ) , where H* is the hydrogen ion concentration 


(measured in moles of hydrogen per liter of solution.) Determine the hydrogen 
ion concentration if the pH of a solution is 4. 


128. The volume of sound, L in decibels (dB), is given by the formula 
i= IOlog (J NO ) where I represents the intensity of the sound in 


watts per square meter. Determine the intensity of an alarm that emits 120 dB 
of sound. 


PART C: DISCUSSION BOARD 


129. Research and discuss the history and use of the slide rule. 


130. Research and discuss real-world applications involving logarithms. 
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ANSWERS 


1. 4 
ee 
5. $ 
1-3 
9 2 
1 +4 
13, =251 
15. +3 
log 5 me 
17, jeu 1.465 
log 3 re 
19. fog? 1.585 
3 log 5+ log 1 
ae Se ey ~ 4.594 
log 5 
log 2 — 
ce ey 
2 log 7 
25. © 
] 
oF, -ta> 2.305 
1 — log 6 
oy See iit 
3 log 6 
In 13 
oie " ~ 0.855 


33. In 3 x 1.099 


log 2 


ma +0.656 


355. ce 


In 2 


37. = 77 = —0.026 
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39, —In2 = —0.693 


2 log 2—log 3 


log 3 > 0) ; y-intercept: (O, —1) 


41. x-intercept: ( 


43, x-intercept: None; y-intercept: (0, 12) 


45. x-intercept: None; y-intercept: (0. — : ) 
47. 1 

49. log 3 

Si 0, 

BB, Aaa! 

Re, SOS 

Sy =3)3V 

59. 1.16 


61. Approximately 31 days 


3}, IG, 

3) 
65. 5 
Wo 2 
69. 


ile il 
Wa 18) 
TS, 5 


Tile 333 


79. £2 


Sil, is 
83. 8 


85. 2 
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e—1 
89. 9 


Ot ick / 5 

CB, (a) 

95, x-intercept: (7, 0); y-intercept: (0, log 3 - 1) 
97. x-intercept: (4 ; 0); y-intercept: None 


6_ 
99, x-intercept: (4 3 0): y-intercept: (0, In 5 - 6) 


10 = a) 2 
Se he Owe = 2 


> +2 
ie @) oe 
9 
inex 
| = 
1s (5 Ge ae 
109. g-! (x) = log, x -—3 
i. g ! @&) =log «+ 3)-4 
113. 55 
115. 1 
log, 5 
ie 7 
ne, qh 
ioe (OU) 
Z 
123. In 2-1 
125. @ 


127. 107* moles per liter 


129. Answer may vary 
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7.6 Applications 


LEARNING OBJECTIVES 


Use the compound and continuous interest formulas. 
Calculate doubling time. 

Use the exponential growth/decay model. 

Calculate the rate of decay given half-life. 


BP WH fF 


Compound and Continuous Interest Formulas 


Recall that compound interest occurs when interest accumulated for one period is 
added to the principal investment before calculating interest for the next period. 
The amount A accrued in this manner over time t is modeled by the compound 
interest formula: 


aw =P(1+=) 
n 


Here the initial principal P is accumulating compound interest at an annual rate r 
where the value n represents the number of times the interest is compounded in a 
year. 
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7.6 Applications 


Example 1 


Susan invested $500 in an account earning 4 5% annual interest that is 
compounded monthly. 


a. How much will be in the account after 3 years? 
b. How long will it take for the amount to grow to $750? 


Solution: 


In this example, the principal P = $500, the interest rate r = 4 “ % = 0.045 


and because the interest is compounded monthly, n = 12. The investment can 
be modeled by the following function: 


0.045 \\* 
A(t)= ae 
() 500(1 + 7 ) 
A (t)=500(1.00375)” 


a. Use this model to calculate the amount in the account after t = 3 
years. 


A(3) =500(1.00375)'2 
= 500(1.00375)°° 
~ 572.12 


Rounded off to the nearest cent, after 3 years, the amount 
accumulated will be $572.12. 


b. To calculate the time it takes to accumulate $750, set A (ft) = 750 
and solve for t. 
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A(t) = 500(1.00375)!~! 
750 = 500(1.00375)!~! 


This results in an exponential equation that can be solved by first 


isolating the exponential expression. 


750=500(1.00375) ~ 


ee (1.00375) 


500 
1.5= (1.00375) ” 


At this point take the common logarithm of both sides, apply the 
power rule for logarithms, and then solve for t. 


log (1.5) =log (1.00375)'” 


5 
log (1.5) =12rlog (1.00375) 


log (1.5) YE 1 log (1-00375) 
12 log (1.00375) tog [L-00s75) 


log (1.5) 
12log (1.00375) 


1 
1 


Using a calculator we can approximate the time it takes. 


t = log (Este “log (1.00375) ) = 9 years 
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Answer: 


a. $572.12 
b. Approximately 9 years. 


The period of time it takes a quantity to double is called the doubling time”. We 
next outline a technique for calculating the time it takes to double an initial 
investment earning compound interest. 


20. The period of time it takes a 
quantity to double. 
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Example 2 


Mario invested $1,000 in an account earning 6.3% annual interest that is 
compounded semi-annually. How long will it take the investment to double? 


Solution: 


Here the principal P = $1,000, the interest rate r = 6.3% = 0.063 and 
because the interest is compounded semi-annually n = 2. This investment can 
be modeled as follows: 


0.063 \~" 
A(9=1,000( 1 a ) 


A (t)=1,000( 1.0315)” 


Since we are looking for the time it takes to double $1,000, substitute $2,000 for 
the resulting amount A (f) and then solve for t. 


2,000= 1,000( 1.0315)" 


2,000 _ 21 
Tem (1.0315) 


2=(1.0315)" 


At this point we take the common logarithm of both sides. 
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2=(1.0315)" 
log 2=log (1.0315)" 
log 2=2rlog (1.0315) 
log 2 
2log (1.0315) 


Using a calculator we can approximate the time it takes: 


t = log (2)/(2*log (1.0315)) ~ 11.17 years 


Answer: Approximately 11.17 years to double at 6.3%. 


If the investment in the previous example was one million dollars, how long would 
it take to double? To answer this we would use P = $1,000,000and 
A (t) = $2,000,000: 


A (t)=1,000( 1.0315)" 
2,000,000 = 1,000,000(1.0315)” 


Dividing both sides by 1,000,000 we obtain the same exponential function as before. 


2 = (1.0315)” 
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7.6 Applications 


Hence, the result will be the same, about 11.17 years. In fact, doubling time is 
independent of the initial investment P. 


Interest is typically compounded semi-annually (n = 2), quarterly (n = 4), monthly (n 
= 12), or daily (n = 365). However if interest is compounded every instant we obtain 
a formula for continuously compounding interest: 


A(t) = Pe” 


Here P represents the initial principal amount invested, r represents the annual 
interest rate, and t represents the time in years the investment is allowed to accrue 
continuously compounded interest. 
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7.6 Applications 


Example 3 


Mary invested $200 in an account earning 5 2% annual interest that is 


compounded continuously. How long will it take the investment to grow to 
$350? 


Solution: 


Here the principal P = $200and the interest rate 
r=5 2% = 5.75% = 0.0575Since the interest is compounded 


continuously, use the formula A (t) = Pe’. Hence, the investment can be 
modeled by the following, 


A (t) = 200e2:997>" 


To calculate the time it takes to accumulate to $350, set A (t) = 350 and solve 


for t. 


A (t) = 2002-79" 
350=20020 5 


Begin by isolating the exponential expression. 


350 — 00.05751 
200 


cm 0.05751 
4 


lose 0.05751 
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Because this exponential has base e, we choose to take the natural logarithm of 
both sides and then solve for t. 


In a W5)S) e2-9575t Apply the power rule for logarithms. 
In (ae cs) 0.0575tIn e Recall that \n e = 1. 
In (1.75) =0.0575t - 1 
In (1.75) Py, 
0.0575 


Using a calculator we can approximate the time it takes: 


on (1.75) /0.0575 = 9.73 years 


Answer: It will take approximately 9.73 years. 


When solving applications involving compound interest, look for the keyword 
“continuous,” or the keywords that indicate the number of annual compoundings. 
It is these keywords that determine which formula to choose. 


Try this! Mario invested $1,000 in an account earning 6.3% annual interest that 
is compounded continuously. How long will it take the investment to double? 


Answer: Approximately 11 years. 


(click to see video) 
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Modeling Exponential Growth and Decay 


In the sciences, when a quantity is said to grow or decay exponentially, it is 
specifically meant to be modeled using the exponential growth/decay formula”’: 


P(t) = Poe 


Here Po, read “P naught,” or “P zero,” represents the initial amount, k represents 
the growth rate, and t represents the time the initial amount grows or decays 
exponentially. If k is negative, then the function models exponential decay. Notice 
that the function looks very similar to that of continuously compounding interest 
formula. We can use this formula to model population growth when conditions are 
optimal. 


21. A formula that models 
exponential growth or decay: 


P(t) = Poe“. 
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Example 4 


It is estimated that the population of a certain small town is 93,000 people with 
an annual growth rate of 2.6%. If the population continues to increase 
exponentially at this rate: 


a. Estimate the population in 7 years’ time. 
b. Estimate the time it will take for the population to reach 120,000 
people. 


Solution: 


We begin by constructing a mathematical model based on the given 
information. Here the initial population Pp = 93,000 people and the growth 
rate r = 2.6% = 0.026.The following model gives population in terms of time 
measured in years: 


P(t) = 93,0009?" 


a. Use this function to estimate the population in t = 7 years. 


P(t)=93,000e°0° 
=93,000e"!82 
111,564 people 


b. Use the model to determine the time it takes to reach 
P (t) = 120,000people. 
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P (t)=93,000e°°7" 
120,000 =93,000e°.7 
120,000 _ 0.0261 
93,000 


40 — 0.026t 
ae 


Take the natural logarithm of both sides and then solve for t. 


a 40 ies: 
31 
40 
In ($F) =0.0261 in e 
40 
1 — }=0.026r- 1 
= (3) 
40 
Gel 
0.026 


Using a calculator, 


t = In (40/31) /0.026 = 9.8 years 


Answer: 


a. 111,564 people 
b. 9.8 years 


Often the growth rate k is not given. In this case, we look for some other 
information so that we can determine it and then construct a mathematical model. 


The general steps are outlined in the following example. 
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7.6 Applications 


Example 5 


Under optimal conditions Escherichia coli (E. coli) bacteria will grow 
exponentially with a doubling time of 20 minutes. If 1,000 E. coli cells are placed 
in a Petri dish and maintained under optimal conditions, how many E. coli cells 
will be present in 2 hours? 


Figure 7.3 


/ 
IEG 
7 


et 


EFE691-seO BV K1S<0K ‘3ibe 


Escherichia coli (E. coli) (Wikipedia) 


Solution: 


The goal is to use the given information to construct a mathematical model 
based on the formula P(t) = Poe”. 


* Step 1: Find the growth rate k. Use the fact that the initial amount, 
Po = 1,000 cells, doubles in 20 minutes. That is, P (tf) = 2,000 
cells when t = 20 minutes. 


P (t)=Poe™ 
2,000 = 1,000e"”" 


Solve for the only variable k. 
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2,000= 1,000e'”° 


2,000 | (0 
1,000 — 
] a ek20 


In (2)=In e*° 
In (2)=k201n e 


he (C10) IL 
I 

nQ)_, 

20 


Step 2: Write a mathematical model based on the given 
information. Here k 0.0347, which is about 3.5% growth rate 
per minute. However, we will use the exact value for k in our 
model. This will allow us to avoid round-off error in the final 
result. Use Pp) = 1,000 and k = In (2)/20: 


P(t) = 1,000e(" (2)/20)t 


This equation models the number of E. coli cells in terms of time in 
minutes. 


Step 3: Use the function to answer the questions. In this case, we 
are asked to find the number of cells present in 2 hours. Because 
time is measured in minutes, use t = 120 minutes to calculate the 
number of E. coli cells. 


P (120) =1,000e!!n 2/20)(120) 
=1,000e!" 26 
= 1,000e" 2° 
=1,000 - 76 
=64,000 cells 
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Answer: In two hours 64,000 cells will be present. 


When the growth rate is negative the function models exponential decay. We can 
describe decreasing quantities using a half-life”’, or the time it takes to decay to 
one-half of a given quantity. 


22. The period of time it takes a 
quantity to decay to one-half of 
the initial amount. 
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Example 6 


Due to radioactive decay, caesium-137 has a half-life of 30 years. How long will 
it take a 50-milligram sample to decay to 10 milligrams? 


Solution: 


Use the half-life information to determine the rate of decay k. Int = 30 years 
the initial amount Pp = 50 milligrams will decay to half P (30) = 25 


milligrams. 


P()=Poe 
25 =50e? 
Solve for the only variable, k. 
25=50e” 
25 30k 


30 k Recall that \n 1 = 0. 
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Note that k = —In “ & —0.023 lis negative. However, we will use the exact 
value to construct a model that gives the amount of cesium-137 with respect to 
time in years. 


P(t) = 50e(— In 2/30)¢ 


Use this model to find t when P (t) = 10 milligrams. 


10= Bijele In 2/30)t 


10 (— In 2/30)r 


aa 
ike (=) =In elm In 2/30)t 


In 2 
In 1— In s-(- 52) rine Recall that \n e = 1. 


30 (In 1 — In YL 
In 2 

—30 (0 - In 5) 
ing 

301n 5 _ 


In 2 


Answer: Using a calculator, it will take t © 69.66 years to decay to 10 
milligrams. 


Radiocarbon dating is a method used to estimate the age of artifacts based on the 
relative amount of carbon-14 present in it. When an organism dies, it stops 
absorbing this naturally occurring radioactive isotope, and the carbon-14 begins to 
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decay at a known rate. Therefore, the amount of carbon-14 present in an artifact 
can be used to estimate the age of the artifact. 
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Example 7 


An ancient bone tool is found to contain 25% of the carbon-14 normally found 
in bone. Given that carbon-14 has a half-life of 5,730 years, estimate the age of 
the tool. 


Solution: 


Begin by using the half-life information to find k. Here the initial amount Pp of 
carbon-14 is not given, however, we know that in t = 5,730 years, this amount 
decays to half, - Po. 


P (t)h=Poe“ 


5 Po = Pyet7 


Dividing both sides by Po leaves us with an exponential equation in terms of k. 
This shows that half-life is independent of the initial amount. 


1 
pone HE) 


2 


Solve for k. 
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1 
In (5) eiives oo 


In 1 — In 2=5,730k In e 
0 —In 2 
5,730 
In2 _ 
measie 


Therefore we have the model, 


P(t) = Pye In 2/5,730)t 


Next we wish to the find time it takes the carbon-14 to decay to 25% of the 
initial amount, or P (t) = 0.25Po. 


0.25Pp = Pye ™ 2/5,730)t 


Divide both sides by Pg and solve for t. 
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0.25 =e(— In 2/5,730)¢ 


In (0.25) =In o(— In 25,730) 


In 2 
In (O25) = ~ 5.730 tln e 


5,730 In (0.25) 
—_ —___L_--_ = 
In 2 


11,4601 


Answer: The tool is approximately 11,460 years old. 


Try this! The half-life of strontium-90 is about 28 years. How long will it take a 
36 milligram sample of strontium-90 to decay to 30 milligrams? 


Answer: 7.4 years 


(click to see video) 
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KEY TAKEAWAYS 


* When interest is compounded a given number of times per year use the 
formula A (t) = P(1+ 4)”. 

* When interest is to be compounded continuously use the formula 
At) Ren 

* Doubling time is the period of time it takes a given amount to double. 
Doubling time is independent of the principal. 

* When amounts are said to be increasing or decaying exponentially, use 
the formula P (t) = Po ge. 

* Half-life is the period of time it takes a given amount to decrease to one- 
half. Half-life is independent of the initial amount. 

* To model data using the exponential growth/decay formula, use the 
given information to determine the growth/decay rate k. Once k is 
determined, a formula can be written to model the problem. Use the 
formula to answer the questions. 
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TOPIC EXERCISES 


PART A: COMPOUND AND CONTINUOUS INTEREST 


1. Jill invested $1,450 in an account earning 4 = 9 annual interest that is 
compounded monthly. 


a. How much will be in the account after 6 years? 
b. How long will it take the account to grow to $2,200? 


2. James invested $825 in an account earning 5 2% annual interest that is 
compounded monthly. 


a. How much will be in the account after 4 years? 
b. How long will it take the account to grow to $1,500? 


3. Raul invested $8,500 in an online money market fund earning 4.8% annual 
interest that is compounded continuously. 


a. How much will be in the account after 2 years? 
b. How long will it take the account to grow to $10,000? 


4. Ian deposited $500 in an account earning 3.9% annual interest that is 
compounded continuously. 


a. How much will be in the account after 3 years? 
b. How long will it take the account to grow to $1,500? 


5. Bill wants to grow his $75,000 inheritance to $100,000 before spending any of 
it. How long will this take if the bank is offering 5.2% annual interest 
compounded quarterly? 


6. Mary needs $25,000 for a down payment on a new home. If she invests her 
savings of $21,350 in an account earning 4.6% annual interest that is 
compounded semi-annually, how long will it take to grow to the amount that 
she needs? 


7. Joe invested his $8,700 savings in an account earning 6 +9 annual interest 


that is compounded continuously. How long will it take to earn $300 in 
interest? 


8. Miriam invested $12,800 in an account earning 5 £% annual interest that is 
compounded monthly. How long will it take to earn $1,200 in interest? 
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10. 


ill, 


iA, 


118}, 


14. 


iB}, 


16. 


7, 


18. 


iG), 


20. 


Als 


. Given that the bank is offering 4.2% annual interest compounded monthly, 


what principal is needed to earn $25,000 in interest for one year? 


Given that the bank is offering 3.5% annual interest compounded continuously, 
what principal is needed to earn $12,000 in interest for one year? 


Jose invested his $3,500 bonus in an account earning 5 +% annual interest 
that is compounded quarterly. How long will it take to double his investment? 


Maria invested her $4,200 savings in an account earning 6 39% annual interest 
that is compounded semi-annually. How long will it take to double her savings? 


If money is invested in an account earning 3.85% annual interest that is 
compounded continuously, how long will it take the amount to double? 


If money is invested in an account earning 6.82% annual interest that is 
compounded continuously, how long will it take the amount to double? 


Find the annual interest rate at which an account earning continuously 
compounding interest has a doubling time of 9 years. 


Find the annual interest rate at which an account earning interest that is 
compounded monthly has a doubling time of 10 years. 


Alice invested her savings of $7,000 in an account earning 4.5% annual interest 
that is compounded monthly. How long will it take the account to triple in 
value? 


Mary invested her $42,000 bonus in an account earning 7.2% annual interest 
that is compounded continuously. How long will it take the account to triple in 
value? 


Calculate the doubling time of an investment made at 7% annual interest that 
is compounded: 


a. monthly 
b. continuously 


Calculate the doubling time of an investment that is earning continuously 
compounding interest at an annual interest rate of: 


a. 4% 
b. 6% 


Billy’s grandfather invested in a savings bond that earned 5.5% annual interest 
that was compounded annually. Currently, 30 years later, the savings bond is 
valued at $10,000. Determine what the initial investment was. 
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Webbe 


In 1935 Frank opened an account earning 3.8% annual interest that was 
compounded quarterly. He rediscovered this account while cleaning out his 
garage in 2005. If the account is now worth $11,294.30, how much was his 
initial deposit in 1935? 


PART B: MODELING EXPONENTIAL GROWTH AND DECAY 


23, 


24, 


255 


26. 


ile 


28. 


Ine), 


30. 


The population of a small town of 24,000 people is expected grow exponentially 
at a rate of 1.6% per year. Construct an exponential growth model and use it to: 


a. Estimate the population in 3 years’ time. 
b. Estimate the time it will take for the population to reach 30,000 people. 


During the exponential growth phase, certain bacteria can grow at a rate of 
4.1% per hour. If 10,000 cells are initially present in a sample, construct an 
exponential growth model and use it to: 


a. Estimate the population in 5 hours. 
b. Estimate the time it will take for the population to reach 25,000 cells. 


In 2000, the world population was estimated to be 6.115 billion people and in 
2010 the estimate was 6.909 billion people. If the world population continues to 
grow exponentially, estimate the total world population in 2020. 


In 2000, the population of the United States was estimated to be 282 million 
people and in 2010 the estimate was 309 million people. If the population of the 
United States grows exponentially, estimate the population in 2020. 


An automobile was purchased new for $42,500 and 2 years later it was valued 
at $33,400. Estimate the value of the automobile in 5 years if it continues to 
decrease exponentially. 


A new PC was purchased for $1,200 and in 1.5 years it was worth $520. Assume 
the value is decreasing exponentially and estimate the value of the PC four 
years after it is purchased. 


The population of the downtown area of a certain city decreased from 12,500 
people to 10,200 people in two years. If the population continues to decrease 
exponentially at this rate, what would we expect the population to be in two 
more years? 


A new MP3 player was purchased for $320 and in 1 year it was selling used 
online for $210. If the value continues to decrease exponentially at this rate, 
determine the value of the MP3 player 3 years after it was purchased. 
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7.6 Applications 


The half-life of radium-226 is about 1,600 years. How long will a 5-milligram 
sample of radium-226 take to decay to 1 milligram? 


The half-life of plutonium-239 is about 24,000 years. How long will a 
5-milligram sample of plutonium-239 take to decay to 1 milligram? 


The half-life of radioactive iodine-131 is about 8 days. How long will it take a 
28-gram initial sample of iodine-131 to decay to 12 grams? 


The half-life of caesium-137 is about 30 years. How long will it take a 
15-milligram sample of caesium-137 to decay to 5 milligrams? 


The Rhind Mathematical Papyrus is considered to be the best example of 
Egyptian mathematics found to date. This ancient papyrus was found to 
contain 64% of the carbon-14 normally found in papyrus. Given that carbon-14 
has a half-life of 5,730 years, estimate the age of the papyrus. 


A wooden bowl artifact carved from oak was found to contain 55% of the 
carbon-14 normally found in oak. Given that carbon-14 has a half-life of 5,730 
years, estimate the age of the bowl. 


The half-life of radioactive iodine-131 is about 8 days. How long will it take a 
sample of iodine-131 to decay to 10% of the original amount? 


The half-life of caesium-137 is about 30 years. How long will it take a sample of 
caesium-137 to decay to 25% of the original amount? 


The half-life of caesium-137 is about 30 years. What percent of an initial 
sample will remain in 100 years? 


The half-life of radioactive iodine-131 is about 8 days. What percent of an 
initial sample will remain in 30 days? 


If a bone is 100 years old, what percent of its original amount of carbon-14 do 
we expect to find in it? 


The half-life of plutonium-239 is about 24,000 years. What percent of an initial 
sample will remain in 1,000 years? 


Find the amount of time it will take for 10% of an initial sample of 
plutonium-239 to decay. (Hint: If 10% decays, then 90% will remain.) 


Find the amount of time it will take for 10% of an initial sample of carbon-14 to 
decay. 


Solve for the given variable: 


Solve for t:A = Pe”™ 


1760 


Chapter 7 Exponential and Logarithmic Functions 


46. Solve fort:A = P(1 + ry 
47. Solve forI:M = log (+) 


48. Solve for H*:pH = — log (ees) 


1 
l+e* 


50. Solve forI:L = 10 log (LO) 


49. Solve fort: P = 


51. The number of cells in a certain bacteria sample is approximated by the 
12x10" 

149-0321? 

Determine the time it takes the sample to grow to 24,000 cells. 


logistic growth model N (t) = where t represents time in hours. 


52. The market share of a product, as a percentage, is approximated by the 
formula P (t) = —100 where t represents the number of months after an 
Sig Uae 
aggressive advertising campaign is launched. 


a. What was the initial market share? 
b. How long would we expect to see a 3.5% increase in market share? 

53. In chemistry, pH is a measure of acidity and is given by the formula 
pH = — log (H i ) , where H* is the hydrogen ion concentration 
(measured in moles of hydrogen per liter of solution.) What is the hydrogen 
ion concentration of seawater with a pH of 8? 


54. Determine the hydrogen ion concentration of milk with a pH of 6.6. 


55. The volume of sound, L in decibels (dB), is given by the formula 
= (Olos (I G2 ) where I represents the intensity of the sound in 


watts per square meter. Determine the sound intensity of a hair dryer that 
emits 70 dB of sound. 


56. The volume of a chainsaw measures 110 dB. Determine the intensity of this 
sound. 


PART C: DISCUSSION BOARD 


57. Which factor affects the doubling time the most, the annual compounding n or 
the interest rate r? Explain. 
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58. Research and discuss radiocarbon dating. Post something interesting you have 
learned as well as a link to more information. 


59. Is exponential growth sustainable over an indefinite amount of time? Explain. 


60. Research and discuss the half-life of radioactive materials. 
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Zin SNLCNAL/S} 
b. 9 years 


a. $9,356.45 
b. 3.4 years 


5.6 years 
1 
2 year 


$583,867 


Pl Wavieans 


18 years 
7.7% 
24.5 years 


a. 9.93 years 
b. 9.90 years 


$2,006.44 


a. About 25,180 people 
b. About 14 years 


About 7.806 billion people 
About $23,269.27 

8,323 people 

3,715 years 

9.8 days 

About 3,689 years old 
26.6 days 

9.9% 

98.8% 


3,648 years 
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va In (A) —In (P) 


If 


if 
49. t=In | —— 
Gen) 


Approximately 2.5 hours 
10~® moles per liter 


10~> watts per square meter 
Answer may vary 


Answer may vary 
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Given f and g find (fog) (x) and (sof) ele 
EM G3) — ON aa 05) Phe | 

2. f (x) =5- 6x,g(x) = 3x 

8, (Gp) =] ee 22S 2 ele) = Se 

4, f (x) =x* —x—6,g() =x-3 

5. f OX) = V2 4 2,2 = Se —2 


6 f@M=4.8@=1+ 
7. f(@) =x? 4+3x-Le@a= o> 


1) = CSD) 0) SD) 


Are the given functions one-to-one? Explain. 
yy 


oe) 
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10. 


iL, 


i), 
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Verify algebraically that the two given functions are inverses. In other 
words, show that (fof ) (x) = x and a of) Cay ss 
3. f(x) =6x-5,f-'@)=txt+2 
4, f @) = 2x +3, f @ = = 2.420 


6. fM=s>f'@= 45 


16 f= Vas —4 fe =O 4) 3 


Find the inverses of each function defined as follows: 
17. f (x) = -—7x+3 
is. f(x) = Sx-4 
ie, BO) Ss o- = 12,22 = 0 


WD, Blea) = (= 1 8S 


a. g(x) = = 


x-1 


Ge) = —— 


23, AX) = — 


24, p(x) = W/5x +3 
25. h(x) = ¥/2x—7 +2 


26. h(x) = W/x+2-3 


EXPONENTIAL FUNCTIONS AND THEIR GRAPHS 


Evaluate. 


a7. f (x) = 5%: find f (—1),f (0), andf (3). 
a8. f (x) = (+) sfindf (—4),f (0), and f (—3). 
29. g(x) = 10“; find g (—5) ,g (0), and g (2). 
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30. g(x) = 1 — 3*; find g (—2), g (0), and g (3). 


Sketch the exponential function. Draw the horizontal asymptote with a 


dashed line. 
31. f (x) =5* + 10 
32. f (x) = 5*4 


33. f(x) = -3* -9 


34. f (x) = 3**? +6 
35. f (x) = (+) 
SGgnf Co) — (=) —4 
37. f (x) = 27 +3 
38. 7 (i) = 1 — 3 


Use a calculator to evaluate the following. Round off to the nearest 
hundredth. 


39. f (x) = e* + I; find f (—3),f (-1), and f (5). 
40. g(x) = 2 — 3e*; find g (—1),g (0), and g (+). 
41, p(x) = 1 —5e™; find p (—4),p (— +), andp (0). 
42, r(x) =e — Iyfindr (—L),r (4 ),and (2). 
Sketch the function. Draw the horizontal asymptote with a dashed line. 
3. f(xy)=e +4 
44, f (x) = e+ 


af Oe Fe 
46. f (x) =e* +5 


47. Jerry invested $6,250 in an account earning 3 2 9 annual interest that is 


compounded monthly. How much will be in the account after 4 years? 
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48. Jose invested $7,500 in an account earning 4 £% annual interest that is 


compounded continuously. How much will be in the account after 3 + years? 


49, A 14-gram sample of radioactive iodine is accidently released into the 
atmosphere. The amount of the substance in grams is given by the formula 
P(t) = 14e~°-87" where t represents the time in days after the sample was 
released. How much radioactive iodine will be present in the atmosphere 30 
days after it was released? 


50. The number of cells in a bacteria sample is given by the formula 


5 
NG) = TLE where t represents the time in hours since the initial 


placement of 24,000 cells. Use the formula to calculate the number of cells in 
the sample 20 hours later. 


LOGARITHMIC FUNCTIONS AND THEIR GRAPHS 


Evaluate. 
51. log, 16 
52 Og, 27 
53. log, (=) 
a2 
54. log (3) 
55. log); 9 


56. log3i4 (4) 
57. log, | 
58. log, (—3) 
59. log, 0 
60. log; 81 


61. log, /6 
62. logs 25 
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63. In e 
1 
64. In | — 
(=) 
65. log (0.00001) 
66. log 1,000,000 


Find x. 
67. logs; x = 3 
68. log; x = —4 
69. logs,x = 3 
70. log3;x = = 
71. log x = —3 


i 
.Inx= = 
Ws. Mas 5 


Sketch the graph of the logarithmic function. Draw the vertical 
asymptote with a dashed line. 


. f (*) = log, (x-5) 
Tea Hf (Co) = = 


“Nl 
Go 


752 (x) — 10s, (x + 5) +15 
76. g(x) = log, (x — 5) —5 
He NCS) = Oren (39) 45 Ih 

Thy (65) = N23 

79. g(x) =In @-—2)4+3 

80. g(x) =In (x +3)-1 


81. The population of a certain small town is growing according to the function 
t 
Pt) = So:000 ( 1 035) , where t represents time in years since the last 
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census. Use the function to estimate the population 8 + years after the census 


was taken. 


82. The volume of sound L in decibels (dB) is given by the formula 
L= 10log (I iNOe i‘ where I represents the intensity of the sound in 


watts per square meter. Determine the volume of a sound with an intensity of 
0.5 watts per square meter. 


PROPERTIES OF THE LOGARITHM 


Evaluate without using a calculator. 
83. log, 9 
84. loge | 
85. logy); 3 
86. log (+) 
87. € 
Bey MOE? 
89. In e 


90. log 10°? 

Expand completely, 
o1. log (100x*) 
92. logs (5x?) 


3K 

93. log, — 
94. In = 
3x2 
By 

25 MOP) || 
Vez 


7.7 Review Exercises and Sample Exam 1772 


Chapter 7 Exponential and Logarithmic Functions 


96. lo x” 
ee 10y3z4 
3b,/a 
97. In ue 
iG 
20y? 
98. log 


Ve 


Write as a single logarithm with coefficient 1. 


log x + 2log y — 3 log z 
log, 5 — 3log, x + 4log, y 


plop 4 los. y — los. (x a1) 
» li se hin (oe 1) hin Ge ae 10) 
3log, x + + log, y — = log, z 
I 3 
meg Ober oO 10eay — 1oe-7 
logs 4 + Slog, x — + (logs y + 2log; z) 


Inx-+ (In y — 4 In z) 
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52xt1 


Solve. Give the exact answer and the approximate answer rounded to 
the nearest hundredth where appropriate. 


= 125 
. 107°? = 100 
, 973 = 81 
162**3 = 8 
5% =7 
377 = 5 
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me, My = 2 7 
14. e*142=3 
us. 7-1 —-2=9 
igeg = 45 = 7 
17, 3—e" =2 


us. 5+e* =4 


4 
119 = 2 
1 +e 
100 1 
120. = 
1+ 6 9) 


Use the change of base formula to approximate the following to the 
nearest tenth. 


121. logs; 13 
alos 7 
123. log, 5 
124. log, 0.81 


125. log yj4 21 


126. logy V/5 


Solve. 
127. log, (3x - 5) = koi) (Verse 1) 
128. In (7x) = In («+ 8) 
129. log; 8 — 2log; x = log, 2 
130. log; (x + 2) + log, (x) = log, 8 
131. log; 2x —1) =2 
132. 2log, Gx -—2)=4 
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133. 2 = log, (x* — 4) — log, 3 

poy, koje (Ge Nee lhoyes (eras J) = 2 
135. log, x + log, @-1)=1 

136. logy (x +5) + log, (@ +11) =2 
137. log (2x+5) —log @-1)=1 
138. Inx—In (2xn-—1)=1 

139. 2log, (x + 4) = log, (®+ 2)4+3 
140. 2log;x = 1+ log; (x +6) 

141. log; (x + 1) — 2log,x=1 

142. logs (2x) + logs (xn—- 1) = 1 


APPLICATIONS 


Solve. 


143. An amount of $3,250 is invested in an account that earns 4.6% annual interest 
that is compounded monthly. Estimate the number of years for the amount in 
the account to reach $4,000. 


144, An amount of $2,500 is invested in an account that earns 5.5% annual interest 
that is compounded continuously. Estimate the number of years for the 
amount in the account to reach $3,000. 


145. How long does it take to double an investment made in an account that earns 


6 - % annual interest that is compounded continuously? 


146. How long does it take to double an investment made in an account that earns 


6 - % annual interest that is compounded semi-annually? 


147. In the year 2000 a certain small town had a population of 46,000 people. In the 
year 2010 the population was estimated to have grown to 92,000 people. If the 
population continues to grow exponentially at this rate, estimate the 
population in the year 2016. 
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148. 


149, 


150. 


Toile 


152 


133 


154, 


A fleet van was purchased new for $28,000 and 2 years later it was valued at 
$20,000. If the value of the van continues to decrease exponentially at this rate, 
determine its value 7 years after it is purchased new. 


A website that has been in decline registered 4,200 unique visitors last month 
and 3,600 unique visitors this month. If the number of unique visitors 
continues to decline exponentially, how many unique visitors would you 
expect next month? 


An initial population of 18 rabbits was introduced into a wildlife preserve. The 
number of rabbits doubled in the first year. If the rabbit population continues 
to grow exponentially at this rate, how many rabbits will be present 5 years 
after they were introduced? 


The half-life of sodium-24 is about 15 hours. How long will it take a 
50-milligram sample to decay to 10 milligrams? 


The half-life of radium-226 is about 1,600 years. How long will it take an initial 
sample to decay to 30% of the original amount? 


An archeologist discovered a bone tool artifact. After analysis, the artifact was 
found to contain 62% of the carbon-14 normally found in bone from the same 
animal. Given that carbon-14 has a half-life of 5,730 years, estimate the age of 
the artifact. 


The half-life of radioactive iodine-131 is about 8 days. What percentage of an 
initial sample accidentally released into the atmosphere do we expect to 
remain after 53 days? 
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ANSWERS 


1. (fog) (x) = 12x+1;(gof) (@) = 12x-9 
3. (fog) @) = 50x? + 5x -2 
(gof) (x) = 10x? + 5x — 10 
5. (fog) (x) = 21/2x; 

(g Eee oa fxx2—2 


—7x+9 
fog — 
7. (fog) @ ay 
O (x) —— 
(3 f') pee 2k Soy = 8 
9. No, fails the HLT 
11. Yes, passes the HLT 
13. Proof 
15. Proof 
v.f i(@M=- ax+ “ 


9. g 1) = Vx+12 

a. g 1 (x)= 

3. h'()=-— 

i eae 

a7. f (-1) = +f 0) = Lf @) = 125 

29. g(—5) = 100,000 ,g (0) = 1g (2) = 
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31. 


eee cme se eee et 


330 


35. 
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39. f (-3) © 1.05, f (-l) © 1.37, f (4) & 2.65 


a1. p(—4) & —271.99 ,p (— +) © -7.24,p (0) = -4 


43. 


2 ome bee eee dee oe cee cee ohn oon oni oe anh om 


45. 
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47. 


49. 


Syl, 


53. 


D5 


So 


Bi), 


61. 


OS, 


65. 


67. 


69. 


le 


To 


$7,223.67 


Approximately 1 gram 


Undefined 


0.001 
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T30 
a 
Vie 
A 
q 
I 
i 
I 
I 
i 
! 
I 
! 
x 
TQ, 
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81. 119,229 people 


83. 1 


Gy = Il 


7. iy 


89. 63 


Ol, 2 ae ope a 


93. 1 + Slog, x — log;5 


95, 3, 2log5% — Zlog,) — log z 


97. In3+Inb++Ina—4Inc 


107. 1 


113. —l 


gil7/, © 
gS), 


WAS 
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log 7 + log 11 
eee tee 


2 
99. log (=) 
i 


y 
101. lo ———___.- 
2 (= 1)? ) 


x 
103. log, ea 
Ma 


CREE ey 
log (5) , 


= 0.56 
Alog 7 
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123. 


Was 


M7) 


1293 


131. 


1683 


135. 


137. 


139. 


143. 


145. 


147. 


149, 


151. 


B53), 


aE? 


14 


4.5 years 

10.27 years 

About 139,446 people 
3,086 unique visitors 
35 hours 


About 3,952 years old 
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SAMPLE EXAM 


1. Given f (x) = x? —x+3 and g(x) = 3x — 1 find (fog) (). 


2. Show that f (x) = \/7x — 2 and g (x) = 
Find the inverse of the following functions: 
3. f= 5x-3 


4, h(x) = x* + 3wherex > 0 


Sketch the graph. 
5. fw =e —5 
ae 36) s One 


oD 


7 are inverses. 


7. Joe invested $5,200 in an account earning 3.8% annual interest that is 
compounded monthly. How much will be in the account at the end of 4 years? 


8. Mary has $3,500 in a savings account earning 4 +% annual interest that is 


compounded continuously. How much will be in the account at the end of 3 
years? 


Evaluate. 


ee 


10. 


2 


= 


Sketch the graph. 
ii 1Go) — lor, (x+ 5) +2 
12. f (x) = —In (x- 2) 
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cr 


a. log; 81 
b. 


(ep 


logs (z) 
log 1,000 
In e 
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iS}, 


14. 


15. 


16. 


WW, 


18. 


il), 


20. 


Ale 


2D 


23, 


24, 


235 


100x? 
Expand: log Eau 
Vz 
Write as a single logarithm with coefficient 1: 


2log, x + < log, y — 3log, z. 


Evaluate. Round off to the nearest tenth. 


a. log, 10 
b. In 1 


c. log, (=) 


Solve: 
2 ls 
Arnel 5 
loss (Gx — 4) — log. 2x 7) 
log; (eee ate 26) =3 
log, x+log, 2x+7) =2 
log (2x+3)=1+1log @+1) 


Joe invested $5,200 in an account earning 3.8% annual interest that is 
compounded monthly. How long will it take to accumulate a total of $6,200 in 
the account? 


Mary has $3,500 in a savings account earning 4 +% annual interest that is 


compounded continuously. How long will it take to double the amount in the 
account? 


During the exponential growth phase, certain bacteria can grow at a rate of 
5.3% per hour. If 12,000 cells are initially present in a sample, construct an 
exponential growth model and use it to: a. Estimate the population of bacteria 
in 3.5 hours. b. Estimate the time it will take the population to double. 


The half-life of caesium-137 is about 30 years. Approximate the time it will take 
a 20-milligram sample of caesium-137 to decay to 8 milligrams. 
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ANSWERS 


1. (fog) @) = 9x? — 9x +5 
3. fe (x) = 2x +6 


Ss © fr 
N 


ft. 
a ae 
i 
! 
l 
i 
l 
i 
1 


Be irae Cyreeed| |e ear i Rye nee A ee ee cer ARE ene oo Sabir Cyr Mora ego Pepe: Oe AP ny er ERS 


iil, 


13) 2 + 2log x + log y— Flog z 


15. él Bod} 
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Ws 


iQ), 


“Ale 


23s 


29; 


b. 0 
G 5 


log 5—log 3 


7 log 3 
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8.1 Distance, Midpoint, and the Parabola 


LEARNING OBJECTIVES 


1. Apply the distance and midpoint formulas. 
2. Graph a parabola using its equation given in standard from. 


3. Determine standard form for the equation of a parabola given general 
form. 


Conic Sections 


A conic section’ is a curve obtained from the intersection of a right circular cone 
and a plane. The conic sections are the parabola, circle, ellipse, and hyperbola. 


OSE | 


Parabola Circle Ellipse Hyperbola 


The goal is to sketch these graphs on a rectangular coordinate plane. 


parabola 


hyperbola 


1. A curve obtained from the 
intersection of a right circular 
cone and a plane. 
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The Distance and Midpoint Formulas 


We begin with a review of the distance formula’. Given two points ( Kis, V5 ) and 
( x2, Yo) in a rectangular coordinate plane, the distance d between them is given 
by the distance formula, 


d = 4/(%2 —xmYt(y -y1) 


Furthermore, the point that bisects the line segment formed by these two points is 
called the midpoint? and is given by the formula, 


xX, +X2 yi +y2 
2 j 2 


The midpoint is an ordered pair formed by the average of the x-values and the 
average of the y-values. 


2. Given two points (x1 4 ) 


and (x 2, Yo i the distance d 
between them is given by 


oe 
(x2 — x1) + (yo -yi)r 


3. Given two points (x1 >Vq ) 


and (x 2,9 ), the midpoint is 
an ordered pair given by 


Xi +X2 yity2 
2 2 2 : 
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Example 1 


Given (-2, —5) and (—4, —3) calculate the distance and midpoint between 
them. 


Solution: 


In this case, we will use the formulas with the following points: 


(x1, y1) (x2, y2) 
(—2, -5) (-4, -3) 


It is a good practice to include the formula in its general form before 
substituting values for the variables; this improves readability and reduces the 
probability of making errors. 


=i44 


Next determine the midpoint. 
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X, +X2 yy + yo = —2+ (-4) —5 + (-3) 
rs a = 2 j D 


Answer: Distance: 24/2 units; midpoint: (—3, —4) 
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Example 2 


The diameter of a circle is defined by the two points (—1, 2) and (1, —2) . 
Determine the radius of the circle and use it to calculate its area. 


Solution: 


Find the diameter using the distance formula. 


d= 4/ (x2 —x) + (¥2 —y,) 
=4/[1- (pp +C2-27 
=4/(P + (4? 
(TER 
20 
af 


=4/4+ 16 


Recall that the radius of a circle is one-half of the circle’s diameter. Therefore, 
ifd = 21/5 units, then 


The area of a circle is given by the formula A = zr’ and we have 
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4. The set of points in a plane 
equidistant from a given line, 
called the directrix, and a point 
not on the line, called the 
focus. 


Area is measured in square units. 


Answer: Radius: /5 units; area: 5z square units 


Try this! Given (0, 0) and (9, —3) calculate the distance and midpoint between 
them. 


Answer: Distance: 3 / 10 units; midpoint: (+ — >) 


(click to see video) 


The Parabola 


A parabola’ is the set of points in a plane equidistant from a given line, called the 
directrix, and a point not on the line, called the focus. In other words, if given a line 
L the directrix, and a point F the focus, then (x, y) is a point on the parabola if the 
shortest distance from it to the focus and from it to the line is equal as pictured 
below: 


The vertex of the parabola is the point where the shortest distance to the directrix 
is at a minimum. In addition, a parabola is formed by the intersection of a cone with 
an oblique plane that is parallel to the side of the cone: 
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Parabola 


parallel 


Recall that the graph of a quadratic function, a polynomial function of degree 2, is 
parabolic. We can write the equation of a parabola in general form’ or we can 
write the equation of a parabola in standard form’: 


General Form Standard Form 


y=ax* +bx+e y=a(x—h) +k 


Here a, b, and c are real numbers, a # 0. Both forms are useful in determining the 
general shape of the graph. However, in this section we will focus on obtaining 
standard form, which is often called vertex form’. Given a quadratic function in 
standard form, the vertex is (A, k) . To see that this is the case, consider graphing 


y = (x + 3) +2 using transformations. 


5. The equation of a parabola 
written in the form 


y=ax? +bx+cor y=x? Basic squaring function. 


2 
x = ay’ +by+c,wherea, 2 : ; ; 
hand oe is ine y=( + 3) Horizontal shift lef t 3 units. 


az#0. y= 3y° +2 Vertical shift up 2 units. 


. The equation of a parabola 
written in the form 


y =a(x—h)” +kor 
x=a(y—k)* +h. 


oO 


Use these translations to sketch the graph, 


N 


. The equation of a parabola 
written in standard form is 
often called vertex form. In 
this form the vertex is 


apparent: (h, k) . 
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Here we can see that the vertex is (—3, 2) . This can be determined directly from 
the equation in standard form, 


y= a(x — hy +k 
1 4 


y=[x— (-3)P+2 


Written in this form we can see that the vertex is (—3, 2) . However, the equation is 
typically not given in standard form. Transforming general form to standard form, 


by completing the square, is the main process by which we will sketch all of the 
conic sections. 
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Example 3 


Rewrite the equation in standard form and determine the vertex of its graph: 
y=x* —8x4+ 15. 


Solution: 


Begin by making room for the constant term that completes the square. 


y=x? —8x+ 15 
=x? — 8x+ — +15 -_ 


2 
The idea is to add and subtract the value that completes the square, ( 2) ,and 


then factor. In this case, add and subtract ( By = ( _ r = (-4) = 16. 


y = x? —8x+15 Add and subtract 16. 
(be — 8x + 16) +15 —16 Factor. 

(x -— 4) (x-4)-1 

(x- 4) -1 


Adding and subtracting the same value within an expression does not change it. 
Doing so is equivalent to adding 0. Once the equation is in this form, we can 
easily determine the vertex. 


8.1 Distance, Midpoint, and the Parabola 1797 


Chapter 8 Conic Sections 


y=a(x - h) + k 
lo! 


2 
y= (-4P+ (1) 
Here we have a translation to the right 4 units and down 1 unit. Hence, h = 4 


and k=-1. 


Answer: y = (x — 4)* — 1; vertex: (4, -1) 


If there is a leading coefficient other than 1, then begin by factoring out that 
leading coefficient from the first two terms of the trinomial. 
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Example 4 


Rewrite the equation in standard form and determine the vertex of the graph: 


y = —2x? + 12x — 16. 
Solution: 


Since a = —2, factor this out of the first two terms in order to complete the 
square. Leave room inside the parentheses to add and subtract the value that 
completes the square. 


y=—2x” + 12x — 16 
=—2 (x? —6x+___-__) — 16 


Now use -6 to determine the value that completes the square. In this case, 


( 7 = ( ir = (—3) = 9, Add and subtract 9 and factor as follows: 


y = —2x?+12x-16 
- 2 (ae =6¢$ = ) —16 Add and subtract 9. 
= —2(x? —6x +9-—9)—- 16 Factor. 
= -2|(«-3) @-3)-9] - 16 
= —2 [@ —3y - 9] — 16 Distribute the — 2. 
= —2(¢—3)/ + 18-16 
= 20-3) 2 


In this form, we can easily determine the vertex. 
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y= a(x - h) +k 
a! 


ae ee 


Here h=3 and k= 2. 


Answer: y = —2(x — 3)° + 2; vertex: (3, 2) 


Make use of both general form and standard form when sketching the graph of a 


parabola. 
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Example 5 
Graph: y = —2x? + 12x — 16. 
Solution: 


From the previous example we have two equivalent forms of this equation, 


General Form Standard Form 
pe sk Peale we = 2p sy ee 


Recall that if the leading coefficient a > Othe parabola opens upward and if 

a < Othe parabola opens downward. In this case, a = —2 and we conclude the 
parabola opens downward. Use general form to determine the y-intercept. 
When x = 0 we can see that the y-intercept is (0, —16) .From the equation in 
standard form, we can see that the vertex is (3, 2) . To find the x-intercept we 
could use either form. In this case, we will use standard form to determine the 
x-values where y = 0, 


y=-2(x - She ae Sety = Oand solve. 
0=—2(% — 3)? +2 


—2=-2(x - 3Y 
1l=(x - 3) Apply the square root property. 
+1=x—-3 
ol 


Herex = 3 — 1 = 20rx =3 +1 = 4and therefore the x-intercepts are 
(2, 0) and (4, 0) . Use this information to sketch the graph. 
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Answer: 


So far we have been sketching parabolas that open upward or downward because 
these graphs represent functions. At this point we extend our study to include 
parabolas that open right or left. If we take the equation that defines the parabola 
in the previous example, 


y= —-2%x-3% +2 


and switch the x and y values we obtain 


x= —2(y-3)'+2 


This produces a new graph with symmetry about the line y = x. 
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y=-2(x-3) +2 


Note that the resulting graph is not a function. However, it does have the same 
general parabolic shape that opens left. We can recognize equations of parabolas 
that open left or right by noticing that they are quadratic in y instead of x. Graphing 
parabolas that open left or right is similar to graphing parabolas that open upward 
and downward. In general, we have 


ae mai 
y= a( x- hy x=a (y- ky 
a<0 a>QO a<0 a>0 


In all cases, the vertex is (A, k) . Take care to note the placement of h and k in each 
equation. 
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Example 6 
Graph: x = y? + 10y + 13. 
Solution: 


Because the coefficient of y* is positive, a = 1, we conclude that the graph is a 
parabola that opens to the right. Furthermore, when y = ( it is clear that 
x = 13 and therefore the x-intercept is (13, 0) . Complete the square to obtain 


standard form. Here we will add and subtract ( ar = ( — i = (5 y = 25). 


x = y?+10y+13 
ye ab ye 22 Ps 5 8 
(y+ 5) (y+5)-12 


(pao) = 12 


Therefore, 


ee) os + h 
{ I 
x=(y— (-5)) +(-12) 


From this we can see that the vertex (h, k) = (-12, —5 ) .Next use standard 
form to find the y-intercepts by setting x = 0. 
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x= (y se si —12 
0=(y+5) -12 
12=(y +5) 


+V12=y +5 
+2/3=y +5 


—5+ 2/3=y 


The y-intercepts are (0. —5- 273) and (0. —5+ 273) . Use this 
information to sketch the graph. 


Answer: 


pe «a 
: (0,-5+243) nt : eeaease 


(0-5-5) 
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Example 7 

Graph:x = —2y* +4y—5. 

Solution: 

Because the coefficient of y* is a = —2, we conclude that the graph is a 


parabola that opens to the left. Furthermore, when y = 0 it is clear that 
x = —5 and therefore the x-intercept is (-5 ; 0) . Begin by factoring out the 
leading coefficient as follows: 


x=—2y’ +4y-—5 
297 = ey 


Here we will add and subtract ( 2 = (= y =(-1Y =1. 


x = -—2y?+4y—5 
= 26 =) 
= -2[(y-1)-1]-5 
= Moly 2ys6 
= -2(y-1) -3 


Therefore, from vertex form, x = —2 (y — 1) — 3, we can see that the 
vertex is (A, k) = (-—3, 1) .Because the vertex is at (—3, 1) and the parabola 


opens to the left, we can conclude that there are no y-intercepts. Since we only 
have two points, choose some y-values and find the corresponding x-values. 
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Mit = = otal a3 = (9) 3 = tl 
50 = SO Sie Ss She Ss 
=e e= = 9621) =3 =] 00) =3 S11 


Answer: 


=i) =e 


“6-5 -4 -3 -2 =I 


Try this! Graph: x = y? — y — 6. 


Answer: 


(click to see video) 
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KEY TAKEAWAYS 


* Use the distance formula to determine the distance between any two 
given points. Use the midpoint formula to determine the midpoint 
between any two given points. 

* A parabola can open upward or downward, in which case, it is a 
function. In this section, we extend our study of parabolas to include 
those that open left or right. Such graphs do not represent functions. 

* The equation of a parabola that opens upward or downward is quadratic 
inx,y = eee Teeth Tes eel 0, then the parabola opens upward 
and if ad < OQ, then the parabola opens downward. 

* The equation of a parabola that opens left or right is quadratic in y, 
x= ay? + by + c.ifa > O, then the parabola opens to the right 
and if ad < OQ, then the parabola opens to the left. 

* The equation of a parabola in general form y = ax 2px cor 
x= ay? + by + Ccanbe transformed to standard form 
y= a(x = h) : + korx = a(y = k) : + hby completing the 
square. 

* When completing the square, ensure that the leading coefficient of the 
variable grouping is 1 before adding and subtracting the value that 
completes the square. 

* Both general and standard forms are useful when graphing parabolas. 


Given standard form the vertex is apparent (h, k ) . To find the x- 


intercept set y = 0 and solve for x and to find the y-intercept set 
x = O and solve for y. 
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TOPIC EXERCISES 


PART A: THE DISTANCE AND MIDPOINT FORMULAS 


Calculate the distance and midpoint between the given two points. 
1. (—1, —3) and (5, —11) 

2. (—3, 2) and (1, —1) 

3. (4, -2) and (—2, -6) 

4. (—5,—6) and (—3, —4) 

5. (10, —1) and (9, 6) 

6. (—6,—4) and (-12, 1) 


7. (0,0) and (2, V3) 
s. (0,0) and (2V2,-V3) 
ae 7 


>) 


Mle 
cen Wn] \o 
—S—s 
r.t) 
5 
fay 
Lo 
= 
Sle 
N[n 
— 


( 
ee 
u. (4, 
(- 
| 
(- 

(a 


i and (0, 0) 


16. (0,0) and (a2, 2v/a) 
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Determine the area of a circle whose diameter is defined by the given 
two points. 


17. (—8, 12) and (—6, 8) 
1s. (9,5) and (9, —1) 
19. (7, 8) and (5, —10) 
20. (0, —5) and (6, 1) 


i ( 6.0) and (0,23) 
22, (0. v7) and (V5.0) 


Determine the perimeter of the triangle given the coordinates of the 
vertices. 


23. (5,3), (2, —3), and (8, —3) 
24, (—3,2),(—4, -1), and (—1, 0) 


i) 


25, (3,3), (5. = 213) enn) 


26. (0,0), (0. 2/2) nd (v2, 0) 


Find a so that the distance d between the points is equal to the given 
quantity. 


27. (1, 2) and (4, a);d = 5 units 

28. (—3, a) and (5,6);d = 10 units 
29, (3, 1) and (a, 0);d = \/2 units 
30. (a, Land (5,3) ;d = 13 units 


PART B: THE PARABOLA 


Graph. Be sure to find the vertex and all intercepts. 
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= 
/y=s(x-4)* 
pS ee Sil 
y= — al 
y= x? 43 
ee 


io all 
-x=y?-4 
eee 
_x=(y-3)° 
x= -y?+4+2 
x=-(y+1) 


Rewrite in standard form and give the vertex. 
= ons 
/y=x? + 8x + 36 
x =y* + 20y + 87 
.x=y? —10y4+21 
.y=x* — 14x +49 
_x=y* + loy+ 64 
p= ye eS 
(ys Spe = sr a 
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BO, Weston 4b sere de oy! 
wi ee Sy Gp = | 
ng, = Dee = De = 
Be, aye Se [Shy EO) 
a) 
5 0) 


Rewrite in standard form and graph. Be sure to find the vertex and all 
intercepts. 


Vase ode = 5 

m@, PS n° EGp= le 

61. y= —x? + 12x — 32 
62, y= —x- — 10x 

@ ve te ay ao 

A, Sth Soe EA 

65. y = —5x? + 30x — 45 
aa y= ab = Tere = Ite 
Gy, =o =D = 

68. x= y? +4y+8 
oa) ey 

7. x=y? +6y—7 

oe 
72. x = —y* — 12y — 40 
73. x = 3y? +12y+12 
74, x = —2y? +12y—18 
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75, X=y? —4y-3 
7. x=y? +6y+1 
mos ay Dy 5 
al 


78. 


yee eeg 8 j|(0) 


y 

a 
80. y 
ig 


81. Aye = Aly — 5 
82, x =y* —y+2 

© Ver Bona i 

Ql =n” yk 3 
SS, oS Dye 4 ye sp 12 


go. x= y? +y—1 


PART C: DISCUSSION BOARD 


87. Research and discuss real-world applications that involve a parabola. 
88. Do all parabolas have x-intercepts? Explain. 
89. Do all parabolas have y-intercepts? Explain. 


90. Make up your own parabola that opens left or right, write it in general form, 
and graph it. 
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ANSWERS 


1. Distance: 10 units; midpoint: (2, —7) 
3. Distance: 24/ 13 units; midpoint: (1, —4) 


: ae P aan ff Ie Ss 
5. Distance: 54/ Z units; midpoint: (+ 5 >) 


= D 3 
7. Distance: / 5 units; midpoint: (£ ; s) 


9. Distance: / 5 units; midpoint: (34 . —4/ 5) 


54/2 
11. Distance: ng units; midpoint: (- 2 ; +) 
2 AL? al 
. Distance: —>— units; midpoint: | 7 , TT 


N|[> 


) 


15. Distance: / a+ b? units; midpoint: (4 P 
17. 5 square units 


19, 27 square units 


Zils ~ 7 square units 


23, 6 + 64/5 units 
25. 12 units 
ily Ue O 


Vy Ga 
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ul, 


5130 


S55 
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SY. 


32), 


Al. 
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0 
9 
(0,3+3) ° 


C 


43. 
45. y = (x — 3)? + 9; vertex: (3, 9) 


47. x = (y + 10)” — 13; vertex: (—13, —10) 
49. y = (x — 7)*; vertex: (7, 0) 

51. x = 2(y — 1)” +3; vertex: (3, 1) 

53. y = 6(x + 3)7; vertex: (—3, 0) 


2) 
55. y =2(x- 4) — 3; vertex: (+, — ) 


25 5 
7. x= —( — 3) + 3; vertex: (3,3 


59. y = (x—2)* —9; 
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63. y= 2(x4+ 1)? +7; 
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5.6. 7, 23. 2 Jk) Jbl le 


y 


= Ue poo) 


69. x=(y-1)°-4; 
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-7 -6 -5 -4 


71, x=-(y+5)* +1, 


85) SBP Shy SH! 
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poe 6 
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11 12 13 14 15 16 
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87. Answer may vary 


89. Answer may vary 
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8.2 Circles 


LEARNING OBJECTIVES 


1. Graph a circle in standard form. 
2. Determine the equation of a circle given its graph. 
3. Rewrite the equation of a circle in standard form. 


The Circle in Standard Form 


A circle’ is the set of points in a plane that lie a fixed distance, called the radius’, 
from any point, called the center. The diameter”’ is the length of a line segment 
passing through the center whose endpoints are on the circle. In addition, a circle 
can be formed by the intersection of a cone and a plane that is perpendicular to the 
axis of the cone: 


Circle 


In a rectangular coordinate plane, where the center of a circle with radius r is 


(h, k), we have 


8. A circle is the set of points in a (x, y) 
plane that lie a fixed distance 
from a given point, called the 
center. 


. The fixed distance from the 
center of a circle to any point 
on the circle. 


10. The length of a line segment 


passing through the center of a 
circle whose endpoints are on 
the circle. 


\o 


1825 


Chapter 8 Conic Sections 


Calculate the distance between (A, k) and (% y) using the distance formula, 


/(x-h) +(y-k) =r 


Squaring both sides leads us to the equation of a circle in standard form", 


(x-h) +(y-k) =P 


In this form, the center and radius are apparent. For example, given the equation 
2 
(x — 2) + (y + 5)” = 16we have, 


(x-h)y + (x-k) =P 
i t 4 
@-2 +[y—- (-5))=4 


In this case, the center is (2, —5) and r = 4. More examples follow: 


Equation Center Radius 


11. The equation of a circle written 
in the form 


(x-h)° +(y-k)° =P? 
where (h, k ) is the center and 
r is the radius. 


(x — 3% + (y—4)° = 25] (3,4) 
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Equation Center Radius 


(1% + (y+2) =7/0.-2] r= V7 


The graph of a circle is completely determined by its center and radius. 
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Example 1 
Graph: (x — 2)° + (y + a = 16: 
Solution: 


Written in this form we can see that the center is (2, —5 ) and that the radius 


r = 4units. From the center mark points 4 units up and down as well as 4 units 
left and right. 


lee ee 6 Pe oS io i 
Cea : 


Then draw in the circle through these four points. 


Answer: 


As with any graph, we are interested in finding the x- and y-intercepts. 
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Example 2 
Find the intercepts: (x — 2)? + (y + 5)” alo: 
Solution: 


To find the y-intercepts set x = 0: 


(w— 2)? + (y+5) =16 
(0 -2F + (y+ 5)’ =16 
4+(y+5) =16 


For this equation, we can solve by extracting square roots. 


(y +5) =12 


yt 5=412 
yt 5=+421/3 


y=-5+ 2/3 


Therefore, the y-intercepts are (0. —5- 2/3 ) and (0. —-5+ 2/3 ) .To find 
the x-intercepts set y = 0: 
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@ =O) ESS) Hie 
(@— 2) + (045) =16 
(x — 2) + 25=16 


(G2) =-9 
x —2=4+1/-9 
jp — 7), tS By) 


And because the solutions are complex we conclude that there are no real x- 
intercepts. Note that this does make sense given the graph. 


4-3 -2-1 [ 123 45 6 7 8 9 10 i 


(0,-5+2V3) 5 


Answer: x-intercepts: none; y-intercepts: (0. —5- 2/3 ) and 


(0. —5 + 23) 


Given the center and radius of a circle, we can find its equation. 
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8.2 Circles 


Example 3 


Graph the circle with radius r = 3 units centered at (—1, 0) . Give its equation 


in standard form and determine the intercepts. 


Solution: 


Given that the center is (—1, 0) and the radius is r = 3we sketch the graph as 


follows: 


Substitute h, k, and r to find the equation in standard form. Since 
(A, k) = (-1,0)andr = 3we have, 


(xh) +(y-k) =? 
[x- (D) + (y- 0) =3? 
(x+ 1)? +y?=9 


The equation of the circle is (x + 1)” + y* = 9, use this to determine the y- 
intercepts. 
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(x+1% +y?=9 Setx = Otoand solve for y. 
(+1 +y?=9 
1+y?=9 
y'=8 


y=ty8 
y=42/2 


Therefore, the y-intercepts are (0. 2 ) and (0. 21/2 ) . To find the x- 


intercepts algebraically, set y = 0 and solve for x; this is left for the reader as 
an exercise. 


Answer: Equation: (x + 1)” + y* = 9;y-intercepts: (0. =), ) and 
(0. 212); x-intercepts: (—4, 0) and (2, 0) 


Of particular importance is the unit circle’’, 


x+y? =1 


12. The circle centered at the 
nana Or, 
origin with radius 1; its 
equationisx? + y? = 1. 
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(x — 0)? + (y—0)° = 1? 


In this form, it should be clear that the center is (0, 0) and that the radius is 1 unit. 
Furthermore, if we solve for y we obtain two functions: 


aby =) 
y=l—x? 


y=+vl Fs 


The function defined by y = 1/1 — x? is the top half of the circle and the function 
defined by y = —1/1 — x? is the bottom half of the unit circle: 


y 
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Try this! Graph and label the intercepts: x* + (y os ONG = 5 


Answer: 


(click to see video) 


The Circle in General Form 


We have seen that the graph of a circle is completely determined by the center and 
radius which can be read from its equation in standard form. However, the equation 
is not always given in standard form. The equation of a circle in general form" 
follows: 


vty +extdyte=0 


Here c, d, and e are real numbers. The steps for graphing a circle given its equation 
in general form follow. 


13. The equation of a circle written 
in the form 


x?>+y? +extdyte= 
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8.2 Circles 


Example 4 
Graph: x? + y? + 6x — 8y + 13 =0. 
Solution: 


Begin by rewriting the equation in standard form. 


* Step 1: Group the terms with the same variables and move the 
constant to the right side. In this case, subtract 13 on both sides 
and group the terms involving x and the terms involving y as 
follows. 


fo dk Je (Gye ve 11 0) 
(x? + 6x+ 4) ++ (y — 8y+ __)=-13 


* Step 2: Complete the square for each grouping. The idea is to add 


D: 
the value that completes the square, (4) , to both sides for both 


groupings, and then factor. For the terms involving x use 


2 
( - ) = 3” = Yand for the terms involving y use 


(3y =(4y = 16. 


(x7 + 6x +9) + (y? - 8y + 16) =-13 +9 + 16 
(+3) + (y—4)°=12 


* Step 3: Determine the center and radius from the equation in 
standard form. In this case, the center is (—3, 4) and the radius 


r= 12 = 273. 
* Step 4: From the center, mark the radius vertically and 
horizontally and then sketch the circle through these points. 
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8.2 Circles 


Answer: 


y 


(-3.4+243] | 


8 

7 
oe 
1-5 


3O=9 28 <7 =6. <5 =e) = =a 


el 


(-3+2v3.4) 


-10 -9 -8 -7 6 -5 -9/-3 -2 =1 


(-3,4-2v3) : 
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Example 5 


Determine the center and radius: 4x* + 4y* — 8x + 12y —-3 = 0. 


Solution: 


We can obtain the general form by first dividing both sides by 4. 


4x? + 4y* —8x+ 12y-3 0 


4 4 


3 
AE Ee a = 


Now that we have the general form for a circle, where both terms of degree two 
have a leading coefficient of 1, we can use the steps for rewriting it in standard 


form. Begin by adding + to both sides and group variables that are the same. 


BS os) 


(x? =e = te (y? zie vats mas) 


2 
Next complete the square for both groupings. Use ( =>) = (-1Y = 1 for the 


ee 
first grouping and (2) = for the second rouping. 
grouping : { g 
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o 3) ) 
a) 2 = 
(x? -2x +1) + (» +43 )=3 Play 
2 
3 16 
Se = ——— 
(x F+(y+5) 7 
3 D} 
w= 1+ (y+3) =4 


Answer: Center: (1, = +), radius: r = 2 


In summary, to convert from standard form to general form we multiply, and to 
convert from general form to standard form we complete the square. 


standard form 
(x+3) +(y-4) =12 ultiply 
complete 
the squa x+y’ +6x—8y413=0 
general form 


Try this! Graph: x* + y* — 10x + 2y + 21 =0. 


Answer: 


(click to see video) 
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8.2 Circles 


KEY TAKEAWAYS 


The graph of a circle is completely determined by its center and radius. 
Standard form for the equation of a circle is 


(x = h) : oh (y = k) — 1 .The center is (A, k) and the radius 
measures r units. 

To graph a circle mark points r units up, down, left, and right from the 
center. Draw a circle through these four points. 

If the equation of a circle is given in general form 

x? + ye + cx + dy + e = 0, group the terms with the same 
variables, and complete the square for both groupings. This will result in 
standard form, from which we can read the circle’s center and radius. 
We recognize the equation of a circle if it is quadratic in both x and y 
where the coefficient of the squared terms are the same. 
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TOPIC EXERCISES 


PART A: THE CIRCLE IN STANDARD FORM 


Determine the center and radius given the equation of a circle in 
standard form. 


1, (x—5)° + (y+4)° =64 


i) 


.@+9)? + (y—7)° = 121 


Go 


x2 +(y+6) =4 
ao 1)- ay — I 


(+1)? + (y+1)° =7 


on 


6. (x +2)? + (y—7)° =8 


Determine the standard form for the equation of the circle given its 
center and radius. 


7. Center (5, 7) with radius r = 7. 
8. Center (—2, 8) with radius r = 5. 


9. Center (6, —11) with radius r = /2. 


0. Center (-4, —5) with radius rf = /6. 


bh 


11. Center (0, —1) with radius r = 21/5. 
12. Center (O, 0) with radius r = 3+/ 10. 


Graph. 
B. @— 1)? + (y—2)? =9 


14. (x +3)? + (y— 3)” = 25 
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8.2 Circles 


15. (x- 2)? + (y+6)° =4 
16. (x +6) +(y+4)° =36 
il, x2 4(y-4)? =1 

1s, (x—3)? +y2 =4 

19, Py 2 


20 eye — 8 


a1. (x - 7)? +(y—6)° =2 
22. (« +2)? + (y—5)° =5 
me, (ae ea Sk 
Moor 2 (yao) = 15 


Find the x- and y-intercepts. 
25, (x— 1)? +(y—2)" =9 
Pen Selly ae = 5 
27. x7 + =a). =] 
28. (x — 3)° + y* = 18 
19. x? + yy = 50 
30. x? + (y +9)” = 20 
31. @— 4)? + (y+5)° = 10 


32, (x + 10)? + (y — 20) * = 400 


Find the equation of the circle. 


33. Circle with center (1, —2) passing through (3, —4) . 
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8.2 Circles 


34, Circle with center (—4, —1) passing through (0, —3). 
35. Circle whose diameter is defined by (5, 1) and(—1,7). 


36. Circle whose diameter is defined by (-5, 7) and (- i. —5) , 


37. Circle with center (Ss; —2) and area 97 square units. 


38. Circle with center (—8, —3) and circumference 127 square units. 


2 
39, Find the area of the circle with equation (x + 12)2 == (% — 5) =k 


40. Find the circumference of the circle with equation 


GED Aes) = 8. 


PART B: THE CIRCLE IN GENERAL FORM 


Rewrite in standard form and graph. 
4. x? +y2 +4x-2y-4=0 

a iy 10, 2 1) 
23k ey a 212) 36 — 0 
fey 14 ty 4) 
45. x* +y* +6y+5=0 

160 - y — 12 200 

Ae ey ee eal niet) 
i Fe oye Oe ets 1S 0 
49, 4x? + 4y* — 4x 4+ 8y+1=0 
Bo, Oreo Oye Seip il =o 
Bl, goo fey abe ye al = 0 

ey ee ie) 

53. x7 +y* —x—2y+1=0 
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8.2 Circles 


54, x +y?-x+ty-F=0 

55. 4x? + 4y? + 8x —- 12y +5 =0 
sox 4 Oy lox = 36) 4 — 0 
57, 2x? + 2y? + 6x + 10y+9=0 
58, 9x* + Sy? —6x+ 12y+4=0 


Given a circle in general form, determine the intercepts. 
59. x* + y* —5x+3y+6=0 
60. x7 +y* +x—-2y—-7=0 
61. x? +y* —6y+2=2 
62. x* + y* — 6x —- 8y+5=0 
63. 2x” + 2y* —3x -9 =0 
64. 3x” + 3y? + 8y -16=0 
65. Determine the area of the circle whose equation is 
x? +y? —2x—6y—35=0. 
66. Determine the area of the circle whose equation is 


Ay Ay = 10, = 8) 59 — 0: 


67. Determine the circumference of a circle whose equation is 


x? +y? —5x+1=0. 


68. Determine the circumference of a circle whose equation is 


We oye 65S 3 0), 


69. Find general form of the equation of a circle centered at (-3, a) passing 
through (1, —2). 


70. Find general form of the equation of a circle centered at (—2, —3) passing 


through (—1, 3). 


Given the graph of a circle, determine its equation in general form. 
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8.2 Circles 
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PART C: DISCUSSION BOARD 


75. Is the center of a circle part of the graph? Explain. 
76. Make up your own circle, write it in general form, and graph it. 


77. Explain how we can tell the difference between the equation of a parabola in 
general form and the equation of a circle in general form. Give an example. 


78. Do all circles have intercepts? What are the possible numbers of intercepts? 
Illustrate your explanation with graphs. 
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8.2 Circles 


ANSWERS 


1. Center: (5, —4) ; radius: r = 8 
3. Center: (0, —6) ; radius: r = 2 
5. Center: (—1,—1); radius: r = 1/7 
7, (x—5) + (y-7)? =49 
9, (x— 6) + (y+11)° =2 


11. se pt = 20) 


18}, 
Mee ee ce ek ce ls A) Ja ie a cae ae a 2 
15. eee aes eee ae 
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8.2 Circles 
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8.2 Circles 


23% 


Dos 


Die 


Ae), 


31. 


38}, 


Si) 


Bo 


Se), 


Al. 


(-3-3v2,1) 


-121+ 10-9 -8 


(-3,1-3V2) 


rere (1 5, 0) ponies: (0. 2+ 22) 
x-intercepts: none; y-intercepts: (0, 3), (0, 5) 

x-intercepts: (+5 / Dd. 0) ; y-intercepts: (0. +5 / 2) 
x-intercepts: none; y-intercepts: none 

(x — 1)? + (y+2)* =8 

(x — 2)? + (y—4)* = 18 

(x—5)° + (y+2)° =9 

72 square units 


CAD Se 
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43. (x +1)? + (y+6)° = 1; 
, 


8.2 Circles 1849 
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8.2 Circles 1850 
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8.2 Circles 1851 
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8.2 Circles 1852 
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8.2 Circles 


52), 


61. 


OS, 


65. 


67. 


69. 


Ml, 


Wo 


Wey 


Wi. 


"25S es 


(3-4 € (4,-§) 


oP 
x-intercepts: (2, 0), (3, 0); y-intercepts: none 


x-intercepts: (0, 0); y-intercepts: (0, 0), (0, 6) 


x-intercepts: ( — a0): (3, 0); y-intercepts: { 0, + —— aN 
2) 


45a square units 

rv/21 units 

ye dy? Lip = Gp = 3 =O 
x? +y* —6x+ 10y+18 =0 
x? +y*+2y=0 

Answer may vary 


Answer may vary 


1853 


Chapter 8 Conic Sections 


8.3 Ellipses 
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. The set of points in a plane 


whose distances from two fixed 
points have a sum that is equal 
to a positive constant. 


. Points on the ellipse that mark 


the endpoints of the major 
axis. 


. The line segment through the 


center of an ellipse defined by 
two points on the ellipse where 
the distance between them is a 
maximum. 


. The line segment through the 


center of an ellipse defined by 
two points on the ellipse where 
the distance between them is a 
minimum. 


. Points on the ellipse that mark 


the endpoints of the minor 
axis. 


LEARNING OBJECTIVES 


1. Graph an ellipse in standard form. 
2. Determine the equation of an ellipse given its graph. 
3. Rewrite the equation of an ellipse in standard form. 


The Ellipse in Standard Form 


An ellipse’ is the set of points in a plane whose distances from two fixed points, 
called foci, have a sum that is equal to a positive constant. In other words, if points 
F, and F) are the foci (plural of focus) and d is some given positive constant then 
(x, y) is a point on the ellipse if d = d, + dyas pictured below: 


(x.y) 


In addition, an ellipse can be formed by the intersection of a cone with an oblique 
plane that is not parallel to the side of the cone and does not intersect the base of 
the cone. Points on this oval shape where the distance between them is at a 
maximum are called vertices’’ and define the major axis’®. The center of an ellipse 
is the midpoint between the vertices. The minor axis’’ is the line segment through 
the center of an ellipse defined by two points on the ellipse where the distance 
between them is at a minimum. The endpoints of the minor axis are called co- 
vertices’®. 


Ellipse 


vertical ellipse horizontal ellipse 


minor axis 


co-vertex vertex 


major 


axis 
co-vertex 


vertex 
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19. One-half of the length of the 


20. 


2 


1. 


major axis. 


One-half of the length of the 
minor axis. 


The equation of an ellipse 
written in the form 


x—h)? y-k)? 
an oe = |.The 
center is (h, k) and the larger 
of a and b is the major radius 
and the smaller is the minor 
radius. 


8.3 Ellipses 


If the major axis of an ellipse is parallel to the x-axis in a rectangular coordinate 
plane, we say that the ellipse is horizontal. If the major axis is parallel to the y-axis, 
we say that the ellipse is vertical. In this section, we are only concerned with 
sketching these two types of ellipses. However, the ellipse has many real-world 
applications and further research on this rich subject is encouraged. Ina 
rectangular coordinate plane, where the center of a horizontal ellipse is (A, k), we 


have 
7 (hk +b) 
(h-a,h) —\ (h+a,k) 
(h,k -b) 


As pictured a > bwhere a, one-half of the length of the major axis, is called the 
major radius’’. And b, one-half of the length of the minor axis, is called the minor 
radius”. The equation of an ellipse in standard form”’ follows: 


The vertices are (h +a, k) and (A, k+ b) and the orientation depends on a and b. 
Ifa > b, then the ellipse is horizontal as shown above and if a < b, then the ellipse 


is vertical and b becomes the major radius. What do you think happens when 
a=h 
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The graph of an ellipse is completely determined by its center, orientation, major 
radius, and minor radius, all of which can be determined from its equation written 
in standard from. 
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Example 1 

aay? =O” 
Graph: sae se a = Il 
Solution: 


Written in this form we can see that the center of the ellipse is (—3, 2), 


oo /4 = 2,and b = 1/25 = 5.From the center mark points 2 units to the 
left and right and 5 units up and down. 


ae 


i =40)9e 87a =n 54 


Then draw an ellipse through these four points. 


Answer: 


x 


11-10 -9 -8 -7 -6 


As with any graph, we are interested in finding the x- and y-intercepts. 
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Example 2 

D =e 
Find the intercepts: oe + nee! = |. 
Solution: 


To find the x-intercepts set y = 0: 


Cope sean 


fea apg 
(x+3" 4 
7 Pee el 
(+3) | A 
A 25 
Gee Ol 
me oo, 


At this point we extract the root by applying the square root property. 


x+3 21 
=-+ —_— 
D, TW WS 
DIN OM 
x+3=+ 5 
2V/21 —15 42/21 
as a eae 


Setting x = 0 and solving for y leads to complex solutions, therefore, there are 
no y-intercepts. This is left as an exercise. 


8.3 Ellipses 1858 


Chapter 8 Conic Sections 


-1542,/21 
al522y21 0 


Answer: x-intercepts: ( 5 ; ) y-intercepts: none. 


Unlike a circle, standard form for an ellipse requires a 1 on one side of its equation. 


8.3 Ellipses 1859 


Chapter 8 Conic Sections 


Example 3 
Graph and label the intercepts: (x — 2)° + 9(y — 1)’ 2) 
Solution: 


To obtain standard form, with 1 on the right side, divide both sides by 9. 


(x-2% +9(y-1) 9 
nn nn) 
= 2  %y- 1) _9 
9 9 9 
_ 2 =i) 
at) oe 


Therefore, the center of the ellipse is (2, 1),a = 9 = 3) alaval (o) = V1 = 1. 
The graph follows: 
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x-intercepts set y = 0 y-intercepts set x = O 


3 
Therefore the x-intercept is (2, 0) and the y-intercepts are (0 f) and 


(0.54). 


Answer: 


Consider the ellipse centered at the origin, 
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Given this equation we can write, 


In this form, it is clear that the center is (0,0), a = 1, and b = 2. Furthermore, if 
we solve for y we obtain two functions: 


2 

2 y 

+—=1 

oT eh 
2 
y 2 
as | tes 
mI x 
y°=4 (1-x’) 


The function defined by y = 21/1 — x? is the top half of the ellipse and the 
function defined by y = —2+/1 — x? is the bottom half. 
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Try this! Graph: 9(x — 3° + 4(y +2) = 36. 


Answer: 


Hy ey Th ae Cr IK) 


(click to see video) 


The Ellipse in General Form 


We have seen that the graph of an ellipse is completely determined by its center, 
orientation, major radius, and minor radius; which can be read from its equation in 
standard form. However, the equation is not always given in standard form. The 
equation of an ellipse in general form” follows, 


22. The equation of an ellipse 
written in the form 


px? +qy? +cxt+dyt+te+0 px’ +qy +cxtdyte=0 
where p, g > O. 
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where p, g > 0. The steps for graphing an ellipse given its equation in general form 
are outlined in the following example. 


8.3 Ellipses 1864 
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Example 4 
Graph: 2x* + 9y” + 16x — 90y + 239 = 0. 
Solution: 


Begin by rewriting the equation in standard form. 


* Step 1: Group the terms with the same variables and move the 
constant to the right side. Factor so that the leading coefficient of 
each grouping is 1. 


2x” + 9y” + 16x — 90y + 239=0 
(2x7 + 16x+ __) + (9y? — 90y+ __) =-239 
2 (x7 +8x+__) +9 (y? - 10y+ __) =—239 


* Step 2: Complete the square for each grouping. In this case, for the 


2 
terms involving x use ( : ) = 4 = 16and for the terms 


a 
10 \2 
involving y use ( a ) = (esis = 25. The factor in front of the 
grouping affects the value used to balance the equation on the 


right side: 


2 (x? + 8x + 16) +9 (y* — 10y +25) = —239 + 32 + 225 


Because of the distributive property, adding 16 inside of the first 
grouping is equivalent to adding 2 - 16 = 32. Similarly, adding 25 
inside of the second grouping is equivalent to adding 

9 - 25 = 225. Now factor and then divide to obtain 1 on the right 
side. 
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2 + 4% + 9(y — 5)" =18 
BGA (9) 5G 


18 18 

2 
Aen Be | AES) _ 18 
18 ico 18 

2 

(x+4"% (y-5) 

fj 
9 5) 


* Step 3: Determine the center, a, and b. In this case, the center is 
(-4,5),a = 1/9 =3,andb = v2. 

* Step 4: Use a to mark the vertices left and right of the center, use b 
to mark the vertices up and down from the center, and then sketch 
the graph. In this case, the vertices along the minor axes 


(-4. 5+ 2 ) are not apparent and should be labeled. 


y 


8 
7 
: 6 
ros 
: 4 
: 2 
: 1 


NO See Ses tf aff a ai may eet all 


1 


Answer: 
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(-4,5+2) 


8 
7 
6 
5 
4 
3 
2 
1 
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Example 5 


Determine the center of the ellipse as well as the lengths of the major and 
minor axes: 5x” + y? — 3x +40 =0. 


Solution: 


In this example, we only need to complete the square for the terms involving x. 


5x7 + y* — 30x + 40=0 
(5x7 — 30x+ __) + y? =-40 
5 le — 6x+ = + y? =-40 


Use (= ir = (—3Y = 9 for the first grouping to be balanced by 5 - 9 = 45 on 


the right side. 


5 (x? — 6x +9) +y*=-40 + 45 
S(x -— 3) +y7=5 
5(x— 3) +y? _ 5 

5 mS 
Cas 


2D) 
y 
+=! 
1 5 


Here, the center is (3, 0), a = V1 — sland — /5 . Because b is larger than 
a, the length of the major axis is 2b and the length of the minor axis is 2a. 


Answer: Center: (3, 0); major axis: 21/5 units; minor axis: 2 units. 
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Try this! Graph: x* + 4y” + 10x — 1l6y + 25 = 0. 


Answer: 


Sli) =2) Sh} =a Si) 5) St) 3) =) ll 
: 5 a: 5 2 Bees e 


=2 


(click to see video) 


KEY TAKEAWAYS 


* The graph of an ellipse is completely determined by its center, 
orientation, major radius, and minor radius. 

* The center, orientation, major radius, and minor radius are apparent if 
the equation of an ellipse is given in standard form: 

(em)? (y=k)’ 
Qe 1 hb? - 

* To graph an ellipse, mark points a units left and right from the center 
and points b units up and down from the center. Draw an ellipse through 
these points. 

* The orientation of an ellipse is determined by a and b. Ifa > bthen the 
ellipse is wider than it is tall and is considered to be a horizontal ellipse. 
Ifa < bthen the ellipse is taller than it is wide and is considered to be 
a vertical ellipse. 

* Ifthe equation of an ellipse is given in general form 
px? + qy* +cx + dy + e = Owhere p, g > 0, group the terms 
with the same variables, and complete the square for both groupings. 

* We recognize the equation of an ellipse if it is quadratic in both x and y 
and the coefficients of each square term have the same sign. 
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TOPIC EXERCISES 


PART A: THE ELLIPSE IN STANDARD FORM 


Given the equation of an ellipse in standard form, determine its center, 
orientation, major radius, and minor radius. 


ar, (y+2) ° 


aA ie = 
(43)? , (y-2)7 
7, pra + 9 — 1 


a 4 (y+9)* =1 


(x-1)? 
8 


5. 4(x+5)° +9(y +5) = 36 


+y*=1 


6. 16(x— 1)? +3(y +10)” = 48 


Determine the standard form for the equation of an ellipse given the 
following information. 


7. Center (3, 4) witha = Sandb = 2. 
8. Center (—1,9) witha = 7andb = 3. 


9. center (5,—1) witha = \/6andb = 21/3. 
10. Center (—7, —2) witha = 54/2 and b = a Te 
11. Center (0, —3) witha = landb = 1/5. 

12. Center (0, 0) witha = eo and b = 4, 


Graph. 
G4? (2) 
er ar a 1 
2 Soe 
fa, b?) =. 


as 
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8.3 Ellipses 


15. iz + ; =| 
(+4)? (y43)> 
1 ae 1 
na Sie 
slop, cae, + Deve ) =| 


g 


18. eee) = 


19. 4(x + 3)? + 9(y — 3) = 36 


20. 16x? + (y— 1)” = 16 


21. 4(x — 2)? + 25y? = 100 


22, 81x? +y* = 81 


C2) 4) 


26a ers = | 
24, ual a ot)" == 
25. 6)" + ues =! 
oo (x+3)? (y-5)* = 


27, 3x2 +2(y—3)* =6 
28. 5(x + 1)? +3y? = 15 
29. 4x? + 6y? = 24 

30) 9% 10> = 50 


Find the x- and y-intercepts. 


(x3)? (y=2)” 


ea aca = 


Sl, 


(x43)2 , (y-7) 


32. 
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(x-2)2, (yt6)> 
Ee as + 3G =| 
2 sie 
34, Cael, + (=1) all | 


aS) 
35. 5x7 + Deadly = 20 
36. 4(x — 3)” + 9y? = 72 
a7) 5x 2) = 10 
38, 3x? + 4y? = 24 


Find the equation of the ellipse. 
39, Ellipse with vertices (+5, 0) and (0, +6) d 


40. Ellipse whose major axis has vertices (2, 9) and (2, —1) and minor axis has 


vertices (—2, 4) and (6, 4) ; 


41. Ellipse whose major axis has vertices (—8, —2) and (O, —2) and minor axis 
has a length of 4 units. 


42. Ellipse whose major axis has vertices (—2, 2) and (—2, 8) and minor axis 
has a length of 2 units. 


PART B: THE ELLIPSE IN GENERAL FORM 


Rewrite in standard form and graph. 
43, 4x? + Oy? + 8x — 36y +4 =0 

44, 9x? + 25y? — 18x + 100y — 116 = 0 
45. 4x? + 40y? + 24x + 98y — 111 = 0 
ae, Oye? SE — yy ey Se (ANN 
a PO4y- lees 128) £36 — 0 
48. 16x* + y? — 96x — 4y + 132 =0 

49, 36x” + 4y” — 40y — 44 =0 
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BO, Go 2 Oy =e = = 
Sie 9) 4 oy 
52, 16x* + y? + 160x — 10y + 361 =0 
pau 4x 5) > 4 32 — 20) od — 0 
Bf, Dee ye = = Sy es S 
Bore oy lon Oy 27 — 0 
6 Ie 4 2y- 28x — oy 46 — 0 
57) BON + 116y- 1467 — 32) — 119 — 0 
pe lG- ee O0y 64 300) — 0 
5k + 4y = 20) + 21 — 0 
60, 9x* +y +127 — 2y —4 = 0 

Given general form determine the intercepts. 
61. 5x7 + 4y” — 20x + 24y + 36 =0 
(4x By 8x + oy — > — 0 
ey, (yee ae = Oe ey te) 0) 
ew Be hy ata d= 
a, Spee ye = ey eS = 
Gi Oe me Be ad = Sy il 


Determine the area of the ellipse. (The area of an ellipse is given by the 
formula A = zab, where a and bare the lengths of the major radius 
and the minor radius.) 


(x10)? _ (y+3)° 
D5) 5) 


(ae 


18 36 
6 oy le oy oe 


68. 
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70. 4x? + 8y? + 20x — 8y+ 11 =0 


Given the graph of an ellipse, determine its equation in general form. 
y 


=12-l1—10 —9 —8 =)-=6: -S: -4°=3°=2 >=) 


vale 


72. 
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PART C: DISCUSSION BOARD 


75. Explain why a circle can be thought of as a very special ellipse. 
76. Make up your own equation of an ellipse, write it in general form and graph it. 


77. Do all ellipses have intercepts? What are the possible numbers of intercepts for 
an ellipse? Explain. 


78. Research and discuss real-world examples of ellipses. 
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ANSWERS 


1. Center: (1, —2); orientation: vertical; major radius: 7 units; minor radius: 2 
units. — 2.) — 7 
3. Center: (0, —9); orientation: horizontal; major radius: / 3 units; minor 


radius: 1 unit;qd = 3b =a 


5. Center: (-5, —5) ; orientation: horizontal; major radius: 3 units; minor 
radius: 2 units;a = 3;-b = 2 


(3)? _ (y-4)’ 


je I eee 1 
(x-5)°  (ytl)> 
9. r oa = i 
itil, oe ar 
Tey, 
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8.3 Ellipses 
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5 6-7 8 9-10 11-12 13.14 
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May 
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8.3 Ellipses 


1878 


Chapter 8 Conic Sections 


Wis 


We), 


NS 
31. x-intercepts: (34 ; 0): y-intercepts: none 
33. x-intercepts: (2, 0); y-intercepts: (0, —6) 


35. x-intercepts: none; y-intercepts: (0. 4+ s/ 10) 


37. x-intercepts: (+V 2, 0) ; y-intercepts: (0. +4/ 5) 
Ne eel 


(x44)? (y#2)° 


oa 16 4 


= || 
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8.3 Ellipses 1880 
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Die ee Oye 
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Bio 


55: 
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8.3 Ellipses 


Oil, 


63. 


65. 


67. 


69. 


ale 


de 


T5o 


Vide 


x-intercepts: none; y-intercepts: (0, —3) 
3 
x-intercepts: (34 3 0) ; y-intercepts: (0, —2) 


104/10 


x-intercepts: ( 5 ; 0) ; y-intercepts: none 


Sav 5 square units 

rv/21 square units 

Gy? deby? Dye = ey te I SO 
x? + 3y? — 18y -9 =0 

Answer may vary 


Answer may vary 
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8.4 Hyperbolas 


LEARNING OBJECTIVES 


Graph a hyperbola in standard form. 

Determine the equation of a hyperbola given its graph. 
Rewrite the equation of a hyperbola in standard form. 
Identify a conic section given its equation. 


BW DH Ff 


The Hyperbola in Standard Form 


A hyperbola” is the set of points in a plane whose distances from two fixed points, 
called foci, has an absolute difference that is equal to a positive constant. In other 
words, if points F; and F are the foci and d is some given positive constant then 
(% y) is a point on the hyperbola ifd = |d, — dy|as pictured below: 


In addition, a hyperbola is formed by the intersection of a cone with an oblique 
plane that intersects the base. It consists of two separate curves, called branches”. 
Points on the separate branches of the graph where the distance is at a minimum 
are called vertices.”’ The midpoint between a hyperbola’s vertices is its center. 
Unlike a parabola, a hyperbola is asymptotic to certain lines drawn through the 

23. The set of points ina plane center. In this section, we will focus on graphing hyperbolas that open left and right 


whose distances from two fixed | or upward and downward. 
points, called foci, has an 
absolute difference that is 
equal to a positive constant. 


24. The two separate curves of a 
hyperbola. 


25. Points on the separate 
branches of a hyperbola where 
the distance is a minimum. 
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Hyperbola 
Ks A 
\ 
7 
Y 4 
vertices Sx center 
Z Ss 
% 
y 
y 
4 XN 


The asymptotes are drawn dashed as they are not part of the graph; they simply 
indicate the end behavior of the graph. The equation of a hyperbola opening left 
and right in standard form” follows: 


26. The equation of a hyperbola 
written in the form 


apa? ah)? 
is 
a b- 


center is (A, k ) , a defines the 


transverse axis, and b defines 
the conjugate axis. 


Here the center is (h, k) and the vertices are (h +a, k) . The equation of a 
hyperbola opening upward and downward in standard form”’ follows: 


2 


NX 


. The equation of a hyperbola 

written in the form 
2 
—k _h)2 2 2 

bl) oo)" an o- KP ea 
center is (h, k) , b defines the b? ae 
transverse axis, and a defines 
the conjugate axis. 
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28. The line segment formed by 
the vertices of a hyperbola. 


29. A line segment through the 
center of a hyperbola that is 
perpendicular to the 
transverse axis. 


30. The rectangle formed using the 
endpoints of a hyperbolas, 
transverse and conjugate axes. 


8.4 Hyperbolas 


Here the center is (A, k) and the vertices are (A, K+ b) ; 


The asymptotes are essential for determining the shape of any hyperbola. Given 
standard form, the asymptotes are lines passing through the center (h, k) with 


slopem = + 2 .To easily sketch the asymptotes we make use of two special line 
segments through the center using a and b. Given any hyperbola, the transverse 
axis”® is the line segment formed by its vertices. The conjugate axis” is the line 
segment through the center perpendicular to the transverse axis as pictured below: 


transverse axis 


7 


The rectangle defined by the transverse and conjugate axes is called the 
fundamental rectangle*’. The lines through the corners of this rectangle have 


slopesm = + 7 .These lines are the asymptotes that define the shape of the 


hyperbola. Therefore, given standard form, many of the properties of a hyperbola 
are apparent. 
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8.4 Hyperbolas 


Equation 


pes 


Upward 
b= and 


downward 


: 
mes 


a=5 
a=3 
i 
a= 7 


Upward 
and 
downward 
b=2/2 


The graph of a hyperbola is completely determined by its center, vertices, and 


Left and 
right 


1888 


Chapter 8 Conic Sections 


Example 1 

h (5)° _ (y-4)? 1 
Gra Tin Cea 
Solution: 


In this case, the expression involving x has a positive leading coefficient; 
therefore, the hyperbola opens left and right. Here a = V9 = 3and 


= 1/4 = 2.From the center (5 : 4), mark points 3 units left and right as well 
as 2 units up and down. Connect these points with a rectangle as follows: 


y 


[2 See Onesies SOM rasis a1 4al 5) 


Use these dashed lines as a guide to graph the hyperbola opening left and right 
passing through the vertices. 
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Answer: 
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Example 2 
Se ae 
raph: — oe be 
Solution: 


In this case, the expression involving y has a positive leading coefficient; 
therefore, the hyperbola opens upward and downward. Here ad = 1/36 = 6 


and b = /4 = 2.From the center (—1, 2) mark points 6 units left and right as 
well as 2 units up and down. Connect these points with a rectangle. The lines 
through the corners of this rectangle define the asymptotes. 


¢<—— e e Dredk 
i if : Sa . 
ah Nahe eab hn il lack hedien by, ge eg es 
~J0-9-8 =7 6-5 “4-32-11 1.2.3.4.5.6.7..8.9 M0978 -7-6-5-4-3-2-1y 2.3.4. 5 ORB D 
-2b : -2 : 
~3b -3 
“4p =4 


Use these dashed lines as a guide to graph the hyperbola opening upward and 
downward passing through the vertices. 


Answer: 


Note: When given a hyperbola opening upward and downward, as in the previous 
example, it is a common error to interchange the values for the center, h and k. This 
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8.4 Hyperbolas 


is the case because the quantity involving the variable y usually appears first in 
standard form. Take care to ensure that the y-value of the center comes from the 
quantity involving the variable y and that the x-value of the center is obtained from 
the quantity involving the variable x. 


As with any graph, we are interested in finding the x- and y-intercepts. 
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8.4 Hyperbolas 


Example 3 


(y-2)" Get)? 


4 rea 


Find the intercepts: 


Solution: 


To find the x-intercepts set y = O and solve for x. 


@-2F @+1)P _ 


1 
4 36 
2; 
1 Cele 
36 
2 
2 EUS ae 
36 
(x+ 1% =0 
x+1=0 
= ]| 


Therefore there is only one x-intercept, (—1, 0) . To find the y-intercept set 
x = 0 and solve for y. 
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an oR 
(y-2) 4 = 
4 36 
(y-2) 37 
4 36 


=+ — 
2 6 
Aj 37 
y-2=+—— 
= Vo eee 27) 
ia a ae 


Therefore there are two y-intercepts, (0 =) = (0, —0.03)and 


(0 eit ) = (0,4.03) Take a moment to compare these to the sketch of 


the graph in the previous example. 


6—1/37 644/37 
Answer: x-intercept: (—1, 0); y-intercepts: (0 =) an (0 =) : 


Consider the hyperbola centered at the origin, 


9x? — Sy? = 45 


Standard form requires one side to be equal to 1. In this case, we can obtain 
standard form by dividing both sides by 45. 
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9x? — 5y* 45 
45 45 

9x7 Sy* 45 

45 45 45 
ae ae 
5 9 


This can be written as follows: 


In this form, it is clear that the center is (0,0), a = /5, and b = 3. The graph 
follows. 


: ¥ 
8 =7 —6 —5 —4 —3 fF2 4, 1 23 4 5 6 7 Bo 


8.4 Hyperbolas 1895 


Chapter 8 Conic Sections 


Try this! Graph: == — 


Answer: 


= x 
$510 512-5 14-- 16-18 = 20 - 


(click to see video) 


The Hyperbola in General Form 


We have seen that the graph of a hyperbola is completely determined by its center, 
vertices, and asymptotes; which can be read from its equation in standard form. 
However, the equation is not always given in standard form. The equation of a 
hyperbola in general form”’ follows: 


px? — qy* +cx + dy + e=0 Hyperbola opens left and right. 
gy’ — px” +cx + dy + e=0 Hyperbola opens upward and downward. 


where p, g > 0. The steps for graphing a hyperbola given its equation in general 
31. The equation of a hyperbola form are outlined in the following example. 
written in the form 


px? = qy” + CX 


+dy+e = 0 
or 
2 2 
qy" — px” —Cx 
+dyt+te = 0 
where p, g > 0. 
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Example 4 
Graph: 4x? — 9y* + 32x — 54y — 53 = 0. 
Solution: 


Begin by rewriting the equation in standard form. 


* Step 1: Group the terms with the same variables and move the 
constant to the right side. Factor so that the leading coefficient of 
each grouping is 1. 


Ax? — 9y? + 32x — 54y — 53=0 
(4x7 + 32x+ __) + (-9y" — S4y+ __) =53 
4 (a2 + 8x+ __) -—9 (y? + 6y+ a) =o 


* Step 2: Complete the square for each grouping. In this case, for the 


2 
terms involving x use ( Bs ) = 4? = 16and for the terms 


2 
2 
involving y use ( S) = (3) = 9. The factor in front of each 
grouping affects the value used to balance the equation on the 


right, 


4 (x? + 8x + 16) —9(y? + 6y +9) = 53 +64-81 


Because of the distributive property, adding 16 inside of the first 
grouping is equivalent to adding 4 - 16 = 64. Similarly, adding 9 
inside of the second grouping is equivalent to adding 

—9 - 9 = —81. Now factor and then divide to obtain 1 on the right 
side. 
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A(x + 4)? — 9(y + 3)" =36 
A(x +4)? -9(y +3)” 36 


36 36 
2 
AQxe+ 4) 9(y + 3) _ 36 
36 36 —tié« 
2 
+4 (y+3) 
9 i = 


* Step 3: Determine the center, a, and b, and then use this 
information to sketch the graph. In this case, the center is 
(—4, -—3),a = V9 — Sand oe /4 = 2.Because the leading 
coefficient of the expression involving x is positive and the 
coefficient of the expression involving y is negative, we graph a 
hyperbola opening left and right. 


Answer: 
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8.4 Hyperbolas 


Try this! Graph: 4y? — x” — 40y — 12x + 60 = 0. 


Answer: 


— 


1615-1413 121+10-9-8-7-6-5—4-3-2-1, | 1 2.3 


(click to see video) 


Identifying the Conic Sections 


In this section, the challenge is to identify a conic section given its equation in 
general form. To distinguish between the conic sections, use the exponents and 
coefficients. If the equation is quadratic in only one variable and linear in the other, 
then its graph will be a parabola. 


Parabola: a > 0 


y=a(x—h) +k x=a(y—k) +h 


y=ax? +bx+c x=ay* +by+c 
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Parabola: a < 0 


y=a(x = hy” +k x=a(y — k)’ +h 
y=ax? +bx +c x=ay* + by+c 


If the equation is quadratic in both variables, where the coefficients of the squared 
terms are the same, then its graph will be a circle. 
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Circle: 


(x—h)’ + (y—k) =P 
x* +y? +ex+dy+e=0 


If the equation is quadratic in both variables where the coefficients of the squared 
terms are different but have the same sign, then its graph will be an ellipse. 


Ellipse: a,b > Oandp,g > 0 


e 


If the equation is quadratic in both variables where the coefficients of the squared 
terms have different signs, then its graph will be a hyperbola. 
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Hyperbola: a, b > Oand 


y 


bs Sie 


° (h,k) 
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Example 5 

Identify the graph of each equation as a parabola, circle, ellipse, or hyperbola. 
a. 4x* + 4y? -1=0 
b. 3x7 —2y? -12=0 


c x—-y*—6y+11=0 


Solution: 


a. The equation is quadratic in both x and y where the leading 
coefficients for both variables is the same, 4. 


4x? + 4y” —1=0 
Ax? + 4y?=1 


This is an equation of a circle centered at the origin with radius 1/ 
Ds 


b. The equation is quadratic in both x and y where the leading 
coefficients for both variables have different signs. 


ee 2) 1) 


Bx ye 1D, 
ied ie 
aes 
4 6 


This is an equation of a hyperbola opening left and right centered 
at the origin. 
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c. The equation is quadratic in y only. 


2 oy 0 


x = y —6y+ +11 
2 = (6 Sop SO 2 
x = (sin 


This is an equation of a parabola opening right with vertex (2, 3). 


Answer: 


a. Circle 
b. Hyperbola 
c. Parabola 
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KEY TAKEAWAYS 


* The graph of a hyperbola is completely determined by its center, 
vertices, and asymptotes. 
* The center, vertices, and asymptotes are apparent if the equation of a 
2 
(=)? _ (y=) 
= 


p = lor 


hyperbola is given in standard form: 
O-H) am? _ | 
2 a ark 

* To graph a hyperbola, mark points a units left and right from the center 
and points b units up and down from the center. Use these points to 
draw the fundamental rectangle; the lines through the corners of this 
rectangle are the asymptotes. If the coefficient of x ors positive, draw 
the branches of the hyperbola opening left and right through the points 
determined by a. If the coefficient of ye is positive, draw the branches 
of the hyperbola opening up and down through the points determined 
by b. 


* The orientation of the transverse axis depends the coefficient of x > and 


Wes 


* Ifthe equation of a hyperbola is given in general form 
px? —qy? +cx+dy+e=0or 
qy? — px? +cx + dy +e = Owhere p,q > 0, group the terms 
with the same variables, and complete the square for both groupings to 
obtain standard form. 

* We recognize the equation of a hyperbola if it is quadratic in both x and 
y where the coefficients of the squared terms are opposite in sign. 
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TOPIC EXERCISES 


PART A: THE HYPERBOLA IN STANDARD FORM 


Given the equation of a hyperbola in standard form, determine its 
center, which way the graph opens, and the vertices. 


(x-6)" —(y#4)" 


ie aan a 
(y-3)° et? 
as ao 
9 2} 
3. ee) —x2=1 
(x-5)* 
eee al 


s. 4(y + 10)” — 25(x + 1)? = 100 
6. Wx — 1)? -5(y+10)* = 45 


Determine the standard form for the equation of a hyperbola given the 
following information. 


7. Center (2,7),a = 6,b = 3, opens left and right. 


8. Center (—9, 1),a = 7,b = 2, opens up and down. 
9. Center (10, —3),a = V/7,b = 5/2, opens up and down. 
10. Center (—7, —2),a = 31/3, b = 1/5, opens left and right. 
11. Center (0, —8),a = 1/2,b = 1,opens up and down. 


12. Center (0,0),a = 2/6, b = 4, opens left and right. 


Graph. 


G3? O4i)' _ | 


13}, 9 16 
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14. 


iB}, 


16. 


Ws 


18. 


19), 


20. 


Bale 


Das 


23 


24, 


Dos 


26. 


2k 


28. 


ne), 


30. 
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16 7 =! 
+2)" 4a? _ 
9 COR 
05) Gy 
4 16 
2 (+3)? 
(a 


A(x + 3)? — 9(y — 3)” = 36 


16x? — 4(y-1)* = 64 


4(y— 1)” — 25x? = 100 


Oy lon 14 


(x2)? (y-4)’ 


12 x = 


(x42)? (y-1)’ 


4 7 | 


(v+l)° 3)? = 
oe, ec Seams 


(y-4)" (246) 
3 18 


4x? —3(y 3)? = 12 


NE Soy ae! 
6y? — 3x7 = 18 
10x? — 3y” = 30 


Find the x- and y-intercepts. 


(1? _ (y-4)’ 


9 aa 
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2 7 = 1 
(y-1)° ty? 
a3: ot aS = 1 
yc Bi? 
yf, OBE eee 


4 16 


& De aps i) =D 


36. 6(x — 5) a Oe 


II 
= 
N 


37. 36x” — 2y* =9 
30 Oy — 4- = 2 


39. Find the equation of the hyperbola with vertices (+2, 3) and a conjugate axis 
that measures 12 units. 


40. Find the equation of the hyperbola with vertices (4, 7) and (4, 3) anda 
conjugate axis that measures 6 units. 


PART B: THE HYPERBOLA IN GENERAL FORM 


Rewrite in standard form and graph. 
Aig Oy lone o4y ik 

wo, On? = Do? = Ie = 100 = B16 = 0 

4g, Ahye = lee = O4bp 42 hy = 1 = 

an, One ee = i = Dy ID = 0 

Wy = Be = De = 1D = BES ST 

ug, Oye ae Oe = Boy Se Sa 

47. 36x* — 4y? + 24y — 180 =0 

ie ys ee) 

49, 25x” — 64y2 + 200x + 640y — 2,800 = 0 
50. 49y* — 4x” + 40x + 490y + 929 = 0 
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Sil, 


52. 


Bako 


54, 


55s 


56. 


Dis 


58. 


Bi), 


60. 


61. 


62. 


63. 


64. 


65. 


Oh =a = 


67. 


68. 


35> = 2-4 oy 34 — 0 
A = Oy = A Ly = 1G = 0 
Be = — ie = Gy = I 0 
12y* — 5x* + 40x + 48y — 92 = 0 
4x? — l6y? + 12x + 16y-—11=0 
Aes Eye =p 15 = (0 

Ay? — 36x? + 108x — 117 = 0 
Ay Pa oy os 0 


Given the general form, determine the intercepts. 


Bee ye = ile = Sp ad 
On 
x? —y*+2x+2y-4=0 
Ww a 6 = Gr = 1 Sal 
Su oy 4 oy —10 
Dee = By = A = Sp So 


Find the equations of the asymptotes to the given hyperbola. 


(y-5)" a8)? 
9 16 


ole 


16x” — 4y” — 24y — 96x + 44 = 0. 
Ay? —x* —8y—4x-4=0. 


Given the graph of a hyperbola, determine its equation in general form. 
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69. 


70. 


ale 
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O78. 


9 10111 
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OR Oe a eee 


72, ye 


PART C: IDENTIFYING THE CONIC SECTIONS 


Identify the following as the equation of a line, parabola, circle, ellipse, 
or hyperbola. 


®, ey? 2 pa Dp 28 =O 

7m. x* +y+2x-3=0 

Te, D6 dye = (ee i Sl 

76. 3x —2y = 24 

77. x* —y? +36=0 

78. 4x? + 4y* —32 =0 

DD, 6° a) =e ys 1 So 

80. xy? +2y+1=0 

81. 3x +3y+5=0 

e2 ey Ee 4y — 1447 12) 4 — 0 


Identify the conic sections and rewrite in standard form. 


Bye aoy oor Sil =@ 


8.4 Hyperbolas 1911 


Chapter 8 Conic Sections 


ea ey le oy 0 

Oa fo Se Se I SS 0 

m6, DS = De? 4 ioe = Sy = 1 SO 
87. 7x* + 4y — 84x + l6y + 240 =0 
gs. 4x7 + 4y* — 80x + 399 = 0 

39. 4x? + 4y” + 4x — 32y +29 =0 

60) 16x> 45> = 327 0y 125 — 0 
91. 9x — 18y? + 12y+7=0 

OF Ge ale) e448) Or) 


PART D: DISCUSSION BOARD 


93. Develop a formula for the equations of the asymptotes of a hyperbola. Share it 
along with an example on the discussion board. 


94, Make up your own equation of a hyperbola, write it in general form, and graph 
rite: 


95. Do all hyperbolas have intercepts? What are the possible numbers of intercepts 
for a hyperbola? Explain. 


96. Research and discuss real-world examples of hyperbolas. 
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ANSWERS 


1. Center: (6, —4) ;a = 4,b = 3; opens left and right; vertices: (2, —4), 
(IW, 43] 


3. Center: (0, -—9);a = 1b= / 5. opens upward and downward; vertices: 
(0. “O- V5). (0. oer V5) 


5. Center: (—1, —10);a = 2,b = 5; opens upward and downward; vertices: 


(-1,-15), (-1, -5) 


(2? 0-7)" 


ES ee 

(y+3)" _ @10)? _ 
2 Ss ae = 

(+8) ° ee 
ul a oS ll 

K, y an 
ee ee 
x 

13. ~~ YI 
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8 10,32714 16 | : 
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13) 
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Ws 


i), 


8.4 Hyperbolas 1914 


Chapter 8 Conic Sections 


=106514-=12—10' 8 6 4 2 4 6 8 10 12 14 16 


72 


AA, 
23, 

as : Te wie? 8 olin 

(322;-1 GPO (BEN = 5 Paar 

WO oY Se ee a eee 


8.4 Hyperbolas 


1915 


Chapter 8 Conic Sections 


Dike 


We) 


31. x-intercepts: (1 +3 / 5; 0) ; y-intercepts: none 
see) 
33. x-intercepts: none; y-intercepts: (0 =f) 


30 
35. x-intercepts: (+ ue 0). y-intercepts: none 


37. x-intercepts: (+ ‘ 7 0); y-intercepts: none 


x 
Si), q 


41. _ = | 
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Lo’ 
gies === === 
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Ree re ne eer eee | pare | 
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—6 oa 722 A 


Q-1)"  @ep? _ 
6 18 


Bao 
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ae rs 


Ree shAateoass Chases nosis ae 


Sse LG =3/2, 3/2) 
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BY), 


61. 


OB, 


65. 


67. 


69. 


vale 


Tae 


To 


We 


TD), 


81. 


83. 


85. 


8-7 -6.-5 -4 -3.-2 - 


x-intercepts: (- < P 0), (4, 0); y-intercepts: (0. —4+ 21/3) 
x-intercepts: (-1 + / a 0) ; y-intercepts: none 


x-intercepts: (0, 0), (2 ; 0); y-intercepts: (0, 0), (0, _ >) 


y= ~3x-ly= Syt11 
y=-2x+3,y=2x—-9 
K-94 18y— 4 — 0 
Dy = dos = NOG Boy ad = 
Circle 

Ellipse 

Hyperbola 

Hyperbola 

Line 

Parabola;y = (x — 3)? +2 


Qa? O48)" 


4 a ae 


Hyperbola; 
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87. 


89. 


onl, 


OB. 


955 


(x-6)* | (yt2) 


Ellipse; 7 apes ear 
1 2} 
Circle; (x af >) ate (y 
a 1 
Parabola; x = 2(y ai 


Answer may vary 


Answer may vary 
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8.5 Solving Nonlinear Systems 


32. A system of equations where at 
least one equation is not linear. 


LEARNING OBJECTIVES 


1. Identify nonlinear systems. 
2. Solve nonlinear systems using the substitution method. 


Nonlinear Systems 


A system of equations where at least one equation is not linear is called a nonlinear 
system”. In this section we will use the substitution method to solve nonlinear 
systems. Recall that solutions to a system with two variables are ordered pairs 

(x, y) that satisfy both equations. 
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Example 1 
x+2y=0 
Solve: ; . : 
X27 — > 
Solution: 


In this case we begin by solving for x in the first equation. 


Substitute x = —2y into the second equation and then solve for y. 
2 
(—2y) +y'=5 
Ay? + y?=5 
Sy" = 
2 
y — 
yaa 
Here there are two answers for y; use x = —2y to find the corresponding x- 
values. 


8.5 Solving Nonlinear Systems 1924 


Chapter 8 Conic Sections 


8.5 Solving Nonlinear Systems 


Using y = —1 | Using y = 1 


This gives us two ordered pair solutions, (2, —1) and (—2, 1). 


Answer: (2, —1), (—2, 1) 


In the previous example, the given system consisted of a line and a circle. Graphing 


these equations on the same set of axes, we can see that the two ordered pair 
solutions correspond to the two points of intersection. 


Two solutions. 


If we are given a system consisting of a circle and a line, then there are 3 
possibilities for real solutions—two solutions as pictured above, one solution, or no 
solution. 
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One solution. No solution. 


8.5 Solving Nonlinear Systems 1926 
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Example 2 


x+ty=3 
Solve: 5 5 : 
Sp y= 2 


Solution: 


Solve for y in the first equation. 


x+y=s—>> y=3-x 
x7 +y? =2 


Next, substitute y = 3 — x into the second equation and then solve for x. 


EO x) =! 
x7 +9 —6x+x7=2 


2x? — 6x +9=2 
2x? — 6x +7=0 
The resulting equation does not factor. Furthermore, using a = 2, b = —6, and 


c = 7 we can see that the discriminant is negative: 


b? — 4ac= (-6)" = (2) 7) 
=36 — 56 
=—20 
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We conclude that there are no real solutions to this equation and thus no 
solution to the system. 


Answer: © 


x-y=5 


Try this! Solve: : 
x +(y+1P =8 


Answer: (2, —3) 


(click to see video) 


If given a circle and a parabola, then there are 5 possibilities for solutions. 


one solution two solutions three solutions 
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four solutions no solution 


When using the substitution method, we can perform the substitution step using 
entire algebraic expressions. The goal is to produce a single equation in one 
variable that can be solved using the techniques learned up to this point in our 
study of algebra. 
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Example 3 
2 2 
a 
Solve: : 
y-x?=-2 
Solution: 


We can solve for x* in the second equation. 


Substitute x” = y + 2 into the first equation and then solve for y. 


yt+2+y?=2 
y’ +y=0 
y(y+1)=0 


y=0 or y=-1 


Back substitute into x* = y + 2 to find the corresponding x-values. 
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This leads us to four solutions, (+1, —1) and (v2, 0) : 


Answer: (+1, —1), (v2, 0) 


8.5 Solving Nonlinear Systems 1931 
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Example 4 
(Sp = 
Solve: , 
x? 4+y?=9 
Solution: 


We can solve for y in the second equation, 


Substitute y? = 9 — x? into the first equation and then solve for x. 


Gal =20=%7)= 4 
Se | SIRO 
Bie ee A 
(3x+7)(x-3)= 0 
3x+7= Oor x—3=0 
m= x=3 


Back substitute into y> = 9 — x” to find the corresponding y-values. 


8.5 Solving Nonlinear Systems 1932 


Chapter 8 Conic Sections 


This leads to three solutions, (- 


Answer: (3, 0), (- - ne “*) 
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Solution: 


Solve for y in the second equation. 


This leaves us with a rational equation. Make a note that x # 0 and multiply 
both sides by x7. 
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1 
ae + = )=2? 
x 


x Ee 1= 2x7 
ae i= 0 
(x7 —1)x?-l= 0 


At this point we can see that both factors are the same. Apply the zero product 
property. 


x? —1=0 
= 
x=+1 


Back substitute into y = J. to find the corresponding y-values. 


Using x = —1 | Using x = 1 


This leads to two solutions. 


Answer: (1, 1), (—1, -1) 
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liegt 
on 
Try this! Solve:4 , i : 
a ae 

ae eee 

Answer: ( lee i) 


(click to see video) 


KEY TAKEAWAYS 


* Use the substitution method to solve nonlinear systems. 
* Streamline the solving process by using entire algebraic expressions in 
the substitution step to obtain a single equation with one variable. 


* Understanding the geometric interpretation of the system can help in 
finding real solutions. 
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TOPIC EXERCISES 


PART A: NONLINEAR SYSTEMS 


Solve. 


-f cy 5 
ci 2 
7 eens 
x—3y=0 
" eae 
2x—-y=0 


(yey 5 
4x — 3y = 16 


ay + 2y- = 21) 
3x -—y=0 
x? + 5y* = 36 
x 2y = 0 
Ax? + 9y” = 36 
2x+3y=6 
Ax? hale = 4 

a i 


Dye faa = || 
7 a 
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8.5 Solving Nonlinear Systems 


“Als 


Das 


23 


The sum of the squares of two positive integers is 10. If the first integer is 
added to twice the second integer, the sum is 7. Find the integers. 


4x? + 3y? = 12 
12; 
2x-y=2 
2 D 
=9)? = 
Coe y 35 
x-—3y=0 
5x7 — Ty” = 39 
14. 
2x + 4y = 0 
9x? — 4y* = 36 
15. 
oy ey — 0 
2 joe 
re Se ey 05) 
x—2y=-12 
ng = 
Pe Oy 
8x —4y = 12 
2x — 4y? = 
18. an, 
3 — Zi 
Ax? + 3y? = 12 
19. 2; 
ae) 
> 
5x? + 4y” = 40 
20. 
y= 3 —=0 


The diagonal of a rectangle measures / 5 units and has a perimeter equal to 6 
units. Find the dimensions of the rectangle. 


For what values of b will the following system have real solutions? 


K2 ye = I 
y=x+t+b 
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24. For ee values of m will the following system have real solutions? 


= = 
Ss 


Solve. 
x ea =4 
2 oat 
x py? = 4 
eae a 
ae ea =4 
Va 


ms ey 
4y —x? =-4 


ASW 

=e == 3 
a oe =) 
of ne 
Ay? = 3y? = 12 
nf ey 1 

x? 4+y*=1 

32. ade 
oy 
= yO) 


cy 4 
34, es 
2x“ —y° +4x =0 


2(x- 2)? +y? =6 
313)c 
(1-3)? +y? =4 


33. 
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8.5 Solving Nonlinear Systems 


Al. 


42. 


43. 


44, 


The difference of the squares of two positive integers is 12. The sum of the 


40. 


x? +y* —6y=0 
“fae ne + 20y = 0 
ey 

3h 
4x? + y? = 40 
wf 2 _ dy? — -10 
Mee se — 10 
2x? +y? = 14 
a; en 
(y-2)* =12 
x Br we) == 


larger integer and the square of the smaller is equal to 8. Find the integers. 


The difference between the length and width of a rectangle is 4 units and the 
diagonal measures 8 units. Find the dimensions of the rectangle. Round off to 


the nearest tenth. 


The diagonal of a rectangle measures p units and has a perimeter equal to 2q 


units. Find the dimensions of the rectangle in terms of p and q. 


The area of a rectangle is p square units and its perimeter is 2q units. Find the 
dimensions of the rectangle in terms of p and q. 


Solve. 


48. 


= 26 
45. ‘i ty 
xy= 
2 2) 
= 10 
46. aan » 
xy = 
Die = aie 5 
47. ‘a y 
ll 
ay it 
xy = 
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2 D} 
=2 
49, - Le 
xy—-2=0 
2 2 
=1 
50. é es 
Dye) 
4x-—y? = 
Syl, Bae 
xy = 
By —x7 = 
Ba = 
xy-9=0 
a 
53) a 
We 
— oe 
54. a 
xy = 


55. The diagonal of a rectangle measures 2 / 10 units. If the area of the rectangle 
is 12 square units, find its dimensions. 


56. The area of a rectangle is 48 square meters and the perimeter measures 32 
meters. Find the dimensions of the rectangle. 


57. The product of two positive integers is 72 and their sum is 18. Find the 
integers. 


58. The sum of the squares of two positive integers is 52 and their product is 24. 


Find the integers. 
Solve. 
1 Il 
x uy 
59), 1 1 
See) 
x y 
Z | 
Bes a5 
60 ‘i ; 
el i 
a DQ 
x y 
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ry 
=k = |l 

61 ae: 

a hs cae 
Sepa awe) 
1 
—+—=6 
xy 

62.9 1 1 _, 

eae 0 
et 
ato a? 
x 

63. 

1 1 
SS 
x2" y2 
xy-16=0 

64. 4 
2x = Vy —10 
x+y? =4 
65. = 
y= x 
G1 —4 
66 os 
y= yx 
ie 
67. 5 
y=2~ -— 56 
2x 
= —72 
68. ye ij 
y-3* =0 
_ Ax 
69. ae 
y=e* +6 
Dns 
— =) 
ee ee 
y-e =0 


PART B: DISCUSSION BOARD 


71. How many real solutions can be obtained from a system that consists of a circle 
and a hyperbola? Explain. 
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72. Make up your own nonlinear system, solve it, and provide the answer. Also, 
provide a graph and discuss the geometric interpretation of the solutions. 
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le Clee) eC lh) 

», (-3V3,-V3), (3v3. v3) 
er 3) 

7. (—1, -3),(1, 3) 

9. (0,2), (3,0) 


u. (0, 1),(4. 4) 
ile (-3+/5, -/5), (3V5. V5) 


ils, (4) 


if (= .-6 +35), (8 SENS og 3V5) 


35. (3, —2), (3, 2) 
37. (—3, —2),(-3, 2), (3, —2), 3, 2) 
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8.5 Solving Nonlinear Systems 


ale 


units by 5 


-v8-#).(0 
ie 


. 2 units by 6 units 


, 12 


Answer may vary 


g++) 2p?-4q? q-\/2p*-q 
; 5 


. (-5,-1), (5,1), (-1,-5), (1, 5) 
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REVIEW EXERCISES 


DISTANCE, MIDPOINT, AND THE PARABOLA 


Calculate the distance and midpoint between the given two points. 
1. (O, 2) and (—4, —1) 
a, (6, 0) and (-2, —6) 
3. (—2,4) and (—6, -8) 
& (5, —1)and (3 .— 5) 
. (0. =} v2) =i (V5. -4y2) 
s. (-5V3, V6) ana (33, V8) 


Determine the area of a circle whose diameter is defined by the given 
two points. 


7. (—3, 3) and (3, —3) 
8. (—2, —9) and (—10, -15) 


(3 — z)and(— 3.3) 


(2v5, -2/2) nd (0. -4y/2) 


Rewrite in standard form and give the vertex. 


ne 


= 
2 


uu. y=x? — 10x + 33 
iO, ys 2ee =de= Il 
iyo Son 
i, YS aye ae a? 


15. x=y* + 10y +10 
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iG, 6 = ayo + Dy ey 
in, pS ap Bey as 
is, = Sy = Sy DV 


Rewrite in standard form and graph. Be sure to find the vertex and all 
intercepts. 


1, Ysa = Mes 15 
M, Year = lv 75 
m ps =p = De = 4 
eG 
wey = (Op ie 
24, x = —y* + 4y +12 
1, ges athy” te Dy 

26. x = 9y* + 18y + 12 
27. x = —4y? +4y +2 
hy, = ye = Sy 


CIRCLES 


Determine the center and radius given the equation of a circle in 
standard form. 


29, feo bye = 
30. (x +8)? + (y—10)° =1 


ole day SS 


am (x-4) +045) =4 


Determine standard form for the equation of the circle: 
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33. Center (—7, 2) with radius r = 10. 


3 


34. Center (4 ‘ —1) with radius r = = . 


35. Center (0, —5) with radius 7 = 24/7. 


53 


36. Center (1, O) with radius r = ——. 


2 


37. Circle whose diameter is defined by (—4, 10) and (—2, 8). 


38. Circle whose diameter is defined by (ee —6) and (0, —4). 


Find the x- and y-intercepts. 
39. (x— 3)? + (y+ 5)” = 16 
40. (eS) ope I =4 
41, x? + (pon = 2) 
O Go Ir Biya a8 
Bo py ye] — 0) 
a, 9 dosy? = Aye By te I) = 
Graph. 
45. ELOY Hip oe) = 4 
GSI 4 (ps hp = oe 
47, x? +y* =24 


48. («-1)? +y?=4 
49, oe ae = 27 
SN oem Dae aa Oe ey, 


Rewrite in standard form and graph. 
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Sl oye =e dy a BS 
ye ay EG = ys 16 SO 
sO, Dee hy = Wea Gy = 3 SU 
pu, does fhe Ly te | =) 

55. x? +y?-S5x+y-5=0 


5, i ey Dea ly Sl 


ELLIPSES 


Given the equation of an ellipse in standard form, determine its center, 
orientation, major radius, and minor radius. 


ope | a0 


16 7 = 
(ir a Pe 1 
3 a 
2 
nS) 
505 Xa i| 
—8)2 +8 
Pee eae ast) =| 


2) 18 


Determine the standard form for the equation of the ellipse given the 
following information. 


61. Center (O, —4) witha = 3andb = 4. 
62. Center (3, 8) witha = landb = 1/7. 
63. Center (0, 0) witha = Sandb = / os 
64. Center (—10, —30) witha = 10andb = 1. 


Find the x- and y-intercepts. 


(x+2)7 oy? _ 
Fo ea! 
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(1)? (yt1)’ 


2 z= | 


66. 
Sp Se a he 0 
68. 5(x — 3)* + 6y? = 120 


Graph 
G19? | (45)' _y 
25 4 
(x#6)* | (8)? 
et ryt 
2 
3 
x5 2 
Al, ( 3) a y-4) =1 


Rewrite in standard form and graph. 
75. 4x” + Oy? — 8x + 90y + 193 =0 
76. 9x” + 4y? + 108x — 80y + 580 = 0 
77. x* + Dy* + 6x + 108y + 324 =0 
78. 25x” + y* — 350x — 8y + 1,216 =0 
We) Sp a = Ne = Boy = 1B = 0 
go 10, oy = 50x 14 7 — 0 


HYPERBOLAS 


Given the equation of a hyperbola in standard form, determine its 
center, which way the graph opens, and the vertices. 
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4 Go a 
(472 (y-8)? 

82. = =e 
(y-20) 


— (x - 15)” =I 
84. 3y* — 12(x — 1)” = 36 


Determine the standard form for the equation of the hyperbola. 


85. Center (—25, 10) 0 — /5, opens up and down. 


86. Center (9,-12),a=5 V3, b = 7, opens left and right. 


87. Center (—4,0),a = 1, b = 6, opens left and right. 


88. Center (—2, —3),a = 10 /2, a 24/3, opens up and down. 


Find the x- and y-intercepts. 


G1? (y43)” 
mn 9 


2 =2 
~, Ge Re 


91. Aye 5 = 116 


92. 6(y +1)” —3(x- 1)? = 18 


Graph. 
93. Salle - aie = 1 
94. cars — onl =] 
95. tale = Gal ell 
ee (y+1)° _ Gt? _ | 
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97. 
5 Veqeoee 
98. z= 1 


Rewrite in standard form and graph. 
oe), Abeta = 0 
160 05 — 08x oy 224 — 0 

loi 2oy> 21 - — 1007 500 

Wwe, 29 =e =2e = 10 =O 

Nis, Ge = We? te eh = De = 3S SO 
Hod, Zhe abe = ip Es = 87 = 


Identify the conic sections and rewrite in standard form. 
his, oo ays Se a ee IE Sa 
Wee ery a 4 
Hi, ee Se Se A = I 
108. x? +y— 10x+22=0 
109. x2 + 12y? —12x+24=0 
110. x2 +y* + 10y + 22 =0 
11. 4y? — 20x? + 1l6y + 20x -9 = 0 
112, 16x — 16y? + 24y — 25 = 0 
Mie, Ove Oe Se i ly 0) 
114, 4x? + 4y? + 4x —- 8y +1 =0 


Given the graph, write the equation in general form. 
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gL 113), 


2:1410-9.38 TG =5.-4.3, ety 


116. 


N17, 
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y 


0 
9 
8 
7 
6 
5 
4 
3) 
2 
l 


118. 


119. 


120. 
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SOLVING NONLINEAR SYSTEMS 


Solve. 
2 2 
x~ + = 8 
12 y 
x-y=4 
122) 


123. 


124. 


a eee 
Se 
N ie) 
y+ 
Ke 
| - 
| 
aN 


3x —2y* = 1 
IE, i y 


126. 
pipes = ih 


WA, 


On +4y= 
5x? —y? = 10 


jp 
i) 
A 


Oy al 
Dy ye a 3) 


b 
(eS) 
2 


ISL, 


2 
132. es 
xy-8=0 


FNM eee 
& 
+ 
aN 
Ss 
| 
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+ 


iit) 


— 
Oo 
(eS) 


& 
PS 
Se i 


+ 
Se 
we) 


ea ie a 
N 

— 

aoe 

II 

Go 


4 


NS 
II 

Se 
| 
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ANSWERS 


1. Distance: 5 units; midpoint: (-2, i) 


3. Distance: 44/ 10 units; midpoint: (—4, —2) 


ee eee @ = S| 
7. 187 square units 

9. = square units 

i. y = (x— 5)” + 8;vertex: (5, 8) 

1s y= (x— 3)? ~ Boveri ($.— 8) 
15. x = (y +5)” — 15; vertex: (-15, -5) 
17. x = —(y — 4)? + 13, vertex: (13, 4) 


19. y= (x— 10)” — 


=& 
Ss 


—50 


—20 040 10 5 20 25 30 35 40 


y= 2 4S) 
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2, x=(y-5)°-9 


8.6 Review Exercises and Sample Exam 
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=?) 
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Lids 


29. Center: (6, 0) ae 
31. Center: (0, 0); radius: r = 1/5 
33. («+ 7)? + (y—2)° = 100 
35. x2 + (y+5)° =28 

yp (Can sia a” oo) =2 


39, x-intercepts: none; y-intercepts: (0. —5+ s/ 7) 
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41. x-intercepts: (+4, 0); y-intercepts: (0. 2+ 24/ 5) 


43, x-intercepts: none; y-intercepts: (O, 3), (0, 9) 


45. 


47. 


8.6 Review Exercises and Sample Exam 


a2 AO) 8a On aS e aor 


nv Ww & UA JN Co O 


_— 


1 
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ee Ome. 
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57. Center: (—12, 10); orientation: horizontal; major radius: 4 units; minor 
radius: 2 units 


59. Center: (0, 5) ; orientation: vertical; major radius: 24/ 3 units; minor radius: 
1 unit 


61. x + = | 
a el 
65. x-intercepts: (—4, 0), (0, 0); y-intercepts: (0, 0) 
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67. x-intercepts: (+2, 0); y-intercepts: (0. +4/ 10) 


Vv 


123 45 67 8 9 W Tl 12 13 14 15 16 


69. 


vale 
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85. 


87 


89. 


2S ee On Oia S 


. Center: (10, —5) ; opens left and ae vertices: (8, —5) ; (a2 —5) 


. Center: (i>: 20) ; opens upward and downward; vertices: 


(15, 20 = V3), (15, 20 ‘ V3) 


(p10) welt 25) 
5 16 


= |l 
eS 
(«@+4)°-2 =1 


x-intercepts: (1 + 24/ ia 0) ; y-intercepts: none 
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91. x-intercepts: (0, 0); y-intercepts: (0, 0), (0, 4) 


20 25 30 35 40 


OB 


OB), 
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97. 
99. 
1.2.3.4.5. 6 79 10 
oe aoe 
vae PI ob 
(y-2)” Xe ee 
101. 5) oe 
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arm 
wile 


a y 
2 : reg 


105. Circle; (x — ie + (y — 4) a 1 


107. Hyperbola; 


109. Ellipse; 
+2 2 
111. Hyperbola; cee = (x = +) =a 


113. Hyperbola; (x = De = (y sr ne = 


115. x7 +y? + 18x-—6y+9=0 
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hig, Oe? yw 4 ye Ss oy ee SO 
ic, Gap SaGaby > fo Sle = AS = 0 
121. (2, —2) 

ws. (-4,.-B)0,) 

Ws, (8. =). Cl, =) 

We, (1, — 2), (1B) 


v2.0).(v2.0).(-v7.-5).(v7.-5) 
v2, V2). (-V2.-v2). (2v2.4 ), (-2v2.-4) 
) 


129) 
Tee 


133. ( 
( 


135. 
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SAMPLE EXAM 


1. Given two points (—4, —6) and (2, —8): 


a. Calculate the distance between them. 
b. Find the midpoint between them. 


2. Determine the area of a circle whose diameter is defined by the points 


(4, —3) and(—1, 2). 


Rewrite in standard form and graph. Find the vertex and all intercepts 
if any. 


3. y= —x* + 6x —5 

4, x = 2y* + 4y -6 

5. x= —3y? +3y 41 

6. Find the equation of a circle in standard form with center (-6, 3) and radius 


Z / 5 oats 


Sketch the graph of the conic section given its equation in standard 
form. 


7. @—4)? + (y 41) =45 


BY 
Se 7 +> =1 
2 2 
AY Mee 
Ds 3 {| 


10. Soo 2) Si 


Rewrite in standard form and graph. 
tO ey Ie eeiGy 556 — 0) 
12. x-y* +6y+7=0 

13. x* + y? + 20x — 20y + 100 =0 

14. 4y? — x? + 40y — 30x — 225 = 0 
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Find the x- and y-intercepts. 
2; 
15. x= —2(y—4)° +9 
(y-1)" 


De 
pate eS 
Solve. 
x+y=2 
7, 5 
Wes Sop ao 4 
oe 
18. 
x? 4+y?=9 
24—y— | 
19. 5 ‘i 
(x+1)* +2y* =1 
m3 2 
= 10) 
20) eae 
xy = 3 


21. Find the equation of an ellipse in standard form with vertices (-3, —5 ) and 


ib: —5) and a minor radius 2 units in length. 


22. Find the equation of a hyperbola in standard form opening left and right with 


vertices (+ / 3, 0) and a conjugate axis that measures 10 units. 


23. Given the graph of the ellipse, determine its equation in general form. 
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24. A rectangular deck has an area of 80 square feet and a perimeter that measures 
36 feet. Find the dimensions of the deck. 


25. The diagonal of a rectangle measures 2 / 13 centimeters and the perimeter 
measures 20 centimeters. Find the dimensions of the rectangle. 
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ANSWERS 


tcay. 2 NG wets 
b. (-—1, -7) 


ee 
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il, 


8.6 Review Exercises and Sample Exam 1975 


Chapter 8 Conic Sections 


13. («+ 10)? + (y— 10) * = 100, 


15. x-intercept: (—23, QO); y-intercepts: (0. 


We (Eales) aU) 
19. @ 


(1)? (y+5)° 
16 4 


23, 4x? + 25y2 — 24x — 100y + 36 =0 


2a ia) 


25. 6 centimeters by 4 centimeters 
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Chapter 9 Sequences, Series, and the Binomial Theorem 


9.1 Introduction to Sequences and Series 


1. A function whose domain is a 


i) 


Go 


set of consecutive natural 
numbers starting with 1. 


. Asequence whose domain is 


the set of natural numbers 


a a eee a 


. An equation that defines the 


nth term of a sequence 
commonly denoted using 
subscripts dy. 


LEARNING OBJECTIVES 


Find any element of a sequence given a formula for its general term. 
Use sigma notation and expand corresponding series. 

Distinguish between a sequence and a series. 

Calculate the nth partial sum of sequence. 


BP WH Ff 


Sequences 


A sequence’ is a function whose domain is a set of consecutive natural numbers 


beginning with 1. For example, the following equation with domain {1, 2, 3, ... 
defines an infinite sequence’: 


a(n) = 5n-—3 or a, = 5n—3 


The elements in the range of this function are called terms of the sequence. It is 
common to define the nth term, or the general term of a sequence’, using the 
subscritped notation a,, which reads “a sub n.” Terms can be found using 
substitution as follows: 


General term : A, =5n — 3 


Firstterm(n = 1): aq =5(1)-3 =2 
Second term (n = 2) m =5(2)-3 =7 
Third term (n = 3): a=5(3)-3 = 12 
Fourth term (n = 4) :a@, =5 (4) —3 = 17 
Fifth term(n = 5): a=5 (5) -—3 = 22 


} 


1978 


Chapter 9 Sequences, Series, and the Binomial Theorem 


This produces an ordered list, 


Dig Tey Dee Nd gles Soke 


The ellipsis (...) indicates that this sequence continues forever. Unlike a set, order 
matters. If the domain of a sequence consists of natural numbers that end, such as 
{1, 2, 3, ...,k}, then it is called a finite sequence’. 


4, A sequence whose domain is 
{1,2,3,...,k} wherekisa 


natural number. 
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Example 1 


Given the general term of a sequence, find the first 5 terms as well as the 100 


n(n—1) 


term: @, = 5) 


Solution: 


To find the first 5 terms, substitute 1, 2, 3, 4, and 5 for n and then simplify. 


_ a tO OL, 
i le a on 
pa2@=)_20)_2_, 
: D We GD 
HEED IO) © L, 
7 por 2 oe = 
LACS WO) 
D DE 2 
zs as 5G) 22007, 
2 ETD 
th 


Use n = 100 to determine the 100°" term in the sequence. 


100(100-1) _ 10099) _ 9,900 
a = “= = = = 4,950 


4100 = 


Answer: First five terms: 0, 1, 3, 6, 10; dj99 = 4,950 


Sometimes the general term of a sequence will alternate in sign and have a variable 
other than n. 
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Example 2 
Find the first 5 terms of the sequence: d, = (—1)"x""!. 
Solution: 


Here we take care to replace n with the first 5 natural numbers and not x. 


Aa! Soe 
pei 
mel fee 
mete Sa 
papel = 8 


Answer: =, x?, ="; se =x" 


Try this! Find the first 5 terms of the sequence: a, = (—1)"*'2”. 


Answer: 2, -4, 8, -16, 32. 


(click to see video) 


One interesting example is the Fibonacci sequence. The first two numbers in the 
Fibonacci sequence are 1, and each successive term is the sum of the previous two. 
Therefore, the general term is expressed in terms of the previous two as follows: 


Fy = Fy-2 + Pai 
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Here F, = 1, Fy = 1, andn > 2. A formula that describes a sequence in terms of 
its previous terms is called a recurrence relation’. 

Example 3 

Find the first 7 Fibonacci numbers. 

Solution: 


Given that F; = 1 and Fy = 1, use the recurrence relation F,, = F,-2 + Fy-1 
where 71 is an integer starting with n = 3 to find the next 5 terms: 


Raho +h) =F th =14+1=2 
Raho +h) =h#+h=14+2=3 
Fs =Fs_.) + 5-1) = Fe t+ Fy =24+3=5 
Fo=Fo2 + Fo) =F t+ Fs =34+5=8 
Rabe theo fie 5 8 — 13 


ANS Werle My 7,3, 510,13 


Figure 9.1 


5. A formula that uses previous 
terms of a sequence to describe 
subsequent terms. 
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Leonardo Fibonacci (1170-1250) Wikipedia 


Fibonacci numbers appear in applications ranging from art to computer science and 
biology. The beauty of this sequence can be visualized by constructing a Fibonacci 
spiral. Consider a tiling of squares where each side has a length that matches each 
Fibonacci number: 


shape. 


This shape is called the Fibonacci spiral and approximates many spiral shapes found 
in nature. 


6. The sum of the terms of a Series 


sequence. 
a ThSauet ie ieeentan A series’ is the sum of the terms of a sequence. The sum of the terms of an infinite 

infinite sequence denoted S.,. sequence results in an infinite series’, denoted S,,. The sum of the first n terms in 
a sequence is called a partial sum’*, denoted S,,. For example, given the sequence of 


. Th f the fi i me ‘ : 
So nese er eee ens positive odd integers 1, 3, 5,... we can write: 


a sequence denoted S ;.. 
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S,=14+3454+74+9+4+-+ Infinite series 
Ss =14+3454+7+4+9 = 25 Sthpartial sum 


Example 4 


Determine the 3 and 5" partial sums of the sequence: 3,-6, 12,-24, 48... 


Solution: 


S3=3+ (-6)+12=9 
Ss=3 + (-6) +12+ (-24) + 48 = 33 


Angwero3 = 9:55 = 33 


If the general term is known, then we can express a series using sigma’ (or 
summation’’) notation: 


n= 174274374... Infinite series 


3 
9, Asum denoted using the $3 ->d n = 12 + 2 + 32 3rd partial sum 
symbol & (upper case Greek n=l 
letter sigma). 


10. Used when referring to sigma 
notation. 


The symbol & (upper case Greek letter sigma) is used to indicate a series. The 
11. The variable used in sigma expressions above and below indicate the range of the index of summation”, in 
notation to indicate the lower 


this case represented by n. The lower number indicates the starting integer and the 
and upper bounds of the 
summation. 
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upper value indicates the ending integer. The nth partial sum S,, can be expressed 
using sigma notation as follows: 


n 
Sn = 2 a =A +Qt- + 


This is read, “the sum of ay as k goes from 1 to n.” Replace n with ~ to indicate an 
infinite sum. 


Example 5 


5) 
Evaluate: 2 (3h 


=(—3)” + (—3)' + 3 + (-3Y + 39 
=1-34+9-27+81 
=61 


Answer: 61 


When working with sigma notation, the index does not always start at 1. 
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Example 6 
5 
Evaluate: & (1y (3k) : 


Solution: 


Here the index is expressed using the variable k, which ranges from 2 to 5. 


2) 
ZCI GH=(-1"G 2) + CDG -3) + CD'B- 4) + C1 - 5) 


=6-9 41915 
=~6 


Answer: -6 


5 
Try this! Evaluate: & (15 - 9n). 


n=1 


Answer: -60 


(click to see video) 


Infinity is used as the upper bound of a sum to indicate an infinite series. 
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Example 7 


an 
Write in expanded form: & : 
n=0 n+ 1 


Solution: 


In this case we begin with n = 0 and add three dots to indicate that this series 
continues forever. 


es n 0 1 2, 5 
TERI | an al cai 
mb 2 
Oe se 
Ee es 
i aaa 


: on, 2 te 3 De soe 
Bniswers Osis ge te 


When expanding a series, take care to replace only the variable indicated by the 
index. 
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Example 8 
Write in expanded form: a= ieee 


Solution: 


en be Se ee st (ly te Gly? oe 
i=1 


= (—1)? x2) a Ela (=i) x? ees 


Sy ae de 


2x4 4 0 —... 


KEY TAKEAWAYS 


* Asequence is a function whose domain consists of a set of natural 
numbers beginning with 1. In addition, a sequence can be thought of as 
an ordered list. 

* Formulas are often used to describe the nth term, or general term, of a 
sequence using the subscripted notation d),. 

* Aseries is the sum of the terms in a sequence. The sum of the first n 
terms is called the nth partial sum and is denoted Sp. 

* Use sigma notation to denote summations in a compact manner. The nth 


Answer: X 


n 
partial sum, using sigma notation, can be written SS, = LX dy.The 
k=1 


symbol » denotes a summation where the expression below indicates 
that the index k starts at 1 and iterates through the natural numbers 
ending with the value n above. 
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TOPIC EXERCISES 
PART A: SEQUENCES 


Find the first 5 terms of the sequence as well as the 30° term. 


7) 

2G, = 20 

A re ed 

4. Gn = Faq 

5. Gy = (-1)"(n + 1)” 
era — (ly 
7. Ay = 3"! 

a, ee 

2 a= (4) 
= (-4) 
eae a 

12. a = 2 

13. G, =1+ “ 
id — a 


Find the first 5 terms of the sequence. 
Gee Oy es 
16. dy = (2x)"! 


ae 


n+4 


ea — 
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18. An = — 
2n 
per” 
19. G = el 
n+1)x” 
20. A, = ( ~ 
= 1)” 3n 
Ae a — (—1) % 


Dearie 
Find the first 5 terms of the sequence defined by the given recurrence 
relation. 

23. An = An—-| + Swherea, = 3 


24. Ay = An—| — 3wherea, = 4 


25. Gy = 3d, wherea, = —2 
26. Ay = —24y)—| wherea, = —1 
27. Ay, = NAy_1 where a, = 1 


28. A, = (n— 1) d,_1wherea, = 1 


29. A, = 2d,-1| — lwherea, = 0 
30. dy, = 3d,-1 + lwherea, = —1 
31. Ay = Anp—2 + 2dy,_| wherea, = —landa = 0 


32. Ay = 3dy-1 — Gn_-2 where a, = Oanda = 2 


33, Ay = An—| — An—2 where a, = landa = 3 


34. Uy = An—-2 + Ap_-| + 2wherea, = —4anda = —1 


Find the indicated term. 
35. d, = 2—7nsa2 


36. dy = 3n — 8;a0 


37. Un = ~4(5)" say 
Seed = 6(4)"*, a 
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39. dg = 1+ +; ao 


(n+ 1)5">; as 
Clie ou 


42. A, =n(n— 1) (n— 2); 


40. Gy 


Ano, 


43. An investment of $4,500 is made in an account earning 2% interest 
compounded quarterly. The balance in the account after n quarters is given by 


a= 4500 ( 1+ a= \ . Find the amount in the account after each 


quarter for the first two years. Round to the nearest cent. 


44, The value of a new car after n years is given by the formula 
n 
A, = 18,000 ( 7 ) . Find and interpret d7. Round to the nearest whole 
dollar. 


45. The number of comparisons a computer algorithm makes to sort n names in a 
list is given by the formula a, = nlog, n. Determine the number of 


comparisons it takes this algorithm to sort 2 X 10° (2 million) names. 


46. The number of comparisons a computer algorithm makes to search n names in 
a list is given by the formula a, = n” .Determine the number of comparisons 
it takes this algorithm to search 2 X 10° (2 million) names. 


PART B: SERIES 


Find the indicated partial sum. 
A) 3.559.177, 3852 54 
AS50160 0n 745 a 
49, 4,1, -4,-11, -20,...3.55 
50002, 6.112) 20..5 3 
51. Gd, =2— in: Ss 


52. A, = 3n — 8;S5 
53. dy = —4(5)"*; 5S; 


54. A, = 6(4)"*, 5; 
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55. Ay 


56. An 


EW e es 


1+ 1584 
(GSS Sa 
(-1)"27""?; Ss 


58, d, = nin— l)@— 25 S4 


Evaluate. 
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62. S (i+ 1 


i=0 
5) 
63. yy ept2" 
se 
64. yb"? 
ca. 
65. » (5) 
0 l k 
66. » (5) 
4 
67. » 2)" 
k=0 


3 
68. >» (2) = 
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eo) 1 n—-| 
2 (- >) 
=| 2 
oa 9) n+l 
76. Y (- =) 
n=0 
oe) 1 n 
5) » a( 5 
n=1 
val l n 
78 » 2(+) 
n=0 
79 (Gilet 
k=0 


80. > Cie! 
i=l 


81. Dy (—2)!*1 x! 


i=0 
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Express the following series using sigma notation. 
85. x + 2x? + 3x? +4x445x° 
86. Par pexi paxt etx? 4 2x8 
By Dee ee eo 
gs. 3x + 32x2 + 33x3 4 34x4 4. 35x5 
mp, Dye de aly” Jo Qe? fe coe EDO? 
90. x + 3x7~ + 9x2 foe + 37M 
on. 5+ (54d) + (S+2d) +--+ (5 +nd) 
97) 240 Sy a yp! 


3 3 3 il We 
93. $4345 4--43(4) 

8 16 32 Me 
94, Ste eg ep 


95. A structured settlement yields an amount in dollars each year, represented by 


n, according to the formulap,, = 10,000(0.70) nl | What is the total 
amount gained from the settlement after 5 years? 


96. The first row of seating in a small theater consists of 14 seats. Each row 
thereafter consists of 2 more seats than the previous row. If there are 7 rows, 
how many total seats are in the theater? 


PART C: DISCUSSION BOARD 


97. Research and discuss Fibonacci numbers as they are found in nature. 
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98. Research and discuss the life and contributions of Leonardo Fibonacci. 


99. Explain the difference between a sequence and a series. Provide an example of 
each. 
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ANSWERS 


il, 


Al. 


43. 


2, 4, 6, 8, 10;39 = 60 


0 3 


1774 


iS) 
$f D) ? 
-4, 9, -16, 25, -36; 039 = 961 
i, 3,9, 27,81 35 = 3? 


(ae eo ee epee: Paes 
OT 5 3° to > © e6 
ef 5 met 

2 3a 530 36 


ne I 


x x we xt 
5 


Gl me ee Oe 
mo 


So a B 


Rete axe ae one 
3 


0 Sy Gy IS}, IU, AS) 

5 =A =O, Hilts}, Sy, =I 
e210, 24,) 12.0) 

5 Whol =s 7, ls) 

5 lh Wah 5 


be ees Wee 


Year 1: QI: $4,522.50; QUI: $4,545.11; QIII: $4,567.84; QIV: $4,590.68; Year 2: QI: 
$4,613.63; QU: $4,636.70; QUI: $4,659.88; QIV: $4,683.18 
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45. 


47. 


49. 


Sil, 


S35 


55) 


Dike 


32), 


61. 


63. 


65. 


67. 


69. 


vale 


3s 


1D: 


We 


We), 


81. 


83. 


Approximately 4 X 107 comparisons 
34 


=3i0) 


+ + 


Ww] 
+ 
ENS es) 


ip nae 


col 


emer 3 3 
Bes ry Ge 
x—x? 4x3 —xt 4s. 
—2 + 4x — 8x? + 16x? - 


x? + 3x4 45x84 7x8 4+ 
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95. $27,731 
97. Answer may vary 


99. Answer may vary 
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9.2 Arithmetic Sequences and Series 


12. A sequence of numbers where 
each successive number is the 
sum of the previous number 
and some constant d. 


13. Used when referring to an 
arithmetic sequence. 


14. The constant d that is obtained 
from subtracting any two 
successive terms of an 
arithmetic sequence; 

Qn — 1 =d 


LEARNING OBJECTIVES 


1. Identify the common difference of an arithmetic sequence. 
2. Find a formula for the general term of an arithmetic sequence. 
3. Calculate the nth partial sum of an arithmetic sequence. 


Arithmetic Sequences 


An arithmetic sequence”, or arithmetic progression’’, is a sequence of numbers 
where each successive number is the sum of the previous number and some 
constant d. 


Gn = G-1 +d Arithmetic Sequence 


And because d, — G,_| = d, the constant d is called the common difference™*. For 
example, the sequence of positive odd integers is an arithmetic sequence, 


15350, 1.95 43 


Here a, = | and the difference between any two successive terms is 2. We can 
construct the general term ad, = d,_; + 2 where, 


1999 
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aj=l1 

a@=a,+2=14+2=3 
@B=qa4+2=342=5 
m4=a3+2=54+2=7 
a=a4+2=74+2=9 


In general, given the first term a, of an arithmetic sequence and its common 
difference d, we can write the following: 


m=a +d 

B=m+d= (a +d) +d=a +2d 
a=e+d= (a, + 2d) +d =a, + 3d 
a~—a=a4+d= (a, + 3d) +d =a, + 4d 


From this we see that any arithmetic sequence can be written in terms of its first 
element, common difference, and index as follows: 


G =a + (n—1)d Arithmetic Sequence 


In fact, any general term that is linear in n defines an arithmetic sequence. 


9.2 Arithmetic Sequences and Series 2000 


Chapter 9 Sequences, Series, and the Binomial Theorem 


Example 1 


Find an equation for the general term of the given arithmetic sequence and use 
it to calculate its 100" term: 7, 10, 13, 16, 19, ... 


Solution: 


Begin by finding the common difference, 


Note that the difference between any two successive terms is 3. The sequence is 
indeed an arithmetic progression where a; = 7 andd = 3. 


G=a+ (n-1)d 


=7+ (n-1)-3 
=7+3n-3 
=3n+4 


Therefore, we can write the general term a, = 3n + 4. Take a minute to verify 
that this equation describes the given sequence. Use this equation to find the 
100° term: 


ajoo = 3 (100) + 4 = 304 


Answer: d, = 3n + 4; aj99 = 304 
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The common difference of an arithmetic sequence may be negative. 


9.2 Arithmetic Sequences and Series 2002 


Chapter 9 Sequences, Series, and the Binomial Theorem 


Example 2 


Find an equation for the general term of the given arithmetic sequence and use 
it to calculate its 75" term: 6, 4, 2, 0, —2, ... 


Solution: 


Begin by finding the common difference, 


Next find the formula for the general term, here a; = 6 andd = —2. 


=a + (n-1)d 
=6+ (n-1)- (-2) 
=6—-—2n+2 
=8 —2n 


Therefore, a, = 8 — 2nand the 75*} term can be calculated as follows: 


ays =8 — 2 (75) 
=8 — 150 
=—142 
Answer: d, = 8 — 2n; ajo) = —142 
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The terms between given terms of an arithmetic sequence are called arithmetic 
means”. 


15. The terms between given terms 
of an arithmetic sequence. 
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Example 3 


Find all terms in between aj = —8 and a, = 10 of an arithmetic sequence. In 
other words, find all arithmetic means between the 1°' and 7} terms. 


Solution: 


Begin by finding the common difference d. In this case, we are given the first 
and seventh term: 


Geaa+ 7— ld Usen=7. 
a=a+ (7-1)d 


a =a, + 6d 


Substitute aj = —8 and a7 = 10 into the above equation and then solve for 
the common difference d. 


10=-—8 + 6d 
18=6d 
3=d 


Next, use the first term a, = —8 and the common difference d = 3 to find an 
equation for the nth term of the sequence. 
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AQ=—-8+ (n—-1)-3 
=-8 + 3n -3 
=-11+3n 


With a, = 3n — 11, where nis a positive integer, find the missing terms. 


a, =3(1)-11 =3-11=-8 
am =3(2)-11=6-11=-5 
a =3(3)-11=9-11=-2 
a4 = 3(4)-11=12-11=1 
a, =3(5)-11=15-11=4 
a =3(6)-11=18-11=7 
a = 3(7)- 11 =21-11 = 10 


arithmetic means 


Answer: -5, -2, 1, 4, 7 


In some cases, the first term of an arithmetic sequence may not be given. 
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Example 4 
Find the general term of an arithmetic sequence where a3 = —1 and ajo = 48. 
Solution: 


To determine a formula for the general term we need qa; and d. A linear system 
with these as variables can be formed using the given information and 
Gm =a + (n—-l)ea 


ae -l=a,+2d Usea =-1. 
ao =a + 0O-1)d 48 =a, +9d Useay = 48. 


Eliminate a; by multiplying the first equation by -1 and add the result to the 
second equation. 


x(-1) 
-l =q+2da >> 1 = -a, —2d 
48 = a +9d + 48 = a, + 9d 
49 = Td 
a 


Substitute d = 7 into —1 = a, + 2d to find a. 
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N= ap e2 47) 
=a; 14: 
jhe — Qi 
Next, use the first term a, = —15 and the common difference d = 7 to finda 


formula for the general term. 


=a + (n-1)d 


=—-15+ (n-1)-7 
=-15+7n—-—7 
=-224+7n 


Answer: d, = 7n — 22 


Try this! Find an equation for the general term of the given arithmetic 


sequence and use it to calculate its 100" term: - ae - seoie - Bee 


Answer: d, = n+ Leer ee 


(click to see video) 


Arithmetic Series 


An arithmetic series ”° is the sum of the terms of an arithmetic sequence. For 
example, the sum of the first 5 terms of the sequence defined by a, = 2n — 1 
follows: 


16. The sum of the terms of an 
arithmetic sequence. 
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5 
Ss= X Qn-1) 


=(2() -1) + [2@)-1]) + [2@)-1] + [22@-1]) + [2(5)-1] 
=14+34+5+7+9 
=25 


Adding 5 positive odd integers, as we have done above, is managable. However, 
consider adding the first 100 positive odd integers. This would be very tedious. 
Therefore, we next develop a formula that can be used to calculate the sum of the 
first n terms, denoted S,,, of any arithmetic sequence. In general, 


Sp =a + (a +d) + (a, + 2d) +...4+4) 


Writing this series in reverse we have, 


Sn = 4) + (a, —d) + (a, — 2d) +...4+q 


And adding these two equations together, the terms involving d add to zero and we 
obtain n factors of a) + Ap: 


28n=(a, +Q,) + (4 +ta,) +... + (Q +a) 
287 =N (a, + Gn) 


Dividing both sides by 2 leads us the formula for the nth partial sum of an 
arithmetic sequence”: 


17. The sum of the first n terms of 
an arithmetic sequence given 


by the formula: 
n(a,+d,) 
Sy = Met 
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Use this formula to calculate the sum of the first 100 terms of the sequence defined 
by dq = 2n — 1.Here a, = | andadjoo = 199. 


100 (a, + ao0) 
2 

_ 100(1 + 199) 

= 7 

= 10,000 


Si00 = 
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Example 5 


Find the sum of the first 50 terms of the given sequence: 4, 9, 14, 19, 24, ... 
Solution: 


Determine whether or not there is a common difference between the given 
terms. 


d=9-4=5 


Note that the difference between any two successive terms is 5. The sequence is 
indeed an arithmetic progression and we can write 


=a + (n-1)d 


=4+ (n-1)-5 
=4+5n—-—5 
=5n—-1 


Therefore, the general term is ad, = 5n — 1.To calculate the 50th partial sum 
of this sequence we need the 1°" and the 50°" terms: 


a, =4 
aso =5 (50) — 1 = 249 
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Next use the formula to determine the 50 partial sum of the given arithmetic 
sequence. 


_ na, + a) 

= D 

50.(a, + 450) 
D 

_ 50(4 + 249) 

a p) 

=25(253) 

=6,325 


Sn 


S50 = 


Answer: S59 = 6,325 
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Example 6 
315) 
Evaluate: = (10 — 4n). 


Solution: 


In this case, we are asked to find the sum of the first 35 terms of an arithmetic 


sequence with general term a, = 10 — 4n. Use this to determine the 1°* and 


the 35" term. 


a, =10—4(1) =6 
a5 =10 — 4 (35) = -130 


Next use the formula to determine the 35" partial sum. 


n (a + Gn) 
aes 
35- (aq +5) 
2s ero aie 
35 [6 + (—130)| 
——— 
_ 35(-124) 
Tae 
=—2,170 


Answer: -2,170 
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Example 7 


The first row of seating in an outdoor amphitheater contains 26 seats, the 
second row contains 28 seats, the third row contains 30 seats, and so on. If 
there are 18 rows, what is the total seating capacity of the theater? 


Figure 9.2 


irae 


Roman Theater (Wikipedia) 


Solution: 


Begin by finding a formula that gives the number of seats in any row. Here the 
number of seats in each row forms a sequence: 


26,28,.30, 


Note that the difference between any two successive terms is 2. The sequence is 
an arithmetic progression where qj = 26andd = 2. 
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=a + (n-1)d 


=26+ (n—1)-2 
=26+2n—2 
=2n +24 


Therefore, the number of seats in each row is given by a, = 2n + 24.To 
calculate the total seating capacity of the 18 rows we need to calculate the ie 
partial sum. To do this we need the 1°' and the 18°" terms: 


a; =26 
ag =2 (18) + 24 = 60 


Use this to calculate the 18°" partial sum as follows: 


n (a, + Gy) 
Ss, =—— 
2 
18- (aq +a) 
a ja 
18 (26 + 60) 
2 
=9 (86) 
=r 


Answer: There are 774 seats total. 
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Try this! Find the sum of the first 60 terms of the given sequence: 5, 0, -5, -10, 
alles 


Answer: S6y = —8,550 


(click to see video) 


KEY TAKEAWAYS 


+ An arithmetic sequence is a sequence where the difference d between 
successive terms is constant. 

* The general term of an arithmetic sequence can be written in terms of 
its first term d) , common difference d, and index n as follows: 
A, = a, + (n—1)d. 

* An arithmetic series is the sum of the terms of an arithmetic sequence. 


¢ The nth partial sum of an arithmetic sequence can be calculated using 
nay +n) 
2; 


the first and last terms as follows: S,, = 
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TOPIC EXERCISES 
PART A: ARITHMETIC SEQUENCES 


Write the first 5 terms of the arithmetic sequence given its first term 
and common difference. Find a formula for its general term. 


1, a) =3:d =3 
St a es ei) 
Sidi — 10,0. —— 5 
4.a, =7;d = —4 


5 a = yd=1 
6 a4 =sd=5 
— a 1 
7,.a4 =ld=--5 
5 1 
Ba = or 
oa) — 16.4 = Oo 


10. a) =—4.3-d = 7.1 
Given the arithmetic sequence, find a formula for the general term and 
use it to determine the 100" term. 

IML, By Os 1S), All, BF noo 

io Si, Gh IS, Itsy, Ashes 

13, $3), =7/, HI, =115y, =I) 

14) —6; 14, -22,,-30; -38;,.. 


IS, =S = 10), lS}, 20, =o a0 
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19, 37 Or Roe =Shecon 
1 1 5 11 
20. f= 90 = q-2, ye, 


21. 0.8, 2, 3.2, 4.4, 5.6,... 

ina, Algal TS), WOLD, WSo7/5 WO nrc 

23, Find the 50th positive odd integer. 
24, Find the 50th positive even integer. 


25, Find the 40" term in the sequence that consists of every other positive odd 
manussexene Il, 5s, I 

26. Find the 40" term in the sequence that consists of every other positive even 
integer: 2, 6, 10, 14,... 


27. What number is the term 355 in the arithmetic sequence -15, -5, 5, 15, 25,...? 
28. What number is the term -172 in the arithmetic sequence 4, -4, -12, -20, -28,...? 


29. Given the arithmetic sequence defined by the recurrence relation 
An = An—1 + Swhere ay = 2andn > 1, find an equation that gives the 
general term in terms of Gd, and the common difference d. 


30. Given the arithmetic sequence defined by the recurrence relation 
An = An—| — Iwhere a; = 4andn > 1, find an equation that gives the 
general term in terms of Gd, and the common difference d. 


Given the terms of an arithmetic sequence, find a formula for the 
general term. 


si, Gy — Ganda = 42 


32. qa = — + and ay2 = —6 
33. ay = —19anda@e = 56 
34. ay = —9anda3; = 141 
35.6). — < and ay9 = — 
36. Ay = > and ay a aa 
37. 3 = bandme = —40 
38. 43 = l6anda)5 = 76 
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39. d4 = —8anda3 = 30 
40. a5 = —7anda37 = —135 
A = and dp] == = 
42. a3 = < and a2 =—- A 


43) as — No.2 and (og) — O19 
44, a4 = —1.2 anday3 = 12.3 


Find all arithmetic means between the given terms. 


45, a) = —3andd, = 7 


46. a) = Sanddas = —7 
47. @ =4anday = 7 
48,45 — = and dy — —i 


49, as = lS anda; = 21 


50. & = 4 and ay = -| 


PART B: ARITHMETIC SERIES 


Calculate the indicated sum given the formula for the general term. 
51. dy = 3n + 5;S$ 100 


52. A, = 5n — LES 60 


5d = a ER 
Sas 

54, an = 7 120 

55. A, = in +S 


56. dG, =n — 2; $150 
57. Ah = 45 — 5n; S65 


58. Ah = 2n — 48; Sos 
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59. A, = 4.4 — 1.6n; $75 
60, ad, = 6.5n — 3.3; S67 


Evaluate. 
160 


61. » (3n) 
i=l 
121 


62. » (—2n) 
ll 


250 
63. » (4n — 3) 
n=1 


120 


64. )) (2n + 12) 


i=l 


120 


69. > (1.5n — 2.6) 


j=l 
IS 


70. )' (—0.2n — 1.6) 
n=1 


71. Find the sum of the first 200 positive integers. 


72. Find the sum of the first 400 positive integers. 
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The general term for the sequence of positive odd integers is given by 
Ay, = 2n — | and the general term for the sequence of positive even 
integers is given by d, = 2n. Find the following. 


73. The sum of the first 50 positive odd integers. 
74. The sum of the first 200 positive odd integers. 
75. The sum of the first 50 positive even integers. 
76. The sum of the first 200 positive even integers. 
77. The sum of the first k positive odd integers. 
78. The sum of the first k positive even integers. 


79. The first row of seating in a small theater consists of 8 seats. Each row 
thereafter consists of 3 more seats than the previous row. If there are 12 rows, 
how many total seats are in the theater? 


80. The first row of seating in an outdoor amphitheater contains 42 seats, the 
second row contains 44 seats, the third row contains 46 seats, and so on. If 
there are 22 rows, what is the total seating capacity of the theater? 


81. Ifa triangular stack of bricks has 37 bricks on the bottom row, 34 bricks on the 
second row and so on with one brick on top. How many bricks are in the stack? 


82. Each successive row of a triangular stack of bricks has one less brick until 
there is only one brick on top. How many rows does the stack have if there are 
210 total bricks? 


83. A 10-year salary contract offers $65,000 for the first year with a $3,200 increase 
each additional year. Determine the total salary obligation over the 10 year 
period. 


84. A clock tower strikes its bell the number of times indicated by the hour. At one 
o’clock it strikes once, at two o’clock it strikes twice and so on. How many 
times does the clock tower strike its bell in a day? 


PART C: DISCUSSION BOARD 


85. Is the Fibonacci sequence an arithmetic sequence? Explain. 


86. Use the formula for the nth partial sum of an arithmetic sequence 
nay +n) 

a a 

to derive a new formula for the nth partial sum 


and the formula for the general term d, = adj + (n — 1)d 
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Oe > [2a + (n—1) d| Under what circumstances would this 


formula be useful? Explain using an example of your own making. 


87. Discuss methods for calculating sums where the index does not start at 1. For 


35) 
example, (3n + 4) = 1,659. 


88. A famous story involves Carl Friedrich Gauss misbehaving at school. As 
punishment, his teacher assigned him the task of adding the first 100 integers. 
The legend is that young Gauss answered correctly within seconds. What is the 
answer and how do you think he was able to find the sum so quickly? 
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ANSWERS 


1. 5,8,11,14,17;€, = 3n+2 

3. 15,10,5,0,-5;d, = 20 —5n 

B97 27 2? a 2 On =n-5 

De le tap lO 55-15 Oy = ~ - sn 

9. 1.8, 2.4, 3, 3.6, 4.2;d, = 0.6n + 1.2 
11. d, = 6n — 3;:a1909 = 597 


13. A, = 1 —4n;ajo9 = —399 


15. dy = —5N; a0) = —500 

Uh Cy +; ai00 = “— 

19. dy = + — Ena =- = 

21. ad, = 1.2n —0.4;aj090 = 119.6 
23. 99 

25. 157 

27. 38 


a1, a, = On 

33, Son — 2 
35 On = en-F 
37. d, = 12—-—2n 


43. a, = 2.3n—+ |.] 


a, 1S) 2) 2s} 
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47. 


49. 
Sil, 
23), 
Be) 
57. 
Bi), 
61. 
63. 
65. 
67. 
69. 
vale 
3c 


T52 


Vide 
WT), 
81. 
83. 
85. 


87. 
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9 11 13) 
7? Sy > 7 or 


-7,800 
-4,230 
38,640 
124,750 
-18,550 
OS 
10,578 


20,100 


294 seats 

247 bricks 
$794,000 

Answer may vary 


Answer may vary 
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9.3 Geometric Sequences and Series 


18. 


19. 


20. 


A sequence of numbers where 
each successive number is the 
product of the previous 
number and some constant r. 


Used when referring to a 
geometric sequence. 


The constant r that is obtained 
from dividing any two 
successive terms of a geometric 


Gn 
sequence, rare ‘ =fT. 
n— 


LEARNING OBJECTIVES 


Identify the common ratio of a geometric sequence. 

Find a formula for the general term of a geometric sequence. 
Calculate the nth partial sum of a geometric sequence. 
Calculate the sum of an infinite geometric series when it exists. 


BP WH fF 


Geometric Sequences 


A geometric sequence’®, or geometric progression”, is a sequence of numbers 
where each successive number is the product of the previous number and some 
constant r. 


Qn = 1a,-, Geometic Sequence 


And because oan = ¢ the constant factor r is called the common ratio”. For 


example, the following is a geometric sequence, 


927,801,243, 729 52. 


Here a; = 9 and the ratio between any two successive terms is 3. We can construct 
the general term a, = 3d,_; where, 
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a, =9 

@m=3a; = 3(9) =27 

a3 =3q = 3(27) = 81 
a4 =3a3 = 3 (81) = 243 
ds =3a4 = 3 (243) = 729 


In general, given the first term a, and the common ratio r of a geometric sequence 
we can write the following: 


a =rq 

a3 =ra =r(ar)=ar 
a4 =1an =r (ar) =ar 
r(ar’) =ar 


a5 =1a3 


From this we see that any geometric sequence can be written in terms of its first 
element, its common ratio, and the index as follows: 


Gn = Yr! Geometric Sequence 


In fact, any general term that is exponential in n is a geometric sequence. 
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Example 1 


Find an equation for the general term of the given geometric sequence and use 
it to calculate its 10" term: 3, 6, 12, 24, 48... 


Solution: 


Begin by finding the common ratio, 


Note that the ratio between any two successive terms is 2. The sequence is 
indeed a geometric progression where a, = 3 andr = 2. 


M=ar'! 


Therefore, we can write the general term ad, = 3(2)'"! and the 10¢" term can 
be calculated as follows: 


ayo =3(2)'-" 
=30) 
=e 


Answer: d, = 3(2)""!; ajo = 1,536 
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The terms between given terms of a geometric sequence are called geometric 
means’. 


21. The terms between given terms 
of a geometric sequence. 
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Example 2 


Find all terms between aj = —5 and aq = —135 of a geometric sequence. In 
other words, find all geometric means between the 1°' and 4 terms. 


Solution: 


Begin by finding the common ratio r. In this case, we are given the first and 
fourth terms: 


a4=a eo 

a4=a\ r 
Substitute aj = —5 and ay = —135 into the above equation and then solve for 
ie 

—135=-5r 
W7=r 
3=r 

Next use the first term a; = —5 and the common ratio r = 3to find an 


equation for the nth term of the sequence. 


a, =a 
a, =—9()"! 
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Now we can use a, = 


= —5(3)""! where n is a positive integer to determine the 
missing terms. 


fh =—5G) 0 =] =o 3) = = 5 
= 00 == 3) == 15 


eometic means 
= 5G) =o = 45 : 


Ga = 5G) = 5 8 = 135 


Answer: -15, -45, 


The first term of a geometric sequence may not be given. 
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Example 3 
Find the general term of a geometric sequence where ad) = —2 andd5 = = : 


Solution: 


To determine a formula for the general term we need qa and r. A nonlinear 
system with these as variables can be formed using the given information and 


Gr = qr: 
a eos —2=aqr  Useam = -2. 
a=ar! seen Use as = — 
a 125 = 1s. 


Solve for a; in the first equation, 


—2 
—-2 =qri > —q 
P 
Z 
4 
— _ =a 
i250 
Substitute aq, = = into the second equation and solve for r. 
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2 4 
125 =aqr 
2 —2\ 4 
D5 (=) : 
Ws 
eee 
eS: 
1 — 
ios 
1 
—-—=/PL 
5 
Back substitute to find ay: 
—2 
QqQ\=— 
ae 
a 1 
(=z) 
=10 
Therefore, aj = 10 andr = — - : 


Answer: Gd, = 10(- a 


Try this! Find an equation for the general term of the given geometric 
th 4 8 
6 — 


term: 2, a oe 


sequence and use it to calculate its 


aie Dine ee Gt 
Answer: d, = 2(=) 3% = 335 


(click to see video) 
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Geometric Series 


A geometric series” is the sum of the terms of a geometric sequence. For example, 


the sum of the first 5 terms of the geometric sequence defined by a, = 3”*! 


follows: 


2 1 
S=53"" 


n=] 


— 3/141 4 321 ae 331 4 34tl + 3 tl 
=3° +3° +3743? +3° 

=9 +27 +81 + 243 + 729 
=1,089 


Adding 5 positive integers is managable. However, the task of adding a large 
number of terms is not. Therefore, we next develop a formula that can be used to 
calculate the sum of the first n terms of any geometric sequence. In general, 


S,=atartart...tqr™! 


Multiplying both sides by r we can write, 


iS, =aqrtartart+...tar 


Subtracting these two equations we then obtain, 


S, —rS,=q -—aqr' 
22. The sum of the terms of a S,1—-n=q (1 w: r”) 


geometric sequence. 
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23. The sum of the first n terms of 

a geometric sequence, given by 

a,(1—r") 
l-r 


the formula: S,, = 


r#l. 


? 


Assuming r # | dividing both sides by (1 — r)leads us to the formula for the nth 
partial sum of a geometric sequence”: 


In other words, the nth partial sum of any geometric sequence can be calculated 


using the first term and the common ratio. For example, to calculate the sum of the 


= grt 


first 15 terms of the geometric sequence defined by a, , use the formula 


with aq; = 9andr = 3. 


15 
ee 
9. (1-3!) 
1-3 
9 (-14,348,906) 
a =) 
= 64,570,077 
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Example 4 


Find the sum of the first 10 terms of the given sequence: 4, -8, 16, -32, 64... 
Solution: 


Determine whether or not there is a common ratio between the given terms. 


Note that the ratio between any two successive terms is -2; hence, the given 
sequence is a geometric sequence. Use r = —2and the fact that a; = 4 to 
calculate the sum of the first 10 terms, 


ad) 

> i=; 

4 [1 — (-2)'9| 
l= (2) 

_ 4(1 - 1,024) 

7 oo 

_ 4(-1,023) 

7 3 

=—1,364 


Sn 


Sio= 


Answer: S19 = —1,364 
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Example 5 


Evaluate: > 2(-5)". 


= 
Solution: 


In this case, we are asked to find the sum of the first 6 terms of a geometric 


st 


sequence with general term a, = 2(-5)". Use this to determine the 1° term 


and the common ratio r: 


To show that there is a common ratio we can use successive terms in general as 
follows: 


Use a} = —10andr = —5to calculate the 6” partial sum. 
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_a(1-r") 
l-r 
-10 [1 - (-5)*| 
1— (-5) 
—10 (1 - 15,625) 
ges 
—10 (—15,624) 


6 
=26,040 


Sn 


So6= 


Answer: 26,040 


Try this! Find the sum of the first 9 terms of the given sequence: -2, 1, -1/2.... 


Answer: Sg = — it 


(click to see video) 


If the common ratio r of an infinite geometric sequence is a fraction where Irl < 1 
(that is —1 < r < 1), then the factor (1 — 7’) found in the formula for the nth 
partial sum tends toward 1 as n increases. For example, if r = rand n= 2,4,6we 
have, 


1 2 
1-(— ) =1-0.01 = 0.99 
(so) 


4 
1 
1-— {| — } =1 -—0.0001 = 0.9999 
(35) 
1 
10 


6 
) =1 — 0.000001 = 0.999999 
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Here we can see that this factor gets closer and closer to 1 for increasingly larger 
values of n. This illustrates the idea of a limit, an important concept used 
extensively in higher-level mathematics, which is expressed using the following 
notation: 


lim (1 — 7") = 1 where Irl < 1 


no 


This is read, “the limit of (1 — r’) as n approaches infinity equals 1.” While this 
gives a preview of what is to come in your continuing study of mathematics, at this 
point we are concerned with developing a formula for special infinite geometric 
series. Consider the nth partial sum of any geometric sequence, 


If I7l < 1then the limit of the partial sums as n approaches infinity exists and we 
can write, 


Therefore, a convergent geometric series” is an infinite geometric series where 
Ir < 1; its sum can be calculated using the formula: 


24. An infinite geometric series 5 ay 
where Ir] < | whose sum is ‘i 1—5 
given by the formula: 


S,= a 


ice) 1-—r : 
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Example 6 
Find the sum of the infinite geometric series: - ar t aR 7 + + ar = ee 
Solution: 


Determine the common ratio, 


Since the common ratio r = sis a fraction between -1 and 1, this is a 


convergent geometric series. Use the first term a, = Sand the common ratio 
to calculate its sum. 


Answer: S,, = - 
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Note: In the case of an infinite geometric series where |r| > 1, the series diverges 


—1 
and we say that there is no sum. For example, if a, = (5 ‘i then r = Sand we 
have 


Sa = m6)" =14+54254+-. 


We can see that this sum grows without bound and has no sum. 


-1 
00 5 my 
Try this! Find the sum of the infinite geometric series: = —2 ( 5 ; 
tS 


Answer: -9/2 


(click to see video) 


A repeating decimal can be written as an infinite geometric series whose common 
ratio is a power of 1/10. Therefore, the formula for a convergent geometric series 
can be used to convert a repeating decimal into a fraction. 
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Example 7 


Write as a fraction: 1.181818... 


Solution: 


Begin by identifying the repeating digits to the right of the decimal and rewrite 


it as a geometric progression. 


0.181818... =0.18 + 0.0018 + 0.000018 + ... 
18 18 18 


Tir 10,000 


+ 


In this form we can determine the common ratio, 


D100 
10,000 ~ 18 
peel 
~ 100 


Note that the ratio between any two successive terms is 


fact that aq; = * to calculate the infinite sum: 
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1,000,000 aa 


il ; 
Thre this and the 
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Therefore, 0.181818... = and we have, 


2 z 
1.181818... =14+— =1— 
e 11 a 


Answer: | - 
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Example 8 


A certain ball bounces back to two-thirds of the height it fell from. If this ball is 
initially dropped from 27 feet, approximate the total distance the ball travels. 


Solution: 


We can calculate the height of each successive bounce: 


2 

27- a> 18feet Height of the first bounce 
2 

18- As 12 feet Height of the second bounce 
2 

12- a 8feet Height of the third bounce 


i) 


de cece ceee=--@) 


18 feet 
) 


12 feet 
J 


aesseee)> 


{aaenane 


A 
‘ 
‘ 
) 
a 


The total distance that the ball travels is the sum of the distances the ball is 


falling and the distances the ball is rising. The distances the ball falls forms a 
geometric series, 


274+18+12+--- Distance the ball is f alling 


where aq} = 27 andr = = Because r is a fraction between -1 and 1, this sum 
can be calculated as follows: 
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Therefore, the ball is falling a total distance of 81 feet. The distances the ball 
rises forms a geometric series, 


184+12+8+-- Distance the ball is rising 


where aq} = 18 andr = = Calculate this sum in a similar manner: 


Therefore, the ball is rising a total distance of 54 feet. Approximate the total 
distance traveled by adding the total rising and falling distances: 
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81+54 = 135 feet 


Answer: 135 feet 


KEY TAKEAWAYS 


* A geometric sequence is a sequence where the ratio r between 
successive terms is constant. 
* The general term of a geometric sequence can be written in terms of its 


first term Q) , common ratio r, and index n as follows: d, = d ee 
* A geometric series is the sum of the terms of a geometric sequence. 


* The nth partial sum of a geometric sequence can be calculated using the 
a,(1-r’) 
1-r 
* The infinite sum of a geometric sequence can be calculated if the 
common ratio is a fraction between -1 and 1 (that is Ir] < 1) as follows: 


a 
Se i .IfIr| > 1, then no sum exists. 


first term G, and common ratio ras follows: S;, = 
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TOPIC EXERCISES 


PART A: GEOMETRIC SEQUENCES 


iil, 


9.3 Geometric Sequences and Series 


a =kr=5 
(Real [oy ea 
Oi= ie = 3 
eS SS 

ay = 2r =—3 
aq =6 r= —2 
a — 37 == 
SN = = 
Gi — 2 — 0.6 


a, = —0.6;r = —3 


Ty XS, WV es 


5 Ay N00 yn 


Write the first 5 terms of the geometric sequence given its first term 
and common ratio. Find a formula for its general term. 


Given the geometric sequence, find a formula for the general term and 
use it to determine the 5" term in the sequence. 
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iG), pale MW 


NN Wie 


20. Me MO 


5? 
Hills Sey, Asya, Sia lteyat 
22. 0.8, =2.08, 5.408... 


23. Find the general term and use it to determine the 20th term in the sequence: 


2 
1, + x 


7° Qo 


24. Find the general term and use it to determine the 20th term in the sequence: 


Datos Ie. 


25. The number of cells in a culture of a certain bacteria doubles every 4 hours. If 
200 cells are initially present, write a sequence that shows the population of 
cells after every nth 4-hour period for one day. Write a formula that gives the 
number of cells after any 4-hour period. 


26. A certain ball bounces back at one-half of the height it fell from. If this ball is 
initially dropped from 12 feet, find a formula that gives the height of the ball 
on the nth bounce and use it to find the height of the ball on the 6" bounce. 


27. Given a geometric sequence defined by the recurrence relation d, = 4d,_| 
where Qj = 2andn > 1, find an equation that gives the general term in 
terms of Gd and the common ratio r. 


28. Given the geometric sequence defined by the recurrence relation d, = 6dy)_| 
where dQ) = + andn > 1, find an equation that gives the general term in 


terms of ad; and the common ratio r. 


Given the terms of a geometric sequence, find a formula for the general 


term. 
29. ay = —3andd = —96 
30. ad) = Sanda, = —40 
31. ay = —2andag = — a 
32, aq = + and ay =— + 
33. d> = 18 andas = 486 


34, a) = 10 anda, = 320 
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35. d4 = —2anddy = 64 


2 
81 


37. a5 = 153.6 andag = 9,830.4 
38. a4 = —2.4X 107% anda = —7.68 x 1077 


36.02 — — = and a = 


Find all geometric means between the given terms. 
39, a) = Zanday = 200 
ual ae 1 
40. dj = 3 and d6 = Sa 
AiG, = —20 and a3. — 20,000 


42. a3 = 49 andde = —16,807 


PART B: GEOMETRIC SERIES 


Calculate the indicated sum. 

43. Ah = aS 

44. dy = (—2)"*1; S19 
n 

45. a, = (+) 737 
n—-| 

46; a, = (=) <6 

47. dy = 5(—3)" 1:85 

48. dy = —7(—4)";S5 
1 n 

6 2(- +) 5 


50. Gy = 4 (2)"*1;Sio 
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10 
53. » Dee! 
k=1 
14 
54, » py! 
k=1 
10 
55. > —2(3)* 
k=1 
8 
56. >. 5(—2)" 
k=1 
1 n+2 
57 22(5) 
4 a) n 
58 2 -3(3) 
59. A, = (4)';S,, 
60. In = (25, 
Al, By = 2(- ie se 
62. A, = 3(- ) 3S, 
63.40, = =f 9. 
64. dG, = — x (- 5)i8, 
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vale 


72. 


Ta 


74, 


WS 


76. 


Vides 


78. 


WS), 


80. 


81. 
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oo) i] : 
68. » a) ae 
4 
i=l 
co it 1 n 
D5 (-t 
2 6 
n=1 
= 1 aN" 
i le 
n=l 
Write as a mixed number. 
1202 =— 
SIH oon 
MSPS Docc 
BoA TUM co 
1.999... 
1.090909... 


Suppose you agreed to work for pennies a day for 30 days. You will earn 1 
penny on the first day, 2 pennies the second day, 4 pennies the third day, and 
so on. How many total pennies will you have earned at the end of the 30 day 
period? What is the dollar amount? 


An initial roulette wager of $100 is placed (on red) and lost. To make up the 
difference, the player doubles the bet and places a $200 wager and loses. Again, 
to make up the difference, the player doubles the wager to $400 and loses. If 
the player continues doubling his bet in this manner and loses 7 times in a row, 
how much will he have lost in total? 


A certain ball bounces back to one-half of the height it fell from. If this ball is 
initially dropped from 12 feet, approximate the total distance the ball travels. 


A golf ball bounces back off of a cement sidewalk three-quarters of the height 
it fell from. If the ball is initially dropped from 8 meters, approximate the total 
distance the ball travels. 


A structured settlement yields an amount in dollars each year, represented by 


n, according to the formula p,, = 6,000(0.80) n—l what is the total 
amount gained from the settlement after 10 years? 
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82. Beginning with a square, where each side measures 1 unit, inscribe another 
square by connecting the midpoints of each side. Continue inscribing squares 
in this manner indefinitely, as pictured: 


Find the sum of the area of all squares in the figure. (Hint: Begin by finding the 
sequence formed using the areas of each square.) 


PART C: SEQUENCES AND SERIES 


Categorize the sequence as arithmetic, geometric, or neither. Give the 
common difference or ratio, if it exists. 


$5012, 24 Oe 


84. —7,—5,—3,... 
85. —3,—-11,-19,... 
96, 4.9. 16... 

87. 2,4,4, 

es bob ad 
aiid 
soe! 1 3 


ie meg 
93. 1.26, 0.252, 0.0504, ... 
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94, 01025005, 015,222 
95. 1,-1,1,-1,... 


Co, OO; On 


Categorize the sequence as arithmetic or geometric, and then calculate 
the indicated sum. 


97. Ah = (5)""'sSs 
98. A, = 5 - 6n; S72 
99, ad, = 2n; S14 


1004) = 2 S10 


=1 
10d Gy = -2(4)’ ae 
102. G, = —2+ =n Ss 
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PART D: DISCUSSION BOARD 


109. Use the techniques found in this section to explain why 0.999... = 1. 


110. Construct a geometric sequence where F = 1|.Explore the nth partial sum of 
such a sequence. What conclusions can we make? 
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ANSWERS 


1. 1,5, 25,125, 625;a, = 57} 
3. 2,6, 18,54, 162;d, = 2(3)"! 
Gd 6 1854162 a (3) 

48 163g, =3(2 yn 
Tee a Ga=3 5 

n—-1 

9. 1.2, 0.72, 0.432, 0.2592, 0.15552; d, = 1.2(0.6) 
(ee Oe 


Vee! 1 
13. GQ, = 2(+) 5 = Te 


ic, @, = 8(4) a5 =+ 
n—-1| 
17. Un = -(-<) a5 = _ i 
ba = < (-6) ee = 432 
21. Un = —3.6(1.2)""| as = —7.46496 


ye \e=l Pal 
23. Ah = (+) 5m = rr 


25. 400 cells; 800 cells; 1,600 cells; 3,200 cells; 6,400 cells; 12,800 cells; 
Py = 400(2)""! cells 


27. Ay = 2(4)""! 
2D, Gy =O 
31. dy = =H ay 
26, Gy =e 
i op = eae 


37. dn = 0.6(4)"! 


39. 10,50 
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41. -200; -2,000 


43. 16,380 


27) 


45. 798 


47. 305 


205 


49. 512 


Bil, SEOs 
53. 4,092 


55. -177,144 


uo 
= 


Dn 


Be), 


61. 


SIjoo AIR | 
TS 


63. 


i] 
(= 


Oi Ff 


67. Nosum 

CO =a 
2 

Wie I 5 
25 

Tan 59 

Te 2 

77. 1,073,741,823 pennies; $10,737,418.23 


79. 36 feet 


81. $26,778.77 


83. Geometric; r = —2 
85. Arithmetic;d = —8 
87. Neither 
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89. 


onl, 


OB, 


OB, 


Os 


oe), 


101. 


103. 


105. 


107. 


109. 


9.3 Geometric Sequences and Series 


Arithmetic; d = — 
Neither 

Geometric; r = 0.2 
Geometric; r = —1 


Geometric; 292,968 


Arithmetic; 210 


Geometric; — t 


57S) 
AL 3kos; 
200 


Answer may vary 
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9.4 Binomial Theorem 


LEARNING OBJECTIVES 
1. Evaluate expressions involving factorials. 


2. Calculate binomial coefficients. 
3. Expand powers of binomials using the binomial theorem. 


Factorials and the Binomial Coefficient 


We begin by defining the factorial” of a natural number n, denoted n!, as the 


product of all natural numbers less than or equal to n. 


n!=n(n—1) (n—2)+--3-2-1 


For example, 


7!=7-6-5-4-3-2-1=5,040 Seven factorial 
5!=5-4-3-2-1= 120 Five factorial 
3!=3-2-1=6 Three factorial 
S11 One factorial 


We define zero factorial” to be equal to 1, 


25. The product of all natural . 
numbers less than or equal to a O!=1 Zero factorial 
given natural number, denoted 
nl. 


26. The factorial of zero is defined 


ebeaqualta Ola, The factorial of a negative number is not defined. 
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Note: On most modern calculators you will find a factorial function. Some 


calculators do not provide a button dedicated to it. However, it usually can be found 
in the menu system if one is provided. 


The factorial can also be expressed using the following recurrence relation, 


n!=n(n-1)! 


For example, the factorial of 8 can be expressed as the product of 8 and 7!: 


8!=8 - 7! 
=8-7-6-5-4-3-2-1 
=40,320 


When working with ratios involving factorials, it is often the case that many of the 
factors cancel. 
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27. An integer that is calculated 
using the formula: 


n = n! 
k “ ki(n—k)! * 


9.4 Binomial Theorem 


Example 1 
ay 
Evaluate: —-. 


Solution: 


12! 12-11-10-9-8-7-6-5-4-3-2-1 
6! 6-5-4-3-2-1 
12-11-10-9-8-7+ of 
=12-11-10-9-8-7 
= 665,280 


Answer: 665,280 


n 
The binomial coefficient”’, denoted ,,C, = ( k ) is read “n choose k” and is 


given by the following formula: 


This formula is very important in a branch of mathematics called combinatorics. It 
gives the number of ways k elements can be chosen from a set of n elements where 


order does not matter. In this section, we are concerned with the ability to calculate 
this quantity. 
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9.4 Binomial Theorem 


Example 2 


7 
Calculate: ( ) 
3 


Solution: 


Use the formula for the binomial coefficent, 


where n = 7 andk = 3. After substituting, look for factors to cancel. 


ne 
3) 7 3h =3)! 


7! 
~ 314! 
_7-6-5- 
Bt at 


_ 210 
~ 6 
= 35 


Answer: 35 
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Note: Check the menu system of your calculator for a function that calculates this 
quantity. Look for the notation ,;,C; in the probability subsection. 


8 
Try this! Calculate: ( 5 ) 


Answer: 56 


(click to see video) 


Consider the following binomial raised to the grd power in its expanded form: 


(x +y) =x3 + 3x7y + 3xy" +y> 


Compare it to the following calculations, 


3\) 3! 2 8! 4 
o/ O!G-0)! 1-3! 
2 ee. _3:2!_, 
Ly 1G@=Yi 1-2) 
a). 3! “332k... 
2) 213-2)! 241 

3\ 3 ae 
3} 313-3)! 310! 
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28. Describes the algebraic 
expansion of binomials raised 
to powers: 


(x+y) . 


9.4 Binomial Theorem 


Notice that there appears to be a connection between these calculations and the 
coefficients of the expanded binomial. This observation is generalized in the next 
section. 


Binomial Theorem 


Consider expanding (x + 2): 

(c+ 2P = (+2) (x +2) («+ 2) (x +2) (x +2) 
One quickly realizes that this is a very tedious calculation involving multiple 
applications of the distributive property. The binomial theorem” provides a 


method of expanding binomials raised to powers without directly multiplying each 
factor: 


More compactly we can write, 


n 2 n = 3 ; 
(x+y) = x x™* yk Binomial theorem 
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Example 3 
Expand using the binomial theorem: (x + 2)°. 
Solution: 


Use the binomial theorem where n = 5 and y = 2. 


Sometimes it is helpful to identify the pattern that results from applying the 
binomial theorem. Notice that powers of the variable x start at 5 and decrease 
to zero. The powers of the constant term start at 0 and increase to 5. The 
binomial coefficents can be calculated off to the side and are left to the reader 
as an exercise. 


ca ata( 3 stats (kee 4: (5)e2 (522+ (i) 


= Ix>x1 + 5x4 x2 + 10x? x44 10x? x84 5x! x16 +11 x 1> 
=x°> + 10x* + 40x? + 80x? + 80x + 32 


Answer: x> + 10x* + 40x? + 80x? + 80x + 32 


The binomial may have negative terms, in which case we will obtain an alternating 
series. 
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Example 4 


Expand using the binomial theorem: (u — 2v)*. 


Solution: 
Use the binomial theorem where n = 4, x = u, and y = —2v and then simplify 
each term. 
4 4 4 4 
(u— 2v)' = ( | ey) ( ‘ ) oye @ toy) G ) ul (—2 


= Ixuxl + 4 (-2v) + 6w (4v?) + 4u(-8v?) - 


=u' — 8uv + 24u?v? — 32uv> + 16v4 


Answer: u* — 8uev + 24u2v2 — 32uv? + 16v4 


Try this! Expand using the binomial theorem: (ac - 3)". 


Answer: a® — 12a° + 54a* — 108a* + 81 


(click to see video) 


Next we study the coefficients of the expansions of (x + y)" starting withn = 0: 
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(x+y) 

(x+y) 

(x+y)? =x? + 2xy + y" 
( "=x? + 3x7y + 3xy? +y° 

( ) =x* + 4x y + Oxy? + day? + y* 


Write the coefficients in a triangular array and note that each number below is the 
sum of the two numbers above it, always leaving a 1 on either end. 


(x+y) 
(x+y) 1 1 
5 \/ 
(x+y) 1 2 1 
5 \/ VV 
(x+y) i 3. 3°14 
4 VN/N\Y NS 
(x+y) 14 6 41 


This is Pascal’s triangle”’; it provides a quick method for calculating the binomial 
coefficients. Use this in conjunction with the binomial theorem to streamline the 
process of expanding binomials raised to powers. For example, to expand (x — 1)° 
we would need two more rows of Pascal’s triangle, 


i 16 15 20 15 6 1 


The binomial coefficients that we need are in blue. Use these numbers and the 
binomial theorem to quickly expand (x — 1)° as follows: 


Atri | f numb 
eat corcopendto the | G— Dea Lx(1P + 6x91) + 154-19 + 20s? 1) + 15271 + G1) 


binomial coefficients. = ° = 6x> + 15x* = 20x? + 15x2 —6x+1 
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Example 5 
Expand using the binomial theorem and Pascal’s triangle: (2x —5 ie 
Solution: 


From Pascal’s triangle we can see that when n = 4 the binomial coefficients are 
1, 4, 6, 4, and 1. Use these numbers and the binomial theorem as follows: 


(2x — 5)" =1(2x)*(-5)” + 4(2x)3 (-5)’ + 6(2x)? (-5)° + 42x)! (-5)° + 1(2x)°(- 
=16x*-14+4- 8x? (-5) +6-4x* -254+4- 2x (-125) + 1 - 625 
=16x* — 160x* + 600x* — 1,000x + 625 


Answer: 16x* — 160x> + 600x? — 1,000x + 625 


KEY TAKEAWAYS 


* To calculate the factorial of a natural number, multiply that number by 
all natural numbers less than it:5! = 5-4-3-2-1= 120. 
Remember that we have defined O! = 1. 

* The binomial coefficients are the integers calculated using the formula: 


n = n! 
kK] B@-wr 
* The binomial theorem provides a method for expanding binomials 


raised to powers without directly multiplying each factor: 


ee See ee 
(x+y) = 2 k seit Dee 


* Use Pascal’s triangle to quickly determine the binomial coefficients. 
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TOPIC EXERCISES 


PART A: FACTORIALS AND THE BINOMIAL COEFFICIENT 


Evaluate. 
1. 6! 

2. 4! 

3. 10! 
ae! 


13. a. 4! +3! 


os 
A 
is 
| | 
OO Uo 
— o— 


14. 
Rewrite using factorial notation. 


ie li xe xx Ss x OT 
16, 1X2 e334 X59 
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ig 1S x 14x 13 

13 10% 93 x] 

IS, 3} 

20m ox 7 

21. n(n — 1) (n— 2) 

22. kK 2x3 X= Xn xin |) 


Calculate the indicated binomial coefficient. 


« (5) 
“() 
() 
a0 
(2) 
*(°) 
(") 
“() 
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3)3}, 10 Cg 
34,5 Oy 

85; 12012 
36. 10 Cs 
BYE yn 


cla Cove 


PART B: BINOMIAL THEOREM 


Expand using the binomial theorem. 
39. (4x — 3)? 
3 
40. (2x — 5) 


41, (Beep) 
42. (x+4) 
fey (Ge te 6) 
4A, GS) 


45, (= 4)" 
46. (x — oy 


47. («+ A) 
«. (§-y) 
49, (oP lye 
Ky (Ge She 
si (or 


Be) (Ge eae 
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58, 


70. 


71. 


9.4 Binomial Theorem 


ges 1 


. (x +1)! 

(Ga 
Cx 2)4 
. 4u+v)4 
. Bu—v)* 
en Se 


One aye 
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72 Gea 
73 ree 
74 op) 


PART C: DISCUSSION BOARD 


75. Determine the factorials of the integers 5, 10, 15, 20, and 25. Which grows 
faster, the common exponential function d, = 10” or the factorial function 
Ay = n!? Explain. 


76. Research and discuss the history of the binomial theorem. 
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ANSWERS 


1. 720 

3. 3,628,800 
35 J/7A0) 

7. 17,160 


9. 15,840 


a9 64a = 144 = 108 27 


3xy? 
2 


oe 3x*y 
41. “5 AF 7 


-- +y? 


Aone Sel 4 eae oll 
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As = lon 4296, 2560 256 


ox 24x 32x 


47, x4 + Ie ee ae eae 
7 y 


49, x° + 5x* + 10x? + 10x* + 5x41 
51, x© — 12x? + 60x* — 160x? + 240x? — 192x + 64 
53. x! — 7x® + 21x? —35x4 + 35x37 —21x* + 7x-1 
55. 625x* — 500x? + 150x? — 20x + 1 


57, 250u 256 y F 96u-y- Flow 


Je Us SOS Vie = Os tve 
59, 
£3,125uy) — 3: 125v> 


61. @ —5a'b? + 10a°b* — 10a’b® + Sab® — 5" 
_ a? + 6a'°b* + 15a°b® + 20a°b™ 
+15a'b!® + 6a°b*? + b™ 
Bee 34/2x? + 6x + 24/2 
i, ge = Ax /xy + 6xy — Ay \/xy +y? 
Kobe yer ln yy 4 Bon ye 
i oon ly ey ey 
eo ye On eet Ion ya 
 4126x4y9 + 84x3y5 + 36x2y7 + Oxy? + y9 
eo ou ye 28 yy ery 
. 56, y 201) — Oty Ea” 


75. Answer may vary 
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9.5 Review Exercises and Sample Exam 
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REVIEW EXERCISES 


INTRODUCTION TO SEQUENCES AND SERIES 


Find the first 5 terms of the sequence as well as the 30° term. 
1, @ = dn —3 
2. A, = —4n+3 
3. A, = —10n 
4a — 3 
an 1) a2) 


_ Gly 
Be 2n—1 


2n+1 
n 


7. G = 
en ellye= Ga) 


Find the first 5 terms of the sequence. 


n 


_ 7x 
Deo 2n+1 

=| nly n+2 
ie 


1, Gy = 2x" 
(3x). 


13. Gy = An-| + Swherea, = 0 


12, dG; 


14. aA, = 4ay,-1 + 1 where QQ = —2 
15. Uy = An—2 — 3d,—| where dy = Oanda = —3 
16. Uy = Sdp—2 — Ayn—| where ay = —l anda) = 0 


Find the indicated partial sum. 
17164710; 13 


18. 3,1,-1,-3, -5,.3 95 
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10-589 


20. dy = (—1)"n*;S4 


21. a, = —3(n — 2)°:S4 
n—2 
et = (- +) 554 
Evaluate. 


ARITHMETIC SEQUENCES AND SERIES 


Write the first 5 terms of the arithmetic sequence given its first term 
and common difference. Find a formula for its general term. 


29, a) =Od=5 
20. <0) = d= 7 
31. a, =5;d = -3 
Ou, a =-3;d=-4 
Be, a =-3;d=-4 
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34. dg = —3.6:d = 12 
35. Ay =J7-d=0 
36. dy = Ied = 1 


Given the terms of an arithmetic sequence, find a formula for the 
general term. 


S707 205307407 505-5 


Bios yey ok das 


80h =o) SU 


40. 
4l. 4 
42. a5 


43. 


44, 3 


ail 
3 


12 
ada se iad 


I landias = "26 
—Sandajy = —15 


0 dis 


6and a4 = 15 
—1.4 anda =r 


Calculate the indicated sum given the formula for the general term of 
an arithmetic sequence. 


45. dG, = 4n — 3; S60 
46. dy = —2n + 9;$35 
1 1 

47. G, = =n poe 

48. Q, = —nN+ +529 

49. da, = 1.8n — 4.2; S45 

50. A, = —6.5n + 3;S835 

Evaluate. 
yD 
51, >» (7n — 5) 

= 
100 
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52. yD (1 —4n) 
nl 
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j=l 
30 1 
: — — 1 
54 > ( eae ) 
40 
55. Dy OBn= 11) 
ll 
300 
sc. Yin 
j= 


57. Find the sum of the first 175 positive odd integers. 


58. Find the sum of the first 175 positive even integers. 


59. Find all arithmetic means between dj = > and a= $ 


60. Find all arithmetic means between G3 = —7 anda, = 13. 


61. A 5-year salary contract offers $58,200 for the first year with a $4,200 increase 
each additional year. Determine the total salary obligation over the 5-year 
period. 


62. The first row of seating in a theater consists of 10 seats. Each successive row 
consists of four more seats than the previous row. If there are 14 rows, how 
many total seats are there in the theater? 


GEOMETRIC SEQUENCES AND SERIES 


Write the first 5 terms of the geometric sequence given its first term 
and common ratio. Find a formula for its general term. 


Syd =or=2 
64, ay = 37 = = 2 


65. Ay = p= — 


66. aq, = —4;r = 
Chay =e = 02 
68. a) = —5.4;r = —0.1 
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Given the terms of a geometric sequence, find a formula for the general 


term. 
69. 4, 40, 400.... 


IQ, 0; =30), EO 


ls 


“pee ite 


73. a4 = —4anddg = 128 


74. do = —landas 


73 OD) 


5 — _— 
i and a5. — 


II 
| 
ON 
TiS 


76. 43 = 50 andd = —6,250 


77. Find all geometric means between dQ] = —1 anday = 64. 


78. Find all geometric means between G3 = Oandd = 162. 


Calculate the indicated sum given the formula for the general term of a 


geometric sequence. 
79. dn = 3(4)"" 1:86 
800 Gd, = — 5G) 3 S10 


ee — 2 (-2)" S14 


82. Un = = (-3)"*§ Sip 
32. °d.= SP se 
84, On = 4 (-2)"*7, Sig 


Evaluate. 
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10 


85. » 84) 


ig=ll 


: 3 n-1 
86. )) - ae) 
n=1 
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91. After the first year of operation, the value of a company van was reported to be 
$40,000. Because of depreciation, after the second year of operation the van 
was reported to have a value of $32,000 and then $25,600 after the third year of 
operation. Write a formula that gives the value of the van after the nth year of 
operation. Use it to determine the value of the van after 10 years of operation. 


92. The number of cells in a culture of bacteria doubles every 6 hours. If 250 cells 
are initially present, write a sequence that shows the number of cells present 
after every 6-hour period for one day. Write a formula that gives the number 
of cells after the nth 6-hour period. 


93. A ball bounces back to one-half of the height that it fell from. If dropped from 
32 feet, approximate the total distance the ball travels. 


94. A structured settlement yields an amount in dollars each year n according to 


—1 
the formula p,, = 12,500 (0.75 ) “"" . What is the total value of a 10-year 


settlement? 


Classify the sequence as arithmetic, geometric, or neither. 


ho a Se a 
96. 6, 18, 54.,... 
1 
OW, =, 7 Om 


DS OS OOO: 


CR, Oh Ik Byes 


Las 
100 a 
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Evaluate. 


BINOMIAL THEOREM 


Evaluate. 


lige ee 
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mis, Jl 
114. aa 
115. —S 
116. Gey 

n! 
i — 


Calculate the indicated binomial coefficient. 


118. 


i019), 


120. 


Wall, 


WAZ, 


n+1 
123. 
n—-1l 
n 


n—2 


124. 


Expand using the binomial theorem. 
eis, (G2) 
126. (x — 9)° 


127, (2y — 3) : 
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ws. (y+4)* 

wa, (x +2y)° 
130, (3x—y)° 
131. (u—v)® 

132. (u+v)® 

163. (5x2 + 2y7) 


134. (x? - 2y2)" 
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ANSWERS 


Is) 25 7, 12517, 227 aap, = LAT 
3. -10, -20, -30, -40, -50; d39 = —300 
De =I, 0, -1, 4, =O 30 = 784 


ol, ae ak 
yo hase 2030 


9X 2x2 3x3 det Se 
ese i ee Se il 


th, ee ee eS ire opel 
13. 0,5, 10, 15, 20 


IS OW, =3, =o), 2) 


Wy 3) 
IS). =s 
Al, =Alfs} 
23530 
255 — 
Diels 5 


29. 6,11, 16,21, 26;d, =5n+1 


31, 5,2) 47, — So — On 


Se ee 
37. a, = 10n 

39. A, = 1—3n 

4l. A, = 3n—-1 


43. Gn = 5n+3 
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Olea ~ ye 
49. 1,674 
51. 1,661 
53. 420 
55. 1,842 


57. 30,625 


1 1 
379; 


S2), 3 


61. $333,000 

63. 5,10, 20, 40, 80; A, = 5m, 

65.1,-4,9,- 2, Sia, = (- ae 

67. 1.2, 0.24, 0.048, 0.0096, 0.00192; dy = 1.2(0.2)""! 
69. dy = 4(10)"! 

71. A, = (ay 

oO 1 ss 


n—-1 


Ts 2S 

79. 4,095 

81. 16,383 

83 ea a on 

85. 2,516,580 

87. -6 

89. Nosum 

91. vz = 40,000(0.8)""! ;v49 = $5,368.71 


93. 96 feet 
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95s 


Wo 


Of), 


101. 


103. 


105. 


107. 


109. 


gL, 


u 1313}, 


g1115), 


NL 7/, 


BLL), 


Wale 


1235 


725), 


7), 


129° 


1633 


Arithmetic;d = 5 


il 


Arithmetic; d = oy 


Neither 


39,916,800 


54 


1 
n(n+1)(n—1) 


56 
iil 


n(n+1) 
2 


x3 + 21x? + 147x + 343 
Gy oy =A 216 — lover ol 
x? + 10x*y + 40x7y? + 80x2y? + 80xy* + 32y° 
LD 61) Plouey —20n v- 
a iS — Guy aay 
625x® + 1,000x°y? + 600x*+y* + 160x7y® + 16y® 
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SAMPLE EXAM 


Find the first 5 terms of the sequence. 


i, ao; = On — 15 
2. My = 5(—4)""? 
_ n-l 

3. On = Fa] 


te (1D 


Find the indicated partial sum. 


5. Gy = (n—1)n2:S4 
5) 
a yet? 
=I 


Classify the sequence as arithmetic, geometric, or neither. 


3 
Wo =I, 7 —Prord 
Gh jh 5, 36, 
3 3 3 
9. 3” ape 
i il 2 
10. DY me O? 


Given the terms of an arithmetic sequence, find a formula for the 
general term. 


JOL, 1), 5, 5 = Oss 


12 = — Sand dy =i) 


Given the terms of a geometric sequence, find a formula for the general 
term. 


1S a Dono ness 


14, @3 = landag = —32 


Calculate the indicated sum. 
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1. GQ = 5- n; S44 


16. dy = (—2)"*?;S yo 


n= 
100 
3 
18 » 2n- = 
D 
n=1 
Evaluate. 
14! 
19. T0161 
9 
7X), 
V 


21. Determine the sum of the first 48 positive odd integers. 


22. The first row of seating in a theater consists of 14 seats. Each successive row 
consists of two more seats than the previous row. If there are 22 rows, how 
many total seats are there in the theater? 


23. A ball bounces back to one-third of the height that it fell from. If dropped from 
27 feet, approximate the total distance the ball travels. 


Expand using the binomial theorem. 
4 
24, (x —5 y) 


25. (3a 7 y 
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ANSWERS 


i, 2, 8h dy 8), IS} 


7. Arithmetic 
9. Geometric 


i, ad, = 15 —3n 


13. dy = — = (4)"! 
15. -770 
WA, ~ 

1,001 
19, 0m 
21. 2,304 
23. 54 feet 

243a@ + 405a'b? + 270a'b* 
5), 


100g bo bab: eb” 
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